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hiperstrukturama Rezime: Cilj ove disertacije je ekstenzija koncepta reducibilnosti u hipergrupama na fazi sluca;j,
definisanjem fazi reducibilne hipergrupe tj. klasi¢ne hipergrupe obogacéene sa fazi skupom koja je reducibilna. Osim toga,
namjeravamo da prosirimo koncept reducibilnosti na hiperprstene, takod e, u klasi¢nom slucaju. Koristeéi ove koncepte,
nas cilj je da prou¢avamo svojstvo reducibilnosti (u klasi¢cnom i fazi slu¢aju) u algebarskim hiperstrukturama, posebno u
hipergrupama i hiperprstenima. Kljuéne rijeci: Reducibilnost, hiperstrukture, relacije ekvivalencije, fundamen- talne relacije,
fazi reducibilnost Nauéna oblast: Algebra Uza nauc¢na oblast: Hiperkompoziciona algebra UDK bro j: 519.21 INFORMATION
ON THE PHD THESIS Name of the doctoral program: Mathematics, Faculty of Sciences and Mathematics, University of
Montenegro Thesis title: Reducibility in algebraic hyperstructures Summary: The goal of this dissertation is to extend the

concept of the reducibil- ity in a hypergroup to the fuzzy case, by defining a fuzzy reduced hypergroup, i.e.,
crisp hypergroup endowed with a fuzzy set which is reduced . Moreover, we intend to

extend the concept of reducibility to the hyperrings, also, in the crisp case. Using these concepts, we aim to study the
reducibility and the fuzzy reducibility in algebraic hyperstructures, especially in hypergroups and hyperrings. Key words:
Reducibility, hyperstructures, equivalence relations, fundamental rela- tions, fuzzy reducibility Scientific field: Algebra
Scientific subfield: Hypercompositional algebra UDC: 519.21 Intro duction The theory of hypercompositional structures

(called also

the theory of hyperstructures) was introduced in 1934by F. Marty ,whenhegave the 81

definition of a hypergroup and presented some of its properties and applications to algebraic functions, rational frac- tions
and non-commutative groups. Hyperstructures represent an independent line of research, but they are also a tool of
investigation in many other fields like: Geometry, Graphs and Hypergraphs, Topology, Cryptography, Code Theory, Automata
Theory, Probability, Theory of Fuzzy Sets. We may say that the algebraic hypergroups are the most natural generalization of
the classical groups: the binary operation of groups is extended to a binary multivalued operation, called hyperoperation or
hyperproduct, that associates with any couple of elements of a given set, a non-empty subset of it. In 1934 F. Marty gave the

first example of a hypergroup, which was the motivation for introducing this concept. The quotient structure G/H, where

G is a group and H is a subgroup of it

is not a group, but a hypergroup. In a special case, when H is a normal subgroup, the corresponding quotient becomes a
group, which is again a hyper- group. Analogously to the notion of a hypergroup, the other generalizations of algebraic
structures have been arised subsequently. The hyperrings are natural generalizations of rings, where one operation in the

ring becomes a hyperoperation. Hyperfield is a hyper- structure which generalizes the notion of a field. Similarly, the notions
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of hyperlattices, hypermodules, etc are introduced. Besides, in [68], T. Vougiouklis introduced the new class of
hyperstructures, so called Hv- structures. We may say that Hv- structures generalize the well-known algebraic structures,
where the associative and distributive laws are replaced with their weak versions. These algebraic hyperstructures are the
sub- ject of interest for many researchers nowadays. For a detailed historical development of algebraic hyperstructures we
refer to [32]. The connections between fuzzy sets and algebraic structures were mostly considered by Iranian
mathematicians, where they observed that the composition of the elements from H does not give a subset, but a fuzzy set

on H. Unlike in an ordinary set, where we have exactly two possibilities:

an element belongsto theset, or it doesnotbelongtotheset ,inthe fuzzy set 104

every element has a certain degree of membership. Fuzzy sets were i introduced by Zadeh in [70], where he

introduced the concept of fuzzy set regardingit as the extension of the notionof the set | 100

.Inthe fuzzy

set theory, the membership function takes the values from the segment [0, 1], while in the classical set theory the
characteristic function can take only two values, 0 and 1. Actually, the fuzzy set is an ordered pair containing the subset of
universe set, and the membership function which maps elements to the segment [0, 1]. However, we usually use term fuzzy

set when we refer to the membership function. The

fuzzy sets and algebraic structures have been firstly connected in1971 ,when A. Rosenfeld 89

gave the definition of fuzzy subgroup of a group
. After twenty-eight years, B. Davvaz extended this definition, introducing the

fuzzy subhypergroup of a  (crisp) hypergroup, whichisa fuzzy algebraic hyperstructure. The
study of the fuzzy

hyper- structures started only a few years ago, with a paper about fuzzy hypergroups. Then,

in2009 ,V. Leoreanu -Fotea and B. Davvazintroducedthe notions of fuzzy 61

hyperrings and fuzzy
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hypermodules. Very important connection between fuzzy sets and hyper- groups was established by Corsini, in [16], by
defining a hyperoperation as a mean of fuzzy subsets, obtaining a join space. The other connection, which is very significant
for our research is established via the grade fuzzy set y, introduced also by Corsini [16]. Besides, the grade fuzzy set is used

for the definition of a fuzzy grade, which
represents the number of non-isomorphic join spaces and fuzzy“sets associated with

a given hy- pergroupoid. The theory of hypergroups associated with fuzzy sets represents a new research direction which

preoccupies researchers in the last two decades. Untill now one distinguishes three principal approaches:

the study of new crisp hyperoperations ob-tained by means of fuzzy sets; the study of fuzzy 19

subhypergroups ( fuzzy sets whose level sets are crisp hypergroups); the

fuzzy hypergroups, i.e., structures endowed with fuzzy hyperoperations. The overview of this theory can be found in the
monograph "Fuzzy algebraic hyperstructures: an introduction” written by Davvaz and Cristea [29]. On of the most important

concepts in hyperstructure theory are certain relations, being called fundamental relations. These

equivalences playa crucial role in obtaining quotient structures . We can divide fundamental

relations

into two groups: the first group is contained of the relations q, B, y which are defined on proper hyperstructures such that the
obtained quotient structures (hyperstructures modulo relation) are clas- sical algebraic structures. The relation a is defined
on a hyperring, while the other two relations (B, y) are defined on a semihypergroup. Consequently, the resulting quotient
structures are ring and semigroup. Moreover, semihypergroup modulo relation y gives a commutative semigroup. The
fundamental relations are the smallest equivalence relations such that the quo- tient structures defined on the support set
of a hyperstructure becomes a classical structures. These relations represent the link between the classical algebraic
structures ii and algebraic hyperstructures, and besides, it could be noted that the classical algebraic structures
impersonate special cases of algebraic hyperstructures. The second group of fundamental relations consists relations

introduced by Jantosciak in [42]. He noticed that sometimes a

hyperproduct on given set does not make a distinction between a pair of elements of the
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set. In other words, the elements play exchangeable roles with respect to the hyperoperation. It inspired Jantosciak to define

three relation with the aim to identify the elements with the same behaviour. [42]

Two elements x,y in a hypergroup (H,°) are called: operationally equivalent
, if their hyperproducts with all elements in H are the same:

xca = yoa, and a°x = acy, foranya in H;inseparable

,if x belongs to the same hyperproducts acb asy, for all a,b in H; essentially indistinguishable, if they are operationally
equivalent and inseparable. With the help of these three relations, Jantosciak introduced the concept of re- ducibility. He

defined a

reduced hypergroup as ahypergroup where the equivalence class of each element with respect

to the essentially indistinguishable relation is a

sin- gleton [42]. Moreover, he proved that the quotient hypergroup obtained by factorizing a hypergroup modulo the essential
indistinguishable relation always gives a reduced hypergroup, which he called a reduced form. Motivated by this property,

the same au- thor proposed that the study of reducibility can be splited in two directions: the
study of reduced hypergroups, and the study of all hypergroups having the same reduced form

[42] . The study of the reducibility will be also developed in the PhD thesis to the fuzzy case in one direction. We will study
indistinguishability

between the images of the elements of a classical hypergroup through afuzzy set
. The second direction is studying the indistinguishability between the elements of the fuzzy hypergroup.

In particular, we introduce the notion of reduced fuzzy hypergroup ,whichis afuzzy hy-

pergroup whichis reduced, and the notion of fuzzy reduced hypergroup ,which is ahypergroup
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endowed with a fuzzy set which is reduced. In order to

define the concept of a fuzzy reduced hypergroup, we introduce equivalences: fuzzy operation equivalence, fuzzy

inseparability and fuzzy essential indistinguishability. Further, a fuzzy

reduced hypergroup is definedas ahypergroup where the equivalence class of each element

with respect to the

fuzzy essential indistinguishability is a singleton [22]. In the preliminary chapter we present basic definitions and notions
related to the hypergroups, hyperrings and fuzzy sets. In the first part of the chapter we give the definition of a hypergroup,
after which we define all particular types of hypergroups which are investigated further in the thesis. Therefter, we give the
definition of a funda- mental relation, and introduce the relations B+ and y*, which provide that factorizing a hypergroup
(semihypergroup) by them gives a group (semigroup). Further in the chap- ter we define all three types of hyperrings. We
recall first the hyperring containing an iii additive hyperoperation and a multiplicative operation, afterwards we present the
hy- perring with an additive operation and a multiplicative hyperoperation, and at the end we give the definition of a general
hyperring, where, both, addition and multiplication are hyperoperations. We present important classes of hyperrings in order
to study their reducibility later in the thesis. At the end of the chapter we illustrate the definition of the fuzzy set and explain
in detail its connection with algebraic hyperstructures. We explain here the well known fuzzy set y, which is used in our

study of fuzzy reducibility. Also, we describe a procedure of construction

of the sequence of join spaces and fuzzy sets associated witha given hypergrou™poid. In the| 34

same section we recall the definition of the

fuzzy hyperoperation and fuzzy hypersemigroup. The second chapter deals with the reducibility property in hypergroups.
First, we present the motivation and expose early ideas related to this concept, as it is presented in the paper of Jantosciak
[42], which was the major inspiration for the thesis. In the first part of the chapter, we present some results related to the
reducibility in hyper- groups associated with binary relations [23]. Then we focus on the study of reducibility for several types
of hypergroups. In this chapter we present results which are the subject of the article Fuzzy reduced hypergroup, published
in Mathematics, 2020. by Kankaras and Cristea, and the article Reducibility in Corsini hypergroups, by Kankaravs Then we
focus on the study of reducibility for several types of hypergroups. In this chapter we present results which are the subject
of the article Fuzzy reduced hypergroup, published in Mathematics, 2020. by Kankaras and Cristea, and the article
Reducibility in Corsini hypergroups, by Kankaravs in Analele Stiintifice Universitatii Ovidius Constanta, Seria Matematica in
2021. We prove that any canonical hypergroup is reduced, and as the consequence, we get that any hypergroup contained of
partial scalar identities (or i.p.s hypergroup) is reduced, too. The properties of i.p.s. hypergroups presented in this chapter

are important for the further study of their fuzzy reducibilility. Further in the chapter we study reducibility for some particular
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classes of cyclic hypergroups, and we show that their reducibility depends on many conditions. Also, we study reducibility
for a very important class of hypergroups, called complete hypergroups, and conclude that any proper complete hypergroup
is not reduced. We later use this result for the study of reducibility in complete hyperrings. In the last section of Chapter 2
we give a neccesary and sufficient condition for the Corsini hypergroup to be reduced. As a con- sequence of this statement,
we get that the well-known B-hypergroup, which is a special case of the Corsini hypergroup, is a reduced hypergroup. Also,
we determine whether the direct products of hypergroups containing Corsini hypergroups, are reduced or not. The third
chapter deals with the fuzzy reducibility in hypergroups, i.e., it contains the study of reducibility in crisp hypergroups
endowed with a fuzzy set. In the thesis, the fuzzy reducibility is studied with respect to the grade fuzzy set p. In the first part
of iv ~ the chapter, we are introduced to the concept of fuzzy reducibility, which represents the one direction how the
reducibility concept can be extended to the fuzzy case. Therefter, we investigate the fuzzy reducibility for several types of
hypergroups. The chapter contains results published in the articles Fuzzy reduced hypergroups and Reducibility in Corsini
hypergroups. We prove that any total hypergroup is not reduced, neither fuzzy- reduced. Also, we prove that any proper
complete hypergroup is not fuzzy reduced, same as it is the hypergroup with partial scalar identities. Later on, we examine
the reducibilility and the fuzzy reducibility for a specific type of non-complete 1- hypergroups defined by Corsini and Cristea
in [17], and we prove that it is not reduced, nor fuzzy reduced. In the last section we prove that Corsini hypergroup is not
fuzzy reduced with respect to the grade fuzzy set p. At the end of the section, we consider the direct product of Corsini
hypergroups and prove that the resulting productional hypergroup is not fuzzy reduced. The chapter”concludes with a brief
review of reduced fuzzy hypergroups. This is the second direction of the fuzzyfication of the reducibility concept, which will
be the subject of our research in the future. The reducibility in hyperrings is the topic of the fourth chapter. At the begin- ning
of the chapter we introduce new equivalence relations and extend the reducibility concept to the hyperrings. In this case, we
introduce equivalence relations with re- spect to the both, additive and multiplicative hyperoperation. We determine how the
reducibility in hyperrings depends on the reducibility in hypergroupoids of which it is composed. Further, we examine the
reducibility for the specific types of general hyperrings. In particular, we prove that any complete hyperring is not reduced.
We determine conditions such that the (H, R)- hyperring is reduced. Also, we present some properties of the reducibility in
some particular types of hyperrings, as Hv- rings with P - hyperoperations, hyperrings of formal series and others. The last
chapter contains some new research ideas concerning this study. Some aims of our further research are related to the study
of the reducibility in fuzzy hy- perstructures, especially in fuzzy hypergroups. Also, we intend to extend the fuzzy reducibility
concept for the hyperrings and investigate the fuzzy reducibiity for certain types of general hyperrings. Podgorica, Februar
2021. Milica Kankaras v Izvo d iz teze Teoriju hiperkompozicionalnih struktura (koja se jo$ naziva i teorijom hiperstruktura)
uveo je 1934. francuski matematicar F. Marty, kada je definisao hipergrupu i prikazao neka njena svojstva i primjene u
oblastima algebarskih funkcija i ne-komutativnih grupa. Hiperstrukture predstavljaju nezavisnu oblast istrazivanja, a takod™e
mogu da sluze i kao "alat” za istrazivanje u drugim oblastima kao Sto su: Geometrija, Grafovi i Hipergrafovi, Topologija,
Kriptografija, Teorija kodiranja, Teorija automata, Vjerovatnoca, Teorija fazi skupova. MoZzemo rec¢i da su algebarske
hipergrupe prirodno uopstenje klasic¢nih grupa: binarna operacija grupe se proSiruje na binarnu multivrijed- nosnu operaciju,
nazvanu hiperoperacijom ili hiperproizvodom, koja svakom paru ele- menata zadatog skupa pridruzuje njegov neprazni
podskup. F. Marty je 1934. godine dao prvi primjer hipegrupe, $to je ujedno bila motivacija za uvod~enje ovog koncepta. Ako

je G grupa, a H njena podgrupa tada koli¢ni¢ka (faktor) struktura H/G u opstem sluéaju nije grupa, nego hipergrupa. U
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specijalnom slucaju, kada je H normalna pod- grupa, odgovarajuc¢a koli¢ni¢ka struktura je grupa, a grupa je ujedno i
hipergrupa. Za neprazan skup H, neka je Px(H) familija nepraznih podskupova skupa H. Binarna hiperoperacija, koju jos
nazivamo i hiperproizvodom je preslikavanje - : H x H — Px(H), a ured”eni par (H, °) se naziva hipergrupoidom. Vazno je
naglasiti da je u hipergrupoidu hiperproizvod x°y dva proizvoljna elementa x i y iz H neprazan podskup skupa H, dok je u
klasi¢nim algebarskim strukturama, rezultat binarne operacije izmed~u dva elementa samo jedan element inicijalnog skupa

(koji se jo$ naziva i nosac). Ako je hiperoperacija asocijativna, tj. vazi (

ach)oc = ac(bec  ),za sveelemente a,b,ceH 127

, tada se hiperkompozicionalna struktura (H, °) naziva semihipergrupom. Semihipergrupa postaje hipergrupa ako vazi i
reproducibilnost : x - H = H > x = H za sve x € H. Hiperoperacija - se prosiruje na neprazne skupove A, B skupaHizax € H,

vazi [32]: A -
B=acbAox=A-{x }x- B={x}-B.acAU,beB

vi Dakle, jednakost (a - b) -

c=ac(bec )implicirada uec=aov.uUecacbhvUeboc 25

Analogno pojmu hipergrupe, uskoro su se pojavile i ostale generalizacije algebarskih struktura. Hiperprsteni su
generalizacije struktura prstena, gdje se jedna od operacija u prstenu zamijeni hiperoperacijom. Hiperpolje uopsStava pojam
polja. Sli¢no su uvedeni i pojmovi hiperresetki, hipermodula. Osim toga, T. Vougiouklis je u [68], uveo novu klasu
hiperstruktura, takozvanih Hv- struktura. Hv- strukture su generalizacije poz- natih algebarskih struktura, gdje su
asocijativni i distributivni zakoni zamijenjeni nji- hovim "slabijim” verzijama. Ove algebarske strukture su predmet
interesovanja velikog broja istrazivaca danas. Za detaljan istorijski razvoj teorije algebarskih hiperstruktura, ¢itaocima
preporucujemo knjigu [32]. Vezama izmed™u fazi skupova i algebarskih struktura su se pretezno bavili iranski matematicari,
koji su posmatrali kompozicije elemenata iz skupa H koje kao rezultat ne daju podskup skupa H, ve¢ fazi skup na H. Za
razliku od klasiénog skupa, gdje element pripada ili ne pripada skupu, fazi skup dozvoljava da element ima odred~eni stepen
pripadnosti skupu. Pojam fazi skupa je uveo Zadeh, u [70], gdje je definisao koncept fazi skupa kao prosirenje pojma skupa.
U teoriji fazi skupova, funkcija pripadnosti uzima vrijednosti sa segmenta [0, 1], dok u klasi¢noj teoriji skupova
karakteristi¢na funkcija uzima samo vrijednosti 0 ili 1. Preciznije, fazi skup se definiSe kao ured~eni par koji sadrzi podskup
univerzalnog skupa, i funkciju pripadnosti koja preslikava element iz tog skupa na segment [0, 1]. Med~utim, Cesto
upotrebljavamo termin fazi skup kada govorimo o funkciji pripadnosti. Definicija 0.1. [32] Neka je X skup. Fazi podskup A

skupa X se karakterise funkcijom pripadnosti pA : X — [0, 1] koja svakoj tacki x € X pridruZuje ocjenu ili stepen pripadnosti
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PA(X) € [0, 1]. Prve veze izmedju fazi skupova i algebarskih struktura uspostavio je A. Rosenfeld 1971. godine, kada je
definisao pojam fazi podgrupe grupe. 28 godina kasnije, B. Davvaz je prosirio ovu definiciju na slu¢aj algebarskih
hiperstruktura, uvodeci koncept fazi podhipergrupe (obi¢ne) hipergrupe. Proucavanje fazi hiperstruktura je zapocelo samo
par godina prije, clankom o fazi hipergrupama. 2009. godine V. Leoreanu-Fotea i B. Davvaz uvode pojmove fazi hiperprstena
i fazi hipermodula. Veoma znacajnu vezu izmed™u fazi skupova i hipergrupa uspostavio je Corsini, u [16], gdje je definisao
hiperoperaciju kao sredinu fazi podskupova, dobivsi tako pridruzeni prostor. Druga konekcija, koja je od velikog znacaja za
nase istrazivanje, uspostavljena je uz pomoc¢ vii grade fazi skupa (grade fuzzy set) y, kog je takod"e uveo Corsini [16]. Grade
fazi skup se koristi za definisanje fazi grade-a, koji predstavlja broj neizomorfnih pridruzenih prostora i fazi skupova
povezanih™ sa zadatim hipergrupoidom. Teorija hipergrupa povezanih sa fazi skupovima predstavlja novi pravac u
istrazivanju u teoriji hiperstruk- tura koji je dozivio ekspanziju posljednjih 20 godina. Razlikujemo tri osnovna pristupa u
ovom istrazivanju: Izu¢avanje "obi¢nih” hiperoperacija dobijenih pomodéu sredina fazi skupova; lzuCavanje fazi
podhipergrupa (fazi skupovi ¢iji su nivo skupovi “obi¢ne” hipergrupe); Izu¢avanje fazi hipergrupa, tj. struktura obogacenih sa
fazi hiperoperaci- jama. Monografija "Fuzzy algebraic hyperstructures: an introduction” ¢iji su autori Davvaz i Cristea [29],
sadrzi pregled ove teorije. U teoriji hiperstruktura odred™ene ekvivalencije igraju klju¢nu ulogu u dobijanju koli¢nickih
struktura, a te relacije nazivamo fundamentalnim relacijama. Fundamen- talne relacije mogu da se podijele u dvije grupe:
prva grupa sadrzi relacije q, B, y definisane na hiperprstenu (prva) i na semihipergrupi (druge dvije), takve da dobi- jena
koli¢ni¢ka struktura predstavlja prsten, semigrupu i komutativnu semigrupu (polu- grupu), respektivno. Fundamentalne
relacije su najmanje relacije ekvivalencije takve da koli¢ni¢ke strukture koje dobijamo faktorisanjem hiperstruktura po ovim
relaci- jama postaju klasicne strukture. Ove relacije predstavljaju "most” izmedu klasi¢nih algebarskih struktura i
hiperstruktura, a osim toga, primije¢ujemo da sada klasi¢ne strukture mozemo da posmatramo kao specijalne slucajeve
algebarskih hiperstruktura. Da bismo uveli preciznu definiciju fundamentalnih relacija potrebno je definisati regularne
relacije, kao i jako (strogo) regularne relacije. Definicija 0.2. [13] Neka je (H, <) hipergrupoid, a,b € H i p je relacija

ekvivalencije na H. Tada je relacija p lijevo regularna ako:
apb= (VueH,vx €u- a ,3ye ucb:xpy iVvueHV y '€u- b ,3IxXe u -a: x

'py") Relacija p je desno regularna ako:

apb= (Vue H,vxeacu,dyebou:xpy iVueH Vv yebouIxeacu:xpy 13

") Relacija p je regularna ako je lijevo i desno regularna. (1) (2) viii Definicija 0.3. [13] Neka je (H, <) hipergrupoid,a,b e Hip je

relacija ekvivalencije na H. Tada je relacija p jako lijevo regularna ako:

apb=>vueH,vxeuca Vyeueocb:xpy

https://app.ithenticate.com/en_us/report/76397904/similarity 9/103


https://app.ithenticate.com/en_us/report/76397904/similarity?id=132&dsc=1&node=2209&source=4139547897&dn=68fb35e18ff77251b1bb96d8563a462849f43c86ba1c2a31bb776dd1f38650dd0df62ddb81c4c85018eb2623b74b7beffe2dba0358fa3abada71874213a7ee96
https://app.ithenticate.com/en_us/report/76397904/similarity?dn=a7815ae36100cf6fb69621454de09ac12feabf0cf6587a51cf350b0e22e051ab3ed727fea0a15fda7b7d628633cf221dd00bc8e2002842cd30e16095e330796a&node=3722&source=405185221&dsc=1&id=128
https://app.ithenticate.com/en_us/report/76397904/similarity?id=162&dsc=1&source=1891514895&node=3722&dn=362551599d00b6b9bdde10391ab16f7d809ce3438a75b578c84cf0ef99016b6368ad77107b1d46fbb330bf40dfafadfdfb6b007a2e18d77cb948b29f466aca4d

22/09/2021, 14:36 Similarity Report

. Relacija p je jako desno regularna ako:

apb=vueH,vxea-u, vyebou:xpy

. Relacija p je jako regularna ako je jako lijevo i jako desno regularna. Tvrd~enje 0.1. [13] Ukoliko je (H, <) hipergrupa i R je
relacije ekvivalencije na H, tada je R regularna ako i samo oko je (H/R, ®) hipergrupa, gdjeje:x” @ y={z":z€ x° y}.
Tvrd"enje 0.2. [32] Ako je (H, ) hipergrupa, a R relacija ekvivalencije na H, tada je R jako regularna ako i samo ako je (H/R,
®) grupa. Jedna od najpoznatijih i najznacajnih fundamentalnih relacija u teoriji hiperstruk- tura je relacija B. Definicija 0.4.
[45] Neka je (H, <) semihipergrupain 21, n € N. DefiniS§imo relaciju fn na sljedeéi nacin: n xpny ako postoje a1,a2, ..., an
tako da {x, y} € ai[i=1 i neka B = un=1Bn, gdje je B1 = {(x, X)|x € H} dijagonalna relacija na H. Relacija B je refleksivna i
simetri¢na. Oznacimo sa B* tranzitivno zatvorenje relacije B. Teorema 0.1. [45] B« je najmanja jako regularna relacija
ekvivalencije na H u smislu inkluzije. Teorema 0.2. [45] Neka je (H,°) semihipergrupa (hipergrupa), tada je relacija B=
najmanija relacija ekvivalencije takva da je koli¢nicki skup H/B* semigrupa (grupa). Relacija B se naziva fundamentalnom
relacijom na H, a koli¢nicki skup H/B* se naziva fundamentalnom semigrupom (grupom). Vazno je naglasiti da se u
hipergrupi ix fundamentalna relacija B poklapa sa relacijom Bx [32]. Dakle, koli¢nicki skup dobijen faktorisanjem hipergrupe
(sa odgovaraju¢om operacijom) po relaciji B je grupa. U poglavlju Preliminaries se mogu naci definicije drugih znac¢ajnih
fundamentalnih relacija. Drugu grupa relacija koje se takod™e nazivaju fundamentalnim €ine relacije koje je uveo Jantosciak
[42] da bi definisao pojam reducibilne hipergrupe. Jantosciak je primijetio da hiperproizvod na zadatom skupu nekada ne
pravi razliku izmed~u para elemenata u skupu, tj., elementi nekada igraju istu ulogu u odnosu na zadatu hiperoperaciju.
Jantosciak je, motivisan primije¢enim ponasanjem elemenata definisao odred"ene ekvivalencije u cilju identifikovanja
elemenata sa istim ponasanjem. [42] Dva elementa X, y u hipergrupi (H, <) su: operaciono ekvivalentna, ako su njihovi

hiperproizvodi sa svim elementima u H isti:
Xca=yeca ,i acx=acy ,zasve a u H ;nerazdvojiva,ako x

pripada istim hiperproizvodima a - b kao y, za sve a, b in H; esencijalno nerazlikuju¢a, ako su operaciono ekvivalentni i
nerazdvoijivi. Definicija 0.5. [42] Reducibilna hipergrupa je hipergrupa u kojoj je klasa ekvivalencije svakog elementa u
odnosu na relaciju esencijalno nerazlikujuéi ~e jednoelementni skup, tj., za sve elemente x € H, vazi x"e = {x}. Osim gore
navedene definicije, isti autor je dokazao da je koli¢ni¢ka hipergrupa, do- bijena faktorisanjem hipergrupe po relaciji
esencijalno nerazlikujuéi uvijek reducibilna i nazvao ju je reducubilna formom. Motivisan ovim svojstvom, pomenuti autor je
predlozio da istrazivanje reducibilnosti moze dalje da se razvija u dva smjera: izu€avanje reducibilnih grupa i izu¢avanje svih
hipergrupa koje imaju istu reducibilnu formu. U daljem tekstu dajemo primjer reducibilne hipergrupe. Primjer 0.6. Neka je (H,

°) hipergrupa, gdje je hiperoperacija ” - ” definisana sa sljede¢om tabelom:-abcdaaaa,
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b,ca,bdbaa a b ,c ab ,d(3 cabcab,cab,ccd d ab,dabd c d

a, b, d Lako je primijetiti da a ~o b, jer su vrste (i kolone) koje odgovaraju elementima a i b potpuno iste, otuda: &o = "bo ={a,
b}, dok je ¢o = {c} i d"o = {d}. S druge strane, klasa ekvivalencije svakog elementa skupa H u odnosu na relaciju ~i je
jednoelementni skup, kao i u odnosu na relaciju ~e . Posljedi¢no, hipergrupa (H, ) je reducibilna. x Izu¢avanje redicibilnosti
¢e u mojoj disertaciji biti prosireno na fazi slu¢aj u jednom pravcu. Posmatra¢emo esencijalno nerazlikovanje izmed™u slika
elemenata u klasi¢noj hipergrupoj "kroz” fazi skup. Drugi pravac je izu¢avanje esencijalnog nerazlikovanja izmed™u
elemenata fazi hipergupe. U cilju izu¢avanja reducibilnosti proSirene na "fazi slu¢aj”, uvodimo pojam reducibilne fazi
hipergrupe, tj. fazi hipergrupe koja je re- ducibilna, kao i pojam fazi reducibilne hipergrupe, tj. hipergrupe obogaéene sa fazi
skupom (na kojoj je defisan fazi skup) koja je reducibilna. Da bismo definisali kon- cept fazi reducibilne hipegrupe, uvodimo
nove ekvivalencije po ugledu na one koje je definisao Jantosciak: fazi operaciona ekvivalentnost,fazi nerazlikovanje i fazi
esencijalno nerazlikovanje. Definicija 0.7. [22] U hipergrupi (H, °) na kojoj je zadat fazi skup y, definiSemo sljedece
ekvivalencije: 1. x i y su fazi operaciono ekvivalentni i piSemo x ~foy ako, za sve a € H, py(x-a) = py(y > a) i py(a > x) = p(a > y); 2.

x iy su fazi nerazdvojivi i piSemo x ~

fiy ako p(x)€ p(acb) == p(y)e p(ab )za abeH ;3. x i y

su fazi esencijalno nerazlikujuci i piSemo x ~fe y, ako su oni fazi operaciono ekvivalentni i fazi nerazdvojivi. [22] Hipergrupa
(H, °) je fazi reducibilna hipergrupa ako je klasa ekvivalencije svakog elementa u odnosu na relaciju fazi esencijalno
nerazlikovanje jednoelementni skup. Vaznu klasa hiperstruktura koju ¢emo posmatrati u disertaciji Cine strukture hiper-
prstena. Hiperprsteni su hiperkompozicionalne strukture na kom su zadate dvije (hiper) operacije (tako da nisu obje
operacije), sa slicnim svojstvima koje imaju operacije u prstenu. Postoje razliciti tipovi hiperprstena u zavisnosti od toga
kako su zadati adi- tivni i multiplikativni dio, tj., da li su oni definisani kao operacije ili hiperoperacije. Hiperprsten moze da se
definiSe pomocu dvije hiperoperacije, ili sa jednom operacijom i jednom hiperoperacijom. Razlikujemo tri tipa hiperprstena:
aditivni, multiplikativni i generalni. Aditivni hiperprsten je hiperstruktura na kojoj su zadate aditivna hiper- operacija i
multiplikativha operacija, gdje je multiplikativna operacija distributivha u odnosu na aditivnu hiperoperaciju. Najpoznatiji
aditivni hiperprsten je definisao Kras- ner 1983. godine [46]. Multiplikativni hiperprsten je hiperprsten na kome su zadate
aditivna operacija i multiplikativna hiperoperacija, gdje je multiplikativna hiperop- eracija distributivha u odnosu na aditivnu
operaciju. Najsiru klasu hiperprstena ¢ine generalni hiperprsteni. Generalni hiperprsteni su hiperstrukture na kojima su
zadate dvije hiperoperacije, povezane distributivnim svojstvom. xi Definicija 0.8. [51] Hiperkompozicionalna struktura (R, 6,
©®) je hiperringoid ako 1. (R, @) je hipergrupa. 2. (R, ©) je semigrupa. 3. Operacija "(®" je distributivna s obje strane u
odnosu na hiperoperaciju "@.” Ako su i sabiranje i mnozenje hiperoperacije, tada hiperringoid postaje generalni hiperprsten.
Definicija 0.9. [66] Ured"ena trojka (R, @, ©) je generalni hiperprsten ako: 1. (R, @) je hipergrupa. 2. (R, ©) je

semihipergrupa. 3. MnoZenje © je distributivho u odnosu na @, tj., za sve a,
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bceR a®( bdc)=a®bPad®c i( a®BbOc=a®@chHbOc

. U poglavlju Preliminaries prezentujemo osnovne definicije i pojmove povezane sa hipergrupama, hiperprstenima i fazi
skupovima. U prvom dijelu ovog poglavlja da- jemo definiciju hipergrupe, nakon ¢ega definiSemo sve tipove hipergrupa koje
su pred- met istraZivanja dalje u tezi. Nakon toga, uvodimo definiciju fundamentalne relacije i uvodimo relacije B i y*, koje
omogucavaju da faktorisanje hipergrupe (semihipergrupe) po datim relacijama daje grupu (semigrupu). Dalje u ovom
poglavlju definiSemo sva tri tipa hiperprstena. Na pocetku se podsje¢amo definicije hiperprstena koji sadrzi adi- tivhu
hiperoperaciju i multiplikativhu operaciju, a nakon toga predstavljamo prsten sa aditivnom operacijom i multiplikativhom
hiperoperacijom, a zatim uvodimo definiciju generalnog hiperprstena, gdje su i sabiranje i mnoZzenje hiperoperacije. Osim
toga, pred- stavljamo vazne klase hiperprstena s ciljem da izu¢avamo njihovu reducibilnost kasnije u tezi. Na kraju poglavlja
uvodimo definiciju fazi skupa i detaljno objasnjavamo nje- govu vezu sa algebarskim hiperstrukturama. Takod™e, u ovom
poglavlju izu¢avamo bitna svojstva poznatog fazi skupa p (grade fazi skup), koji koristimo dalje u prou¢avanju fazi
redicibilnosti. Takod™e, opisujemo proceduru konstrukcije niza pridruzenih prostora i fazi skupova povezanih sa za"datim
hipergrupoidom. U istoj sekciji uvodimo definicije fazi hiperoperacije i fazi hipersemigrupe. Drugo poglavlje se bavi sa
ispitivanjem reducibilnosti u hipergrupama. U pr- vom dijelu ovog poglavlja izlazemo motivaciju i rane ideje koje su povezane
s ovim konceptom, kao $to je prikazano u ¢lanku [42], koji je predstavljao glavnu inspiraciju za pisanje ove teze. U prvom
dijelu poglavlja, prezentujemo neke rezultate o re- ducibilnosti hipergrupa povezanih sa binarnim relacijama [23]. Zatim se
fokusiramo xii na istraZivanje reducibilnosti za viSe razli¢itih tipova hipergrupa. U ovom poglavlju predstavljamo rezultate
koji su objavljeni u ¢lancima Fuzzy reduced hypergroup, koji su 2020. godine objavile Kankaras i Cristea u Mathematics, i
¢lanka Reducibility in Corsini hypergroups, koji je objavila Kankara$ u Analele Stiintifice Universitatii Ovid- ius Constanta,
Seria Matematica 2021. godine. Dokazujemo da je proizvoljna kanonska hipergrupa reducibilna, i kao posljedicu dobijamo
da je proizvoljna hipergrupa sa par- cijalnim skalarnim identitetima (ili i.p.s. hipergrupa) takod™e reducibilna. Svojstva i.p.s.
hipergrupe prezentovana u ovom poglavlju su zna¢ajna za dalje istrazivanje fazi reducibilnosti ovih hipergrupa. Dalje u ovom
poglavlju izu¢avamo reducibilnost za odred"ene klase cikli¢nih hipergrupa, i pokazujemo da njihova reducibilnost zavisi od
vise uslova. Takod e, izu¢avamo reducibilnost jako znacajne klase hipergrupa, tzv. kompletnih grupa i zakljucujemo da
svaka prava kompletna hipergupa nije reducibilna. Ovaj rezultat koristimo kasnije pri izu¢avanju reducibilnosti kompletnih
hiperprstena. U posljednjoj sekciji drugog poglavlja dajemo neophodan i dovoljan uslov da Korsini- jeva hipergrupa (Corsini
hypergroup) bude reducibilna. Kao posljedicu ovog tvrd~enja, zakljucujemo da je dobro poznata B-hipergrupa, koja je
specijalan slucaj Korsinijeve hipegrupe, reducibilna hipergrupa. Takode, ispitujemo da li su direktni proizvodi Ko- rsinijevih
hipergrupa reducibilni. Trece poglavlje se bavi fazi reducibilno$éu u hipergrupama, tj. ispitivanjem re- ducibilnosti u "obi¢nim
hipergrupama” na kojima je zadat fazi skup. U prvom di- jelu poglavlja, uvodimo koncept fazi reducibilnosti, koji predstavlja
jedan od pravaca kako koncept reducibilnosti moze da se prosiri na fazi slu¢aj. Kasnije istrazujemo fazi reducibilnost za vise
klasa hipergrupa. Poglavlje sadrzi rezultate objavljene u ¢lancima Fuzzy reduced hypergroups i Reducibility in Corsini
hypergroups. Dokazu- jemo da proizvoljna totalna hipergrupa nije reducibilna, niti fazi reducibilna. Takod™e, dokazujemo da
nijedna prava kompletna hipergrupa nije fazi reducibilna, a nakon toga isto pokazujemo i za hipergrupu sa parcijalnim
skalarnim identitima (i.p.s. hiper- grupa). Nakon toga, ispitujemo reducibilnost i fazi reducibilnost za posebnu klasu ne-
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kompletnih 1- hipergrupa koju su definisali Corsini i Cristea u [17], i pokazujemo da navedena hipergrupa nije reducibilna,
niti fazi reducibilna. U posljednjoj sekciji dokazujemo da Korsinijeva hipergrupa nije fazi reducibilna u odnosu na grade fazi
skup p. Na kraju sekcije, posmatramo direktni proizvod Korsinijevih hipergrupa i pokazu- jemo da rezultujuéa hipergrupa nije
fazi reducibilna. Poglavlje zavrSavamo sa kratkim p~regledom fazi hipergrupa. Ovo je drugi pravac "fuzifikacije” koncepta
reducibilnosti, koji ¢e biti predmet naseg istrazivanja u buduénosti. Reducibilnost u hiperprstenima je tema ¢etvrtog
jednakosti, $to znaci da x ~0y &= x ~i y &= x =y, pa nam izuCavanje reducibil- nosti u hiperprstenima sa jednom
hiperoperacijom i jednom operacijom nije od znacaja. Preciznije, neéemo se baviti izu¢avanjem reducibilnosti u aditivnom i
multiplikativnom prstenu. Dakle, izu¢avac¢emo reducibilnost samo u generalnim hiperprstenima, gdje su i sabiranje i
mnozenje hiperoperacije. Za elemente x € R, oznacimo sa x"@r i X" @r njihove klase ekvivalencije u odnosu na
hiperoperacije @ i O, respektivno, gdje r € {0, i, e} predstavlja tip ekvivalencije koji razmatramo. Definicija 0.10. [21] KaZzemo
da su dva elementa x i y u hiperprstenu (R, @, ©) op- eraciono ekvivalentna, nerazdvojiva ili esencijalno nerazlikuju¢a ako

imaju isto svojstvo u odnosu na obje hiperoperacije, tj. 1. x ~oy ako x @ a =

ybaadx=ady i a®Ox=a@yx (Oa= y(®Oa ,zasve a €R.2. x ~i y ako |83

Xea Obe=> yeadb i x

ec@Ode=>yec(@®d zasveaceR. 3. 0simtoga, x ~eyako x ~oyix ~iy. Sliéno kao u hipergrupama, uvodimo definiciju
reducibilnog hiperprstena, koriste¢i gore definisane relacije. Definicija 0.11. [21] Hiperprsten R je reducibilni hiperprsten ako
je klasa ekvivalencije svakog elementa x € R u odnosu na relaciju esencijalno nerazlikujuéi ~e jednoelementni skup, tj., x"e =
{x} za sve x € R. Klasa ekvivalencije elementa x in R u odnosu na relaciju esencijalno nerazlikujuéi ~e se dobija kao x"e =
X"@eNx"Oe =(x"@o Nx"@i) N (x"Oo N x"Oi). Lako se primjecuje da, ako je makar jedan od hipergrupoida (R, @) or (R,
©) reducibilan, tada je i hiperprsten (R, @, ©) takod™e reducibilan. Obrnuto, ako je (R, @, ®) reducibilan hiperprsten, tada
hipergrupoidi (R, @) i (R, ®) mogu a i ne moraju da budu reducibilni. Odred"ujemo kako reducibilnost u hiperprstenima
zavisi od reducibilnosti u hiper- grupoidima od kojih je sacinjen. Dalje, ispitujemo reducibilnost u specificnim tipovima
generalnih prstena. Posebno, dokazujemo da kompletni hiperprsteni nisu reducibilni. Nakon toga odred"ujemo uslove koji
impliciraju reducibilnost (H, R)- hiperprstena. Takod™e, prezentujemo neka zanimljiva svojstva reducibilnosti u odred”enim
tipovima hiperprstena, kao $to su Hv- prsteni sa P - hiperoperacijama, A- prsteni, hiper- prsteni formalnih redova i drugi. xiv
U Posljednjem poglavlju su prezentovane nove ideje koje su povezene sa nasim istrazivanjem. Jedan od ciljeva naseg daljeg
istrazivanja je izuCavanje reducibilnosti u fazi hiperstrukturama, posebno u fazi hipergrupama. Definition 0.12. [59] Neka je S
neprazan skup. Fazi hiperoperacija na S je preslika- vanje - : S x S — F(S), gdje je F(S) skup svih fazi podskupova skupa S.

Struktura (S,°) je fazi hipergrupoid. Definicija 0.13. [59] Fazi hipergrupoid (S, <) je fazi hipersemigrupa ako

zasvea,b,c €S,( acb)ec=ac-(boc 70

https://app.ithenticate.com/en_us/report/76397904/similarity 13/103


https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=354&dn=3df23996837881a67d2b2993f59a4ffdb75c9aef52f77b3a9c86e508fc6d1cfbf8df24c2616c7e6cc9205d69804caaf0d52c4032ac6cfbe4aa977bf389a3d175&source=904635632&node=43
https://app.ithenticate.com/en_us/report/76397904/similarity?node=1390&source=2069209968&dn=cc442a70ea9de7b4701993b5070fae62570d8bfaf61e7acd2fb102d3e5f1ffc28ec5a9c5376ecdbdcd8ed4f7607e270e76e3ceb94ca1a9e3a9bc349c18e16df3&id=333&dsc=1

22/09/2021, 14:36 Similarity Report

) i za svaki fazi podskup p na S vazi (a e p)(r) = vteS((

{aot)(r)A ut )),ako [ 0 ,inaée{ L( p ca) f=vieS@®) A (toa)r )ako [ 0 inace|ss

zasve r uS.L H

#0 u#0 (4) (5) Definicija 0.14. [59] Fazi hipersemigrupa (S,°) je fazi hipgrgrupa ako je x-S = Sex = xS, za sve x u S, gdje je XS
karakteristi¢na funkcija skupa Stj., xS (x) = (O, ifxe/S.1,ifxeS(6) T \ Da bi definisali reducibilnu fazi hipergrupu,

uvodimo nove relacije ekvivalencije na fazi hipergrupi, tj. na hipergrupi na kojoj je zadata fazi hiperoperacija. Relacije imaju
ista imena kao u slucaju "obi¢ne” hipergrupe: operaciona ekvivalentnost, nerazdvo- jivost i esencijalno nerazlikovanje. [22]

Dva elementa x, y u hipergrupi (H, ) su: 1. operaciono ekvivalentna ili o-ekvivalentna, i piSemo x ~

oy ,ako( xca )r)=( yea )n),i( aex )r=( acy )r),zasve a ,re H;2

. nerazdvoijiva ili i-ekvivalentna, i piSemo x ~iy, ako za sve

ab eH x esupp( acb)e=y esupp( acb )t,( acb)(x )#0e=(a-b)( y)#0|103

; 3. esencijalno nerazlikujudi ili e-ekvivalentni, i piSemo x ~e y, ako su operaciono ekvivalentni i nerazlikujuéi. xv Definicija
0.15.[22] (H,°) je reducibilna fazi hipergrupa ako i samo ako za sve x € H vazi x"fe = {x}. U posljednjem poglavlju se nalaze
primjeri reducibilnih fazi hipergrupa koji su mo- tivacija za dalji nastavak istrazivanja ovog svojstva. Osim toga,
namjeravamo da u buduénosti prosirimo koncept fazi reducibilnosti na hiperprstene i istrazujemo fazi re- ducibilnost u
odred”enim tipovima generalnih hiperprstena. Podgorica, 2021. Milica Kankaras xvi Abstract This thesis deals with the
reducibility property in algebraic hypercompositional struc- tures. The concept of reducibility was introduced by Jantosciak,
when he defined certain equivalences in order to identify elements which have the same role with respect to the
hyperoperation. He defined the operational equivalence, inseparability and essential in- distinguishability in a hypergroup

and called these relations fundamental. Besides, he gave a definion of a

reduced hypergroup as ahypergroup where the equivalence class of any element with

respect to the relation "essential indistinguishability” is a singleton .Basedon the

relations defined by Jantosciak, we introduce new equivalence relations
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on a crisp hypergroup endowed with a fuzzy set and call them the fuzzy

operational equivalence, fuzzy inseparability and fuzzy essential indistinguishability, i.e., we extend the reducibility concept
to the fuzzy case. We define a fuzzy reduced hypergroup as a hypergroup where every element has a singleton equivalence
class with respect to the fuzzy essential indistinguishability. Further more, the extension can go to another di- rection, which
leads to the study of the reducibility in fuzzy hyperstructures, which are hyperstructures endowed with fuzzy
hyperoperations. The fuzzy reducibility strictly depends on the given fuzzy set, but in our thesis we will only consider the
fuzzy set p defined by Corsini and called grade fuzzy set. In the second part of the thesis, the concept of the reducibility is
extended to general hyperrings. The equivalence relations a“re defined with respect to the both, additive and multiplicative
hyperoperations. Af- ter presenting some general properties and examples of reduced hyperrings, our study focuses on
particular types of hyperrings. They are complete hyperrings, (H, R)- hy- perrings, A- hyperrings and the hyperring of formal
series. The thesis ends with a conclusive part containing also some ideas of future works. xvii Contents Introduction i Izvod
iz teze vi lzvod iz teze vi Abstract xvii 1 Preliminaries 1 1.1 Hypergroups .. ... ..., 11.1.1
Corsini hypergroups . .. ..................... 51.1.2 Fundamental relations in hypergroups . .............. 61.1.3
Complete hypergroups . . ..................... TOT.2HYperrings .. ..ooo e 121.2.1
Fundamental relations in hyperrings . ............... 18 1.3 Fuzzy sets and connections with hyperstructures ...........
.. 19 1.3.1 Construction of join spaces using fuzzy sets........... 21 2 Reducibility in hypergroups 25 2.1 Reducibility in
hypergroups . ....................... 25 2.2 Reducibility of hypergroups connected with the binary relations . ... 29 2.3

complete hyperrings . ............... 65 65 67 72 xviii 4.1.3 Reducibility in (H, R)- hyperrings . . .. ............ 745
Conclusions 78 References Biografy 81 86 xix Chapter 1 Preliminaries This chapter gathers together the basic notions and
results related to hypergroups and hyperrings. For a detailed overview we referee the readers to the fundamental books [13,

32]. 1.1 Hypergroups For a

non-empty setH ,we denote by Px(H)the family of all non-empty subsets of H. A binary 27

hyperoperation ,calledalso a

hyperproduct, is an application < :
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HxH —P«( H )and thepair(H,°)iscalleda hypergroupoid. Itis |E|

important to stress that in a hypergroupoid the hyperproduct x - y between two arbitrary elements x and y in H is a non-
empty subset of H, while in classical algebraic structures, the result of a binary operation between two elements is just one

element of the initial set (called the support set). If the

associativity is also valid, i.e., (a°b)-c = a°(bc), for all a,b,ceH 11

, then the hypercompositional structure (H, °) is a semihypergroup that becomes a hypergroup when also the reproducibility

property holds: x e H = H - x = H for all x € H. The hyperoperation - is extended also to

non-empty subsets A, BofHand for xeH 43

,there is [32]

A°B =a- bA -°x= A -{x}xo B ={x}- B.aeAU,beB Sothe associative property (a | 80

ob)cc=ac(bec )meansthatue c=a -o°v.uUe€a> b vUebe ¢

1 CHAPTER 1. PRELIMINARIES 2 If the hyperoperation - satisfies just the reproducibility, then (H, °) is called a quasi-
hypergroup [32]. A

hypergroupoid (H, °) which is both a semihypergroup and a quasihypergroup is called a hypergroup 54

[32]. Forthe representation of

a certain finite hypergroup H we often use the Cayley table. The Cayley table describes the hyperoperation action on every
pair of elements in H. In the following example, we represent the hypergroupoid (H, ) with the Cayley table and show that

the given hypergroupoid is a hypergroup. Example 1.1. On the set H = {a, b, c, d} define the hyperoperation -

by the following Cayley table:cabcdaaa a, b,c ab, dbaa a b,c ab, d (1.1)
c ab, ¢ ab, ¢ ab ¢ ¢ d d abd ab, dc,d a b
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,d Let us first check whether the reproduction axiom is valid, i.e., whether the hyperprod- uct of any element x with the set H

gives the whole set H. The hyperproducta-Hisequaltoa°sx=acauac-

buaccuacd={ajuf{a }u{a, b ,ctu{ ab ,d}={ ab,c

, dxU}eH= H. Due to the commutativity (the table is symmetrical about the main diagonal), the hyperproduct H - a is equal to

a ° H, which means thata - H = H - a = H. Similarly it can be proved that

b-H=c°cH =d H=H and H°b =H. ¢=H -d= H 79

. The verification of the associativity property sometimes can be very demanding, because in general, it requires n3 checks,

where |H | = n. Let us show the identity (

bec)od = be(ced ). Sincebe c={a,b,c

}, then the hyperproduct (

boc)odisequalto{a b,c}cd ,which is further equaltoacdub 90

duced =H.Similarly bo(c °d)= bo{c ,d}= bocub 122

o d = H. All other checkings of the associativity identities can be done in a similar way. Since the hypergroupoid (H, <)

satisfies both, the associativity and the reproducibility, then it is a hypergroup. Remark 1.1. Notice that a hypergroup H

suchthat |xcy |=1,forany x,y €H isagroup ,whileeverygroup is 21

a hypergroup. Some well known examples of hypergroups are listed below. Example 1.2. [32]
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Let (G,-)beagroup ,N beanormal subgroupofG ,and forallx,ye G

, the hyperoperation is given with x = y = xyH. Then (G, °) is a hypergroup. CHAPTER 1. PRELIMINARIES 3 Example 1.3. [32]

]

Let the hyperoperation ” o

be defined on the set of real numbers as follows: xcx=x forall xeR and x 94

is the open interval between x andy . The hyperstructure (H, ?) is a hypergroup 54

. Definition 1.1.[13]

If His a non-empty set and for allx,y € H itholdsthat xcy=H,then the hypergroup( H,°)is

called a total hypergroup

. Analogously to subgroups and semigroups in classical algebra theory, in hypercom- positional algebra we introduce

subsemihypergroups and subhypergroups. Definition 1.2. [13] A

non-empty subset K of a semihypergroup (H, <) is called a subsemihypergroup ifitisa 45

semihypergroup. In other words, a non-empty set K of a semihypergroup (H, ) is a

subsemihypergroup ifK°-K< K. A

non-empty subset L of a hypergroup (H, °) is called a subhypergroup if it is a hypergroup

. Definition 1.3. [13] A subhypergroup K

ofa hypergroup ( H,)issaidtobe conjugable if forall xe& Hthereexistsye€ Hsuchthatx | 63

oy <cK. The setHitself isa subhypergroup of
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H. We call all other subhypergroups as proper subhypergroups. Example 1.4. [35] If Z is the set of integers and the

hyperproduct on the set Zx Z is

definedas (a,b) > (c,d)={(a,b +d),( ¢ ,b+ d )}then the 47

hyperstructure (Z x Z, <) is a hypergroup, while the hyperstructure (Z x {0}, <) is a subhypergroup of (H, ). Definition 1.4. [13]

Let (H, o) be a hypergroupoid. An element e is called aleft identityiffor anyae H ,a€e e -
a. Similarly, an element eiscalled aright identityiffor anyae H ,ac€a- e .An

element e

is called an identity (or unit) ifitis both, aleftand a rightidentity ,i.e,if for any a |27

€EH, a€a -eNe- a
. Definition 1.5. [13]

Let (H,°) bea hypergroup endowed with atleast anidentity. An elementa’' € His called a left
inverse of a if there exists anidentity ee Hsuchthateca'ca .Anelement a 'eHiscalled a

right inverse of a

if there exists anidentity e€ Hsuchthateceaca ' Anelement a

Hiscalledan inverseofa ifitis both, aleftand a rightidentity 27
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i.e., there exists an identitye suchthat ee aca 'Na- a 47

. Definition 1.6. [13] A

hypergroup (H,°) is called a regular hypergroup if it has at least one identity and all elements from 49

H have at least one inverse

. Since the first papers on hypergroups, the homomorphisms between hyperstructures have been studied. The first
construction of a homomorphism was given by Corsini in CHAPTER 1. PRELIMINARIES 4 [6]. Later, in 1991, Jantosciak gave
the definitions for the various types of homomor- phisms [41]. We will present some of important definitions of

homomorphism which are widely used in the study of hyperstructures. Definition 1.7. [32]

Let (H1, o) and (H2, ) betwo hypergroupoids. A mapping f:H1—H2is 16

called 1. A homomorphism if for all x,y € Hf (x o y) < f (x) > f (y). 2. A good homomorphism if for all x, y
eH f( xoy)=f(x)of(y).3.Avery good homomorphism if it is good and forallx,ye H wehave f
(x/y)=f()/f(y )andf( x\y)=f(x)\f(y)wherex/y={zeH:xezcylandx\y={ueH:yexe-u

}. There are many classes of hypergroups in hypergroup theory. We will mention some of them, which are relevant for our
research. One of the most important classes of hypergroups are join spaces. Join spaces are introduced in [55] by
Prenowitz. They are particular type of hypergroups, used in Graph theory, Geometry, Binary relations and other areas.
Jantosciak and Prenowitz [56, 57] have given an algebraic interpretation of linear, spherical and projective geometry using
"join” hyperoperation. In the linear geometry, the "join” hyperoperation assigns to two distinct points a segment, in the
projective geometry it assigns to them a line, while in the spherical geometry, the "join” hyperoperation assigns to two
distinct points a minor arc of great circle throught these points. Besides, join spaces can be used to characterize lattices,

median algebras, graphs and so on. Let a, b are elements from (H, <), and denote a/

b={x €H: aexcb }.The set a/ bis calledthequotient ofa and bor 14

the extension of a from b [32]. Definition 1.8. [32] A
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commutative hypergroup (H,°) is called a join space if for all ab,cd from H ,thereis a/bn | 37

c/d#0 —-a-dNboc#@ The particulartype of join

hypergroup having a scalar identity is called a canonical hypergroup. It was introduced by Krasner, who introduced them as
an additive part of hyperrings and hyperfields. However, they were named after Mittas in [53], who has been later studied

them in depth. CHAPTER 1. PRELIMINARIES 5 Definition 1.9. [32] We say that (H, <) is a canonical hypergroup if 1.

Itis a commutative 2. Ithas ascalaridentity (scalarunit )i.e, thereexistsee H such 45

that forallxe H thereis xce =e- x =x.3. Everyelementhasauniqueinverse ,ie, for

all x € H, there exists a unique x-1 € H, such that e € x - x-1

x-1°x.4 .It isreversible ,whichmeans that foranytriple( x,vy,z 82

) € H3 holds (a) if y € a ° x, then there exists a' inverse

ofasuchthatxea'cy .(b) ifye€ xoa,thenthereexists a' inverse of asuchthatxey-ca
".Remark 1

.2. [32] The identity of a canonical hypergroup is unique. Let (H, +) be a canonical hypergroup and N be an arbitrary

canonical subhyper- group of H and set H/

N={x+N,x €H} Letus definethe hyperoperation+on H/ Nasfollows (x+ N )+ (y+
N )={t+ N |Jte x+y

}. Proposition 1.1. [60] For every canonical hypergroup H, if N is an arbitrary canonical subhypergroup of it, then the
hypergroup (H/N,+") is a canonical, too. 1.1.1 Corsini hypergroups Let us present now a new class of hypergroups, called
Corsini hypergroups. We will observe in depth the reducibility property for Corsini hypergroups in the third chapter. In the

first studies concerning the relationship between hypergroups and hypergraphs, Corsini defined the following
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hypergroupoid. Definition 1.10. [29] Let " = (H; {Ai}i) be a hypergraph, i.e., for any i, Ai € P(H) \ @; i A(i) = H for any x € H. Set
E(x) = x€Ai Ai. The hypergroupoid HI" = (H, °) whUere

the hyperoperation - is defined by:UVv( x,y )€eH2, xoy =E( x )UE( vy

) is called a hypergraph hypergroupoid. Definition 1.11. [15] The hypergroupoid HI"

satisfies for each (x,y ) € H2, the following conditions : CHAPTER 1. PRELIMINARIES 6 1. xoy =| 41

XoXUyoy ,2. XEXoX, 3.yEXoX

if and only if x €y - y. Theorem 1.1. [15] A hypergroupoid (H,) satisfying the conditions in

Definition3 .4 is ahypergroup if and only if also the following condition is valid: vV(a,c) e H2¢c| 36

occocc\coccS acaca

. This hypergroup was studied also in [2], where the authors named it "Corsini hy- pergroup” and investigated also its
properties connected with the Cartesian product. Here we recall one result, that we will need in our research. Theorem 1.2.
[2] Let (H, »1) and (H, <2) be two Corsini hypergroups. Then the direct product of hypergroups (H x H, »1 x <2) is a Corsini
hypergroup if and only if (H, 1) or (H, 2) (or both) is a total hypergroup. Note that, for two given hypergroups defined on the

same support set H, the hyper- operation ® = -1 x <2 is defined as (

x1,x2) ® (y1,y2) = (x1°1y1,x2 -2 y2),x1,x2,y1,y2 48

€ H. The structure (H x H, ®) is called the direct product of hypergroups. Let us define a particular type of Corsini
hypergroup, studied for its important properties in the theory of automata and languages [51], which is called B-hypergroup
by G. Massouros. The name of this hypergroup was given due to the binary result that the hyperoperation gives. It was also
investigated in connection with fortified join spaces [50] or breakable semihypergroups [40]. Definition 1.12. [51] Let H be
any non-empty set. For any (x, y) € H2, define  as follows x * y = {x, y}. Then the hypergroup (H,*) is called a B-hypergroup.
Proposition 1.2. [2] Any B-hypergroup (H, *) is a Corsini hypergroup. 1.1.2 Fundamental relations in hypergroups In the
following we introduce one of the key concepts in the hypercompositional algebra. We define fundamental relations, which
play the role of connection between the classical and the hypercompositional algebra. CHAPTER 1. PRELIMINARIES 7 As we
have already explained in the introductory part, the algebraic hypergroups are the most natural generalization of the

classical groups: the binary operation of groups is extended to a hyperoperation, where the composition of two elements of
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a given set gives a non-empty subset of it. The first example of such hyperoperation was given by Marty [48], when he

noticed that
if Gisagroup,andHis its subgroup, then the quotient G/H is a hypergroup. The

quotient G/H forms a group only in the case when H is a normal subgroup. In classical algebra, quotient sets are important
because they provide a tool for obtaining a stricter structure from the initial one. In the hyperalgebra, quotients sets are very
important because they connect classical algebraic structures with algebraic hyperstructures. Connection between
semihypergroups (hypergroups) and semigroups (groups) can be established via specific equivalence relations. These
relations play a role analogous to the congruences in the classical algebra. If we start with a (semi) hypergroup, using this
equivalence relation and a corresponding operation we get a (semi) group structure on the quotient set. To be more precize,
equivalence relation defined on a hyperstructure such that the quotient set (hyperstructure modulo this equivalence relation

) is a classical structure having the same behaviour, is called a fundamental relation. Besides, the fundamental relation

is the smallest equivalence relation such that the described quotient setisa classical structure.

The

corresponding quotient sets are called fundamental structures. Using fundamental relations, algebraic hyperstructures can
use a plenty of tools used in a classical algebra. In order to give a strict definition for these relation, let us first define a

strongly regular relation. Definition 1.13. [13]

Let (H, °) be a hypergroupoid, a, b € H and p be an equivalence relation on H. Then p isregular to the
left if

apb= (VueH,vxeuca,dye uob:xpy
and (1.2) Vue H, vy' eu-b, 3x' e uea: x'py’) The relation p is regular to the right if: apb = (v

ueH ,vxe acu ,3ye bou :xpy and (1.3)V u €Hvwye b -u3l xeacu :
x'py) The
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relation
p isregular if it is regular to the left andtothe right. CHAPTER 1. PRELIMINARIES 8 Definition 1
14.[13]

Let (H, °) be a hypergroupoid, a, b € H and p be an equivalence relation on H. Then p is strongly regular
to theleftif

apb=> vueH,vxeuca,Vye ucb:xpy. The
relation p is strongly regular to the right if:

apb=vue H,vxea-ou, vyebou:xpy. The relationpis strong

regular if it is strongly regular to the left and to the right

. Given a semigroup H and a regular relation R, the quotient H/R is a semihyper- group. Besides, with a properly defined
hyperoperation on the structure H/R, if the relation R is a stongly regular relation, then the quotient H/R is a semigroup.

Theorem 1.3. [32]

Let(H,°) bea semigroup and R be an equivalencerelationonH.1.If R is regular, then 25

the quotient H /R is a semihypergroup with respect to the following hyperoperationx™ ® y={z": z
€ x o y}. 2. If the above hyperoperation is well definedonH /R, then therelation R is regular. Corollary
1. 1 .[13] If(H,°)isahypergroupand R is an equivalence relation on H, then R is regular if and only if

(H /R ®) isahypergroup .The following theorem

states that a semihypergroup H factorized by a strongly regular relation R is a semigroup. Theorem 1.4. [13]
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Let (H, °) be a semihypergroupand R be an equivalence relationon H. 1. If R is strongly regular,| 25

then thequotient H /R is a semigroup with respect to the following operationx™ ® y={z":z € x
o y}. 2. If the above operation is well definedonH /R, then therelation R is strongly regular. Corollary 1.
2 .[32] If(H,°)isahypergroupand R is an equivalence relation on H,then R is strongly regular if

andonlyif (H /R, ®) isagroup

. Strictly speaking, the fundamental relation is the smallest strongly regular equiva- lence relation, such that the
corresponding hyperstructure factorized by this relation CHAPTER 1. PRELIMINARIES 9 becomes a classical structure. Until
now, for semi (hypergroups), two fundamental re- lations are defined, by Koskas [45] and Freni [39]. Later, this concept has
been studied by Corsini, Vougiouklis, Davvaz, Loreanu-Fotea, Migliorato and many others. In 1970, Koskas connected
classical structures with hyperstructures using a relation 3. He no- ticed a similar behaviour of elements belonging to the
same hyperproducts and using that, he defined a relation 8 which was reflexive and symmetric. After that, he denoted by B+
its transitive closure in order to define equivalence relation and to partition the quotient set into equivalence classes. In the

following we give the definition for the B relation. Definition 1.15. [45] Let (H, ) be a semihypergroup andn=1,n € N.

We define the Bn relation as follows n  xPny if there exist a1,a2, ..., an 20

such that {x, y} € ai[]

i=1andletBp =un21Bn, where B1 = {(x, x)|x |E|

H} is the diagonal relation on H. The relation B is reflexive and symmetric  [45]. We will denote 54

with

B+ the transitive closure of B. Theorem 1.5.[45] B+ is the smallest strongly regular equivalence
relation on H with respect to the inclusion. Theorem 1.6.[45] Let (H,°) be a semihypergroup
(hypergroup), then the relation B+ is the smallest equivalence relation such that the quotient H/B+* is a semigroup

(group

https://app.ithenticate.com/en_us/report/76397904/similarity 25/103


https://app.ithenticate.com/en_us/report/76397904/similarity?id=210&dsc=1&node=3722&source=1380483273&dn=3bc6491d73fe181878a51c5c459496aae8f6a061a6593eaadb6538fac7fe87b9c5df898440e577d4c7ab0e7d2fe3a1d27960f846337c085a687ee782b0d5af2d
https://app.ithenticate.com/en_us/report/76397904/similarity?dn=9c5e51be8f71b50219eff1e64dee4ebbdc4f5832a28913fafe6f7fa652dbbb6f03ab4609edef2cc98229b59e9cb6f27085d8c2a8006c92b70e6bb98ae8423b7e&source=173618109&node=3793&dsc=1&id=177
https://app.ithenticate.com/en_us/report/76397904/similarity?node=3791&source=234725938&dn=6cbed722143a17b3b8188cd69fd52337a21d9812b2a82408f2590d3d595ab6d3aab7f817ba716bbac3df0b6571b4017ff78b0f6e8e417495b144cae7e2742ae4&id=103&dsc=1
https://app.ithenticate.com/en_us/report/76397904/similarity?id=300&dsc=1&source=41031891&node=37&dn=bd4d77cb0b6d4f99080f5eecf3903c62535d0055afbd4e97d025dd9aca2f74dc816c8b0143e4bc01dbe510b8f81aaa2ffc3d84027be4006b46ce27d705f28fa5
https://app.ithenticate.com/en_us/report/76397904/similarity?dn=d333a53348d60e7ce230a54fb54e0174d49e58e7b8a6f633f201fe083f3d6d55f3b651cd92d625f43c6af1bdef4f9b458539fdd04de7997ed9598a2e81cfc9a6&source=1891514895&node=3722&dsc=1&id=169

22/09/2021, 14:36 Similarity Report

). As we have already mentioned,

the relation B+ is called the fundamental relation on H and the quotient H/Bx is called the |E|

fundamental semigroup ( group

). It is important to emphasize that in hypergroups, the fundamental relation B coincides with the B= relation [32]. Thus, the
quotient set obtained by factorizing a hypergroup by the equivalence B is a group. Another fundamental relation, denoted vy,

was defined on a semihypergroup by Freni. He denoted by y= its transitive closure, and he set

y = n21 yn, where y1 is the diagonal relation and for, n 2 1, yn is the relation defined as 59

foUllows [39]: n n xyny & 3(z1,2z2,---,zn) € Hn: 36 € Sn: x € zi, y € z6(i). [1i=1 [i=1 CHAPTER 1. PRELIMINARIES 10 y is

symmetric and reflexive. Theorem 1.7. [39]

Let H be a semihypergroup. The relation y* is the smallest strongly regular equivalence relation

such that the quotientH /y+x isa commutative semigroup

. 1.1.3 Complete hypergroups Using fundamental relations, we define wide and very important class of hypergroups, called
complete hypergroups. The definition of a complete hypergroup is based on the notion of complete part, introduced by
Koskas in [45]. The complete part is used for the purpose of character- ization of the equivalence class of an element under

the relation B+. More precizely, a non-empty set A of a semihypergroup (H, ) is called a

complete part of H, if for any natural number nand anyelements a1l,a2,...,an in H,the |E|

following implicationholds [45]: n nAN ai#@ = ai c A.[]i=1[]i=1

We may say, as it was mentioned in the overview paper written by Antampoufis et al [3], that a complete part A absorbs all

hyperproducts of the elements of H having non-empty intersection with A.

The intersection of all complete parts of H containing the subset A is called the complete |E|

closureof AinH and denotedbyC (A

https://app.ithenticate.com/en_us/report/76397904/similarity 26/103


https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=104&dn=72cafadc86f00e2928f32890ff9ffe2b0b61028eeb3a2335c6d05a39b93b7c3351e0b8c190ef666888a4c3a01e778a1f803172757c4054af430324158dc69820&source=234725938&node=3791
https://app.ithenticate.com/en_us/report/76397904/similarity?dn=fee338dcd2db6f1c4e42358e20003695b65b916ad2e7a8ec6a53533d3fc01377aa0dac2b42dea726e93bbfad1f5508eeb46026ae6188ba717cc47e8607826d0c&node=3796&source=610931493&dsc=1&id=312
https://app.ithenticate.com/en_us/report/76397904/similarity?id=170&dsc=1&node=3722&source=1891514895&dn=4b3d43b0e0343fb2e302467b1f8d2af882de2854b058df50c5f467c9f72c763a94e40e50f376fe92c1db7a6e31c134ed706f782c7973a49c66b1eb4af93f2633
https://app.ithenticate.com/en_us/report/76397904/similarity?node=3791&source=234725938&dn=9a5d066b9d2decb125cc66c11ca395f718de188cd5f682c419507a3c52dff5a055aa0d0b7f6e44396d49edfad61bdb1c2798d420eb69bf6e0c32ccdc39bef3c9&id=105&dsc=1
https://app.ithenticate.com/en_us/report/76397904/similarity?node=3791&source=234725938&dn=f6b55002fc849bfe6bb0114cbf2211eaa0bc7cd8ee6144e2cd30d82bb709da0f18d763e3472930f3e46acdf4b3e0a719e1b34e7baa90843888c8cf5e3f21af1e&id=106&dsc=1

22/09/2021, 14:36 Similarity Report
) [45]. The complete parts were later studied by Corsini [8] and Sureau [64]. De Salvo stud- ied some of their properties in
[37]. Migliorato also introduced a notion of a n-complete part, which is the generalization of complete parts [52]. For a given
semihypergroup H and a strongly regular relation R on H, the equiva- lence class of any element x from H is a complete part

of H [32]. Theorem 1.8. [32] Let (H, °) be a semihypergroup. The following conditions are equiv- alent:

1. VX,yeH vaexoy C(a)=xcy. 2. VX, y € HC(xcy) =x oy 39

. Definition 1.16. [32] A semihypergroup

is complete if it satisfies one of the above equivalent conditions 56

. A hypergroup is complete if it is a complete semihypergroup. Let us define the notion of the heart of hypergroup, which is

directly connected with fundamental relations. CHAPTER 1. PRELIMINARIES 11 Definition 1.17. [32]

Let (H, °) be a hypergroup and consider the canonical projection $H : H — H/B«. The heart of the |E|
hypergroup His the set wH = {x € H|pH(x) = 1}, where 1 is the identity of the group (H/B

*, ®). As we explained before,

B is the smallest strongly regular equivalence relation such that the quotient H/B = represents a
group

and the operation & is given with Bx(

X) ® Bx(y) =Bx(2),zexcy ,with xy 123

€ H. From the above definition, it is clear that the heart contains

all elements x for which the equivalence class B+(x) is the identity in H/B+. The 18
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heart of a hypergroup was studied in depth by Loreanu in her Phd thesis, and together with Corsini in [18]. Theorem 1.9. [32]

The heart wH is a

complete partof H . Moreover, the heartof ahypergroup is the smallest complete part of 28

hypergroup H ,which is

also a subhypergroup of H[32]. Since it is satisfied that B+(x) = WH ° x = x = WH, we may say that the heart gives us an
information about the partition set corresponding to the element x under the relation B*. The heart wH of a complete

hypergroup (H, <) has an interesting property: it contains all identities of H. Theorem 1.10. [13]

Let (H, o) be a complete hypergroup. 1 . The heart wH is the setof two-sided identities of H . 2. H

isregular and reversible

. As we can see in [13, 19, 30], in practice, it is more convinient to use the following characterization of the complete

hypergroups. Theorem 1.11. [13]

Any complete hypergroup may be constructed as the union H 55

of its subsets, whereg U€G 1) (G,) isagroup .2) Thefamily {Ag,| g€ G}isa partitionof | 55

forany (g1,92) € G2,g1#9g2 ,thereis Ag1NAg2 =@.CHAPTER1.PRELIMINARIES123) If |58

(a,b)e Ag1xAg2 thena-b

= Ag1g2. Above theorem clearly shows that any group is a complete hypergroup, too. How- ever, in the thesis, we will
consider only proper complete hypergroups, so complete hypergroups that are not groups. Example 1.5. [19] Let (H,) be the

hypergroup represented by the following commu- tative Cayley table: - e
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ala2a3 ee al,a2,a3al,a2,a3al,a2,a3al e ee (14)a2 ee a3 e 87

The hypergroup (H, °) is complete, where the group G = (Z2, +), and the partition set contains A0 = {e}, A1 = {a1, a2, a3}. It is
clear that all conditions in Theorem 1.11 are fulfilled. The complete hypergroups have been studied for their general
properties [37], or in connection with their fuzzy grade [19, 26], or for their commutativity degree [61]. 1.2 Hyperrings
Hyperrings are hypercompositional structures endowed with two (hyper)operations, and denoted additively and the other
one multiplicatively (but not both operations), with similar properties of the operations on rings. There are different types of
hyperring structures depending on how the addition and multiplication are defined, i.e., if they are defined as operations or
hyperoperations. There are different concept of the hyperring structures in the hyperstructure theory. The hyperrings can be
defined with the help of two hyperoperations, or with the one hyperoperation and the one operation. We differ between three
types of hyperrings: additive, multiplicative and general hyperring. The additive hyperring is a hyperstructure endowed with
an additive hyperoperation and multiplicative operation, where the multiplicative operation is distributive with respect to the
additive hyperoperation. The most known additive hyperring was introduced by Krasner in 1983 [46], and it was named after
the author. Later, Krasner also studied quotient hyperrings and hyperfields. This type of hyperring has been widely studied
CHAPTER 1. PRELIMINARIES 13 by many authors, as Massouros, Loreanu-Fotea, Davvaz, Mittas, Vougiouklis, Spartalis and
others. The other two types of hyperrings are multiplicative and general hyperring. Definition 1.18. [46] A Krasner hyperring

is an algebraic structure (R, +, -) such that the additive part (

R, +) is a canonical hypergroup |, the multiplicative part ( R, -) is a semigroup having zero as a 33

bilaterally absorbing element, i.e., x-0=0 - x

=0 forall x € H, and the

non

multiplication "-” is distributive with respect to the hyperoperation "+”. A Krasner hyperring is 43

commutative if (R, -) is a commutative semigroup. A Krasner hyperring is a hyperring  with unit

if the semigroup (R, -) has a unit [46]. Example 1.6. [4] On the set R = {0, a, b, c}, define an hyperoperation + and a mul-

tiplication - by the following tables: +

OabcOOabca 0 ab ac bb ba ¢c0 ,b a b cha0O ‘0 abc00000aOa
bcb O0bb 0c 0cOc Thestructure( R,+,-)isaKrasner hyperring
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. Example 1.7. [32] If (H, <, +) is a totally ordered group and the hyperaddition is given with

Xx@® x={teHtsx },vxeH, x @y={max{ xy}},vx,y €H, x#y ,thenthestructure( H
, @) defines a canonical hypergroup.

If (H, +, -) is a totally ordered ring, then (H, @, -) is a Krasner hyperring

. Definition 1.19. [34] A

commutative Krasner hyperring with unit is called a Krasner hyperfield if R \ {0} is a group 43

. Example 1.8. [5] On the set F = {0, 1} define an additive hyperoperation "+” and a multiplicative operation "-” by the following
tables:+01-01001000110,1101 The hyperstructure (F, +, -) is a Krasner hyperfield. CHAPTER 1. PRELIMINARIES 14
An important example of a Krasner hyperfield can be found in [46], where the author presented the way to construct Krasner

hyperfields using a field. Example 1.9. [46] Let (F+,) be a

field, G be asubgroupof(F \{0};) and letH= F/G={aGlae F }where the hyperaddition
and the multiplication are given withtheformulas: aG@bG={cG|ceaG+bG}, aG © bG = abG. Then
the hyperstructure (H, ®, ©) isa

hyperfield. Definition 1.20. [32] A

subhyperring of a Krasner hyperring (R, +, -) is a non-empty subset A of R which forms a Krasner | 24

hyperring

. Definition 1.21. [32]

Let (R, +,-) be ahyperring,and A bea subhyperring of R .Wesaythat A 81
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is a left (right) hyperideal of Rifr-ac A(a-re A)forallre R ,with ae€ A. Aisahyperideal ofR

it is both, left and right hyperideal

. In practice, sometimes it is more suitable to use the following characterization. Lemma 1.1. [32] Let A be a non-empty set

of the

hyperring (R ,+,°). A is aleft (right) hyperideal of the hyperring ifandonlyif1 .Forany a,b
€ A ,itholdsthat a-beA. 2 .If aeR,reR thenr- aceA(a-reA

). Example 1.10. [5] Let (R, +, -) be the hyperring from Example 1.6. The hyperideals of the hyperring R are the sets: {0}, {0, b},
{0, ¢}, {0, b, c} and R. The another type of hyperring, equipped with an additive operation and a multi- plicative hyperoperation

was introduced by R. Rota in [58]. This type of hyperring is called a multiplicative hyperring. More exactly, the

structure (R, +,-)isa multiplicative hyperring if: (R, +) is an Abelian group 128

R, ) is a semihypergroup ,and the operation- is weakly distributive with re-spect to 35

the hyperoperation +,i.e.,a(b+c )cCab+acand( b+c)a

C ba + ca for

allayb ,ce R [5. Example1 .11.[32] Let K bea field and V bea 82

vector space over K. Let < a, b > be a subspace generated by the set {a, b}, where a, b € V. Then, if we define

foralla,b €V, acb=<ab >.CHAPTER1.PRELIMINARIES15 Then the hyperstructure (V,+,°)

isa multiplicative hyperring

. Example 1.12.[32] Let (R, +, ) be aring and |
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be anideal ofit .If we define the hyperoperationonR asv a,beRaxb =ab+ I ,then the

hyperstructure (R, +, x)isa multiplicative hyperring

. Definition 1.22. [32]

Let (R, +, -) be a multiplicative hyperring and H be a non-empty subset of R. We say that H is a
subhyperring of (R, +, -) if (H, +, -) is a multiplicative hyperring

itself. Similarly to the Krasner hyperring, a

non-empty subset Aof a multiplicative hyper-ring Ris aleft (right) hyperideal if forall a,b| 43

€ A thereis a-beA andif areR it implies that r-acA(a-reA

). If the hyperideal is both, left and right, it is called a hyperideal [32]. Example 1.13. [27] Let (ZA, +, °) be a multiplicative
hyperring where ZA = Z, and the hypermultiplication is given with x e y = {x - a - y|]a € A}, where A = {2, 4}. Then the set 12Z =
{12n: n € N} is a hyperideal of the hyperring (ZA, +, ). The widest class of hyperrings is the class of general hyperrings.
These are hyper- structures endowed with two hyperoperations, connected by the distributibivity prop- erty. The general
hyperring was firstly introduced by Corsini [7], who used it for defining and studied feeble hypermodules. Many authors gave
a definition of a general hyperring, but the most general one was by Spartalis in 1989 [62]. In order to define general

hyperrings let us first define the hyperringoid. Definition 1.23. [51] A hypercompositional structure (
R, P, ®)is called a hyperringoid if1.(R, ®)isahypergroup.2. (R, ©®)isa semigroup. 3

. The operation "@®" distributes on both sides over the hyperoperation "@.” This algebraic hyperstructure was first introduced
by Massouros and Mittas [51] in the study on languages and automata. If we request that both addition and multipli- cation

are hyperoperations, then the hyperringoid becomes a general hyperring. Definition 1.24. [66] A

triple (R, @, ®)isa general hyperringif: 1. (R, @) is a hypergroup .CHAPTER 1. PRELIMINARIES
16 2. (R, ®)is a semihypergroup. 3

. The
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multiplication © is distributive with respectto the addition ®,i.e . forall a,b,ceRa(® (b® | 60
c)=a@Ob®dad®cand @®d b)Oc=a Ocd bOc

. In the following Hx denotes the set H \ {w}, where w is the heart of the additive part of a hyperring. In any case, H denotes
hypergroups and R hyperrings. Definition 1.25. [32] A commutative general hyperring (H,®,0) is called a hyperfield if Hx # @
and (Hx,0®) is a hypergroup. Example 1.14. [34] The hyperstructure (H, @, ©), where

H={a,b,c,d }is a hyper-field @ ab cd a aaj, bc,dc,dba,ba,bc,dc,dcc,dc,da,
b ab dc,dc,d a ba

,b®a
bcdaababababbababababcababec .d ¢d d abab ¢ d c d

Definition 1.26. [32]

Let (H, ®, ©®)bea generalhyperring and letK beanon-empty subsetof it. Wesaythat K 37

isa subhyperring ofHif itsatisfies the following

conditions: 1. (K, ®)

isasubgroupof (H ,@®).2.(K,®)is a subsemihypergroup of (H ,Q)(Kx @) isa 109

subsemihypergroup  of (H

*, ©)). Definition 1.27. [32]

Let (H, &, ©)bea general hyperring and letl be anon-empty subsetof it. Wesaythat | | 37

isa left(right) hyperideal of H,if it satisfies the following
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conditions :1.( | ,@)is a subhypergroupof( H,P).2 .Forall x €I, a €Ha(® x
cl( xOa 7
cl)
lis a hyperidealif it is a left and right hyperideal 33

. Every hyperring has two trivial hyperideals, the heart of an additive part of a hy- perring w and a hyperring H. Example 1.15.
Notice that the subset {a, b} is a hyperideal of the hyperfield presented in Example 1.14. CHAPTER 1. PRELIMINARIES 17
Definition 1.28. [32] Let R1 and R2 be two general

hyperrings. A mapping ¢ from (R1,+,-)to (R2, @, ®©) is saidtobeagood (strong) 74

homomorphismifforalla,b €R1 1.¢@(@a+b)=¢p@@) Db ).2. ¢

(a-b) =¢(a) © @(b). 3. ¢(0) = 0. The Hv- structures were introduced by Vougiouklis at the 4th AHA Congress in 1990 [68],

as hypercompositional structures with weak associative hyperoperations. Definition 1.29. [32] The

hyperstructure (H, -)isanHv -semigroup ifx-(y-z)N(x-y)-z#¢@ forallx,y,ze H
.If also
the reproduction axiom is valid, i.e.,a-H=H-a=H 108

,then (H, -) is an Hv-group. Definition 1.30. [32] A

multi-valued system (R, @, ®)is anHv- ringif: 1. (R, @) is an Hv - group. 2. (R, ®) is an Hv - 18

semigroup. 3

. The multiplication © weakly distributes
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withrespectto the addition®,i.e . forall ab,ceR,(@a® (bdc)NadObdad®c#oand @669
b)Oc)ha Ocd bOc

# @. It is important to recall here that the

quotient of a group with respect to any of its subgroups is a hypergroup ,while the quotient of | 29

agroup by any

equivalence relation gives birth to an Hv-group [49]. A recently published overview of the theory of weak- hyperstructures is
covered in [69]. In the following we will recall the construction of three types of hyperrings, that we will study in the fourth
chapter. The first one leads to an Hv- ring obtained from a ring. This structure was principally studied by Spartalis and

Vougiouklis [63], in connection with homomorphisms and numeration.
Let (R,+,-)bearingand P1andP2 benon-empty subsets ofR

. The hyperopera- tions: xP1x

y=x+ty +P1 and xP2x y=xy ‘P2 for all xy €Rarecalled the 52

P- hyperoperations [67]. Let Z(R) be the center of the multiplicative group (R,’). Theorem 1.12. [63]
Let(R,+ -)bearingand P1andP2 benon-empty subsets ofR

.1f 0 € P1 and Z(R) N P2 # @, then (R, P1x, P2x) is an Hv- ring, called the Hv - ring with the P - hyperoperations. CHAPTER 1.
PRELIMINARIES 18 We finish this section by recalling the construction of the hyperring of the formal series [31, 43]. Based

on this, the structure of the set of polynomials over hyperring was studied.

Let (R, + -)bea general commutative hyperring .[31] A formal power series with coefficients in| 23

R is an infinite sequence
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(a0,a1,a2,...,an,...)of elements ai in R. The set of all such power series is denoted by R[[x]]. We say that two power
series (a0,
al,a2,...,an ,...)and (b0, b1,b2,...,bn ,..)areequal ifand only if 126

ai = bi for all indices i. Let define on R[[x]] the addition by (

a0,al,a2,...,an,...) & (b0,b1,b2,...,bn,...)={(c0,c1,¢2,...,cn ,...),ckeak+bk} and 76

the multiplication by

a0,al,a2,...,an,...)® (b0,b1,b2,...,bn,---)={(c0,c1,c2,...,cn 76

,...), ck € ai- bi} i+3j=k The structure (R[[X]], B, ®) is a general hyperring. It is worth to recall that the set of the polynomials
RIx] with coefficients in R is a superring, with the same hyper- operations @ and © defined above. This means that (R[x], )
is a canonical hyper- group, (R[x], ©®) is a semihypergroup with 0 a bilaterally absorbing element and the multiplication is

weakly distributive on the left side with respect to the addition, i.e., f © (

gdhcfOgdfOh ,for f,goh €eR[ x 70

]. 1.2.1 Fundamental relations in hyperrings Similar as for hypergroups, Vougiouklis intoduced the ax- relation, which is the
small- est equivalence relation such that the quotient set (the hyperring modulo the relation) is a ring, and he was the first
one who named such a relation fundamental. He also investigated its relationship with the B+~ relation. CHAPTER 1.

PRELIMINARIES 19 Definition 1.31. [32] Let (R, +, -) be a general semihyperring (hyperring). We define a as follows: a a b iff

{a,

b} c uwhere u is a sum of finite products of elements from R .Thisis a 99

reflexive and symmetric relation, but generally not transitive [32]. The transitive closure ax of the relation a is called the

fundamental relation on
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R. Let us denote by U the set of all the finite sums of products of elementsof R

, and with ax(a) the fundamental class of a. Then [32] aa b iff 3

z1,...,zn€Rwithzl1=a,zn+1=bandul ,u2,..., une€ Usuchthat{zi, zi+1} c ui,fori=1,...,n| 52

. Theorem 1.13. [32] Let (R, +, ) be a hyperring. Then the relation ax is the smallest equivalence relation defined on

R such that R/ax isaring .The quotient R/ax is called the fundamental ring 95

. 1.3 Fuzzy sets and connections with hyperstruc- tures

Fuzzy sets have been introduced by L.A. Zadeh in 1965 44

[70] and they represent the ex- tension of the classical notion of a set. Any fuzzy set is characterized by a membership

function which assigns to every element a degree of membership. In the classical set theory
an element belongs or does not belong to the set

, which means that the mem- bership function is a binary function. More exactly, it is the characteristic function of the given
set, so it maps every element to 0 or 1, depending if the element doesn’t belong or belongs to the set. In the fuzzy set theory,

the membership function maps every element to a number from the interval [0, 1]. Definition 1.32. [32]

Let X be a set. A fuzzy subset A of X is characterized by a membership function pA : X — [0, 1] which

associates with each point x € X its grade or degree of membership pA(x) € [0, 1

]. Example 1.16. [38] On the set X of real numbers, consider one initial point a and one final point ¢, while b represents one
intermediate point, |? a < b <c. The membership CHAPTER 1. PRELIMINARIES 20 function pA(x) is defined as follows: 0O,

MA(X) = (xb-—aa, | cc--xb,
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0,ifxsa if a =<x< bif bsxsc( 1 .5 ifx 62

= ¢ The membership function can be rep | kresented as in Figure 1.1. Because its triangular form, the fuzzy set (X, yA(x)) is
known as the triangular fuzzy number. Figure 1.1: Triangular fuzzy number Example 1.17. On the set X = N, let A = "the set of
natural numbers closed to 10”. This fuzzy set can be represented by its membership function pA : X — [0, 1], pA(10) = 1,

pA(9) = pA(11) = 0.9, pA(7) = yA(12) = 0.8 and so on. Definition 1.33. [59]Define the following operations:
Let A, B be fuzzy subsets of X. AC B

S PA(X) SpB(x),VxEX.A=B o

BA(X )=pB( x),¥vx €X.C= AUB ouC( x )=max{ pA(X),pB(X)},yxeX .C= AN |77

B ©uC( x )=min{ pA(X), uB(x)},vx€X .pPAC=1-pA( x).The

connections between hyperstructures and fuzzy sets can be approached in three ways. First, we can define crisp
hyperoperations trought fuzzy sets, as it was done by Corsini in [14]. The second approach are fuzzy hyperalgebras, which

can be considered as the extensions of the concept of fuzzy algebraic structures. For example, let the hypergroup (

H,c)bea crisp hypergroup,and p bea fuzzysubseton it. We say that 111

the fuzzy set
is a fuzzy subhypergroup of (H, °) if every level set of the fuzzy set p is a subhypergroup of (H

,°) [29]. Recall that if p is a fuzzy subset of a set H, then the level set of y, noted with pt defines as: pt = {x € H|u(x) = t},
where t belongs to [0, 1]. In [28], where Davvaz introduced the concept of fuzzy subhypergroups, he also introduced the
concept of the fuzzy Hv-subgroup of an Hv-group. CHAPTER 1. PRELIMINARIES 21 The third approach refers to fuzzy

hyperstructures. They were studied by Corsini, Zahedi, Davvaz and many others. Here, the

fuzzy hyperoperation associates to every pair of elements a fuzzy set ,instead of
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the non-empty subset. 1.3.1 Construction of join spaces using fuzzy sets Let us explain in more detail the first approach
involving the very important connection between fuzzy sets and hyperstructures given by Corsini in [14]. With any fuzzy

subset defined on a non-empty set H, he associates a join spaces. Theorem 1.14. [14]

Let p: H — [0, 1] be a fuzzy subset of
H, where H is a nonempty set. Defining

xey={z€eH:p(x) A p(y) Sp() sp(x) v ply
)} (1.6) The hypergroup (H, °) is a join space. Conversely, Corsini defined a

fuzzy subset associated with a hypergroupoid (H ,°) as follows [16]: pu )=q( u )A( u ),
where A(u) = (  x,y)eQ(u

) IxTe

y,Qu) ="{(xy )EH2: wuexcy }g( u )=IQ( u ).For Q(u )=0,bydefajult we 64

take p(u) = 0. We can interpret p as
the average of the reciprocals of the sizes of the hyperproducts x  y containing u

[29]. By associating a fuzzy set to the hypergroupoid™ as in formula 1.6, we obtain“the join space (1H, »1). y Using formula
1.6 once again, from (1H, 1) we get the associated join space (2H, »1) and obtain™ a new membership function p1. By this

procedure we get a sequence of join spaces ((iH, «i), yi)i21 associated with H. ” The

length of~ the sequence of join spaces associated withH ,i.e., the 44

number of non-isomorphic join spaces in sequence is called the fuzzy grade of the hypergroupoid H
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, and the fuzzy set p is called the grade fuzzy set [29]. Definition 1.34.[137] A

hypergroupoid H has the fuzzygradem ,me N \O0,andwrite f.g.(H)=mif for any 1i,0| 44

<i<m, the join spaces iH and i+1H associated with H are not isomorphic (where OH=H) and for

anys,s= m

,s His isomorphic with mH. Let us show the above described procedure for a concrete hypergroup and calculate its fuzzy

grade. CHAPTER 1. PRELIMINARIES 22 Example 1.18. Let the

hypergroupoid H = {a, b, ¢ } be given with the following table:c abcaabb b, cha a b
bc (1.7) ¢ a <cbb

The values of the elements a, b, ¢ through the grade fuzzy set p are: y(a) =, py(b) =, u(c) =551 87 2.~ This gives the first

join space” represent”ed

by the"table -1 abcaa a, b a ¢cb a bb H(18) ¢ a ¢ 50

H ¢ Now, we calculate using formula 1.6 p1(a) =,u1(b) = 21,u1(c) =152 11 8 3 and the second associated ~join space i”s

represente™d

bythetable :-2 abcaa Ha ¢cb H b b ¢ ¢ a ,c bcec 50

(1.9) From here, we get u3(a) = u3(b) = u3(c) = 8. 15 It is clear now that the associ ated join™ space h™as the table: <4 ab ¢
aHHHDbHHH(1.10) c H H H Easily, one notices that any associated join space sH, s 2 4 is the same as 3H, so the fuzzy
grade of the given hypergroup is 3, because the number of non-isomorphic join CHAPTER 1. PRELIMINARIES 23 spaces
associated with H is 3. Let us now define a fuzzy hyperstructure, i.e., the hyperstructure endowed with a fuzzy
hyperoperation. In [59], Sen and Ameri gave the definition of a fuzzy semihyper- group. Definition 1.35. [59] Let S be a non-

empty set. A fuzzy hyperoperation on Sis a

mapping-:SxS — F(S), where F(S)is the set ofall fuzzy subsetsofS .The 35

structure (S,°) is called a
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fuzzy hypergroupoid. Theorem 1.15. [59] A fuzzy

hypergroupoid (S, °) is called a fuzzy hypersemigroup if foralla,b,ce S(acb)cc=a-(b-c
for any fuzzy{ subsetpof S thereis forallr inS.(
(O, otherwise

) and 38
acp)(r)=vteS(@-t)() A pit )),if p #0
le am=vtes @( t )ate ar )if

20 (o, otherwise{ | (1.11) (1.12) Definition 1.36. [59] A fuzzy

hypersemigroup (S,) is called a fuzzy hypergroup if xcS =S x

=xS, forall x 105
in S, where xS is the
characteristic function of the setSjie,1 |if xeSxS(x)= (o Jif x 73
€/S.(1.13) { Example 1.19. [59] Let S = {a, b} and \define the fuzzy hyperoperation as: (a-a)(a) =
0.1, (aca)(b)=0.2 ,(a> b)a )=02( ab)b )=02( bea )@= 0 .3, (b a)b )= 11
0.3,( acb)b

)=0.2,(b>b)(@) =0.7, (b - b)(b) = 0.8. Let us check whether the hyperproduct (a - b) - b is equal to a - (b - b). We can easily
notice that ((a - b) - b)(a) = 0.3, while ((a » b) - b)(b) = 0.2. Here, (

aca)ca=vr €S(( aca)(r )A(r- a)@)=((@aca)@A(aca )a)v(@-a) b

96

)A(bea)(a)=0.1v0.2=0.2. Similarly,a-(a-a)=v

reS((@a -n( a)A(aca)@)=((@-a) @A (a-b )@)v({ a -b)( a

61

) A (a-a)(a)) =0.2 CHAPTER 1. PRELIMINARIES 24 The all other identities can be proved in the similar way. The structure

(S, °) is a fuzzy hypersemigroup. Chapter 2 Reducibility in hyp ergroups This chapter deals with the reducibility property in
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hypergroups. We introduce the concept of the reducibility and examine the reducibility in certain types of hypergroups. 2.1
Reducibility in hypergroups The concept of reducibility was introduced by James Jantosciak in 1990 at the Fourth
International AHA Congress [42]. He noticed that it may happen that the hyperoper- ation does not distinguish between two
elements, i.e., that two elements have the same role with respect to the hyperoperation. He defined three equivalence
relations in order to claster elements with the same behaviour and called them fundamental. The fundamental relations
defined by Jantosciak [42] on an arbitrary hypergroup are operational equivalence, inseparability and essential

indistinguishability. Definition 2.1. [42]

Two elements x,y in a hypergroup (H,°) are called: 1. operationally equivalent or by short o-equivalent,
and write x ~oy, if xea = yea, and a > x = a o y, for any a € H; 2. inseparable or by short i-equivalent, and write

x ~iy, if foralla,be H,xe acb &= y € a - b; 3. essentially indistinguishable or by short e-equivalent

and write x ~eYy, if they are operationally equivalent and inseparable

. Remark 2.1. Although they have the same name, the fundamental relations defined by Jantosciak must not be confused
with the fundamental relations defined in the previous 25 CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 26 section, which

are also called fundamental and connect classical algebraic structures with hyperstructures. Definition 2.2. [42] A

reduced hypergroup has the equivalence class of each element with respect to the essentially

indistinguishable relation ~e a singleton

,i.e., forany x € H, there is x"e = {x}. As we can see from the previous definition, if the equivalence class of any element x €
H contains no elements except x, the hypergroup is called reduced. Otherwise, we call it a non-reduced hypergoup.
Regarding the definition of a reduced hypergroup, we have to take care that x"e = {x} does not mean that the equivalent
classes with respect to both, the operational equivalence and the inseparability are singleton. Moreover, it can happen that
neither these two equivalence classes is singleton. Let us suppose that, for example, x" o0 = {x, y} and x"i = {y, z}. From here, it
follows that x"e = x"0 N x"i = {x}. However, if the hypergroup H is not reduced, so there exist two elements which belong to
the same equivalence class, i.e., x"e = ye = {x, y}, then it neccesarily implies that x"o = yo = x"i = yi 2 {x, y}. In the same paper,
Jantosciak defined a reduced form of a hypergroup, i.e., he found a manner how to construct a new reduced hypergroup

from the given one. Proposition 2.1. [42]
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For any hypergroup (H, -), the quotient (H/ ~e, x) is a reduced hypergroup anditis called a
reduced form of the hypergroup H . The quotient hypergroup H

/ ~e contains equivalence classes x"e with x € H where x"e * ye = {Ze : z € xy}. Proposition 2.2. [42] Let f be a mapping from

H onto a reduced hypergroup

K,suchthatx-y=f -1(f( x)f(y)), forallx,yeH 44

. Then K ~=H/ ~e . The above proposition characterizes a reduced form H/ ~e as the reduced hyper- group from which is
possible to reconstruct the hypergroup H. According to this, as Jantosciak explained in [42], we can split the study of

hypergroups

into two parts, the study of reduced hypergroups and the study of hypergroups with the same

reduced form
. The following proposition shows that a

hyperoperation on H may be reconstructed from the hyperoperationon H/ ~e via the canonical
mappingf: H—H/~e where x-y=f-1(f (X)f(y

). Also, the proposition enables us
to determine all hypergroups having the hypergroup H as their reduced form
[42]. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 27 Proposition 2.3. [42]

LetHbe ahypergroup and Kbeaset .Let f be amapping from KontoH
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suchthatx-y=f -1(f( x )f( y)),forallx,yeH .ThenK is ahypergroupand the
hypergroup H

is reduced if and only if K/~e =~ H. The following example explains the role of these

fundamental relations

. Example 2.1. [42] Define on the set H = Z x Zx, where Z is the set of integers and Zx = Z \ {0}, the equivalence ~ that assigns
equivalent fractions in the same class: (x, y) ~ (u, v) if and only if xv = yu, for (x, y), (u, v) € H. Endow H with a hypercom-
positional structure, considering the hyperproduct (w, x) ° (y, z) = (wz + Xy, xz)~. It can be proved that the equivalence class
of the element (x, y) € H with respect to all three fundamental relations is equal to the equivalence class of (x, y) with
respect to the equivalence ~ . The equivalence class of an ordered pair (x, y) contains all order pairs (u, v), such that the

fractions uv are equal to xy . Therefore, H
is not a reduced hypergroup ,butits reduced form is isomorphic with Q, the set of rationals

[22]. In the following we give an example of a non-reduced hypergroup and its reduced form. Example 2.2. Let (H, <) be a

hypergroup, where the hyperoperation ” - ” is defined

by the following table:ceabceeab,c b,c aab,ce e(21) bbcea a ¢ b, cea 57

a Since the rows corresponding to the elements b and c are exactly the same, then b ~o c. Since it is obvious that the
elements b and c occur together in each hyperproduct, we conclude that b”i = ¢i = {b, c}, which finally gives that "be = ¢e =
{b, c}. However, ée = {e} and e = {a}. Since there exists an element such that its equivalence class is not a singleton, the
hypergroup is not reduced. Let us construct the reduced form of the hypergroup H. According to Proposition 2.1, the
obtained hypergroup will be reduced. For ease of presentation we will illustrate a reduced form via Cayley table, too. K ée ae
"be ée ée de "be de de "be ée (2.2) "be b"e ée ée CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 28 It is easy to check that
the hyperstructure (K, ), where K = H/ ~g, is associative and that the reproducibility is satisfied. Thus, (H/ ~e, *) is a
hypergroup and it is obviously reduced. As it is stated in Proposition 2.3, we can reconstruct a hyperoperation on H via the
mapping f : H — H/ ~e . Indeed, f-1(f(a)*f(b)) = f-1(dex"be) = f-1(ée) = e = a-b. Similarly we can verify the statement for all
other hyperproducts x-y, where x,y € H. In the following we give an example of a reduced hypergroup. Example 2.3. Let (H, )

be a hypergroup, where the hyperoperation ” - ” is defined
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by the following table.-abcdaaa a, b,c ab, dbaa a b,c ab, d (23) c¢ ab,

c ab ¢ ab ¢ ¢, d d abd ab dc,d a b ,d Oneeasily notices thata

~0 b, because the lines (and columns) corresponding to a and b are exactly the same, thereby: 4o = "bo = {a, b}, while ¢o =
{c}and d"o = {d}. But, on the other side, each element in H has equivalence class containing exactly one element with
respect to the relation ~i, as well as with respect to the relation ~e, by consequence (H, ) is reduced. Here, a reduced form
H/ ~e is isomorphic to the hypergroup H. In [24] Cristea et al. discussed about the regularity of the fundamental relations,
proving that the operational equivalence and essential indistinguishability are regu- lar, while the inseparability is not regular.
Also, they proved that in general none of them is strongly regular. This means that the corresponding quotients modulo
these equivalences are not classical structures, but hyperstructures. If we consider Example 2.3, we can easily show that
the relation ~o is a regular relation, but not a strongly regular relation. Since a ~o b, then the regularity of the relation ~o

would imply that for every u € H and
foreveryx €u-ca thereexistsy e€u-b suchthatx ~o yand foreveryxe a
o u there exists

yebousuchthatx ~o vy .Obvioslyforany ueH ,if x €u- a thenxe u -°b,and
it holds that

x ~0 X. Due to the commutativity of the hypergroup, the right regularity also easily follows. However, the operational

equivalence is not strongly regular. If we assume strongly regularity of the relation ~o is, then a ~o b implies that: vx e a

u,vye bou there CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 29is x~oy .Takingthat x=a

,u=c andy=c ,iffollowsthat a~oc, whichis
not satisfied. Example 2.4.

Let H = {a, b, c} be the following hypergroup:cabcaa a, b ,c ab ,c b a b ,c b ,

¢ b,c (24) cab,cab,cab,c Notice that theelements band
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c are essentialy indistinguishable, i.e., b ~i c. If

we suppose that the relation ~iisregular ,weget: From c~ i b it

follows that for allu € H and

forallxec -u thereexistsyeb -u suchthatx ~i y .Takingthatu= b 78

, then for the element a which belongs to c - b, there does not exist an element yin b - b, such that a ~i y. Since b - b = {b, c},
indeed a ~i b and a ~i c. Thus, the relation ~i is not a regular relation. Let us show, at the end, that in general, the relation ~e

is not a strongly regular relation. Example 2.5.

Let H = {a, b, c} be the following hypergroup:-abcaa ,b ab H ba ,b ab H(25 ¢ H
H ¢

Is it easy to see that the relation ~e is regular. Notice that the elements a and b are the only elements in the hypergroup such

that a ~e b. Strongly regularity would imply that: For all

ueH andv xeacu,vVyebou:x~ey .Takingthat u=c ,theelement a belongstoa-

Cc

, the element c belongs to b - ¢, but a +e c. Thus, the relation ~e is not strongly regular. 2.2 Reducibility of hypergroups
connected with the binary relations In this section we present some results proved by Cristea and Stefanescu in [23]. They
associated different hypergroupoids with binary relations defined on a set H. Also, they investigated the reducibility in
hypergroups associated with the binary relation. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 30 The authors gave
necessary and sufficient conditions for hypergroupoids in order to be reduced hypergroups. Further, they gave conditions

such that hypergroups associated with the intersection, union and composition of relations are reduced. Rosenberg

has associated a partial hypergroupoid Hp =( H, <) with a binary relation p definedonasetH, | 75

whereforanyx,ye H ,as[58] xocx =Lx={z€eH:( x,z )eEp} x

oy =1LxULy.
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Let p be a binary relation defined ona non-empty setH

. Denote by Lpx the set containing all elements z such that xpz, i.e., Lpx = {z € H: (x, z) € p}. Similarly, Rxp={z€H:(z,x) €
p}. If p and & are two different binary relations on H, then: LpxN&é ={z€ H:(z,x) ep N 8} =Lpx N LOXx RxpNd ={z€ H: (z,x) €
pN& =Rpx NRxd Lxpud={zeH:(z,x) epuU & =LpxULOXRpxuUb={zeH:(z,x) epuUd =Rpx URxS Lxpd={zeH:(x
z)epd={zeLbt:teLpx} Rxpd={z€H:(z x) € pd} ={z € Rpt : t € ROX} If, for any x € H, Lpx = L&x then p = 8. Proposition
2.4. [23] The hypergroupoid Hp is reduced iff for all x € H such that x # y either Lx # Ly or Rx # Ry. Let Hp be a hypergroup
associated with the binary relation p defined on H. Proposition 2.5. [23] If

p is an equivalence on H, then the hypergroupoid Hp is areduced hypergroup ifandonlyif p = 25

A H

={(x,x) : x € H}. Example 2.6. Let H = Z and the relation p is given on the set H with: xpy iff x =y (mod5).

Itiseasyto check thatthe previous relation is an equivalence relation 47

. But, according to Theorem 2.5, the hypergroup Hp associated with this relation is not reduced if p # {(x, X) : x € H}. Indeed, if
we set 5-a=10-a, where a € Hthen L5 U La = L10 U La which is obviously satisfied because the elements 5 and 10
belong to the same equivalence class with respect to the relation p, having the same remainder after CHAPTER 2.
REDUCIBILITY IN HYPERGROUPS 31 dividing by 5. Similarly, the equality a > 5 = a -~ 10 is satisfied for any a € H. Also, the
elements 5 and 10 appear in the same hyperproducts because if 5€a-b =La U Lb,i.e., 5pa or 5pb, then certainly 10pa or
10pb, which means that 10 € a - b. We conclude that the hypergroup H associated with the relation p is not reduced. If we
choose the relation "is equal t0” instead of the above defined equivalence relation, then it can be easily checked that the

given hypergroup is reduced. Proposition 2.6. [23] If p is a non-symmetric quasiorder on H, then the hypergroup (Hp, °)

is reduced if and only if for any x #y 22

, Lx # Ly. Example 2.7. Let < be a quasiorder relation on H = R. Then, according to the definition of a hypergroup (Hp, <), the
hyperproduct x o x = Lx = {z € H: xpz} ={z € H: x < z}, i.e., the hyperproduct x - x contains all elements greater or equal to x.
Here, for any two different elements x and y, the sets Lx and Ly are different, as well. Proposition 2.6 states that such

hypergroup (Hp, °) is a reduced hypergroup. Let us prove it on this particular example. Let us assume that
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xca=zy ~-a, forallaeH.If equalityholds for any a 51

, then it is obviosly satisfied for any a € H, such that a < x <y. Since x ° y = Lx U Ly, then the equality x - a = y - a gives that Lx

= Ly which further implies that x = y.

Thus,xca=y -a for any aimpliesthatx=y 53

,i.e., x"o =xfor any x € R. Hence, x"e = x for any x € H, which finally gives that (Hp, ) is a reduced hypergroup. Proposition
2.7.[23] If p is a reflexive, symmetric, non-transitive relation on H, such that p2 = H x H, then the hypergroup (Hp, °) is

reduced
ifandonlyif Lx#Ly forallx,ye Hsuchthatx#y

. Proposition 2.8. [23] Let p and & be two quasiorder relations on H. If the hypergroups Hp and H6 are reduced then the

hypergroup HpN& is reduced, too. Proposition 2.9. [23] Let p and & be two binary relations
on H with full domain and full range such that

p2 =p,62 = 6 and pd = &p. If the hypergroup Hpb is reduced then Hp and Hb are both reduced. In the following we present

the new results related to the reducibility in hypergroups. Proposition 2.10. Any subhypergroup (K, ) of a reduced

hypergroup (H, ) isa re-duced hypergroup. Proof.Let a be the element from the set| 63

K. Since

K is a subhypergroup, then K € H. Then the element a belongs to the set H, as well, and since (H,) is a reduced hypergroup,
then e = {a} i.e., (K,°) is a reduced hypergroup, too. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 32 Remark 2.2. A

subhypergroup of a non-reduced hypergroup can be reduced or not. Example 2.8. Let the hypergroup (H, <) be given

by the following tableca b x y a a bxyxy bb ax ,y x ,y xx ,y x ,|[34

y a ,b a ,b yxyx ,ya b a b
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The hypergroup (H, °) is non-reduced since x - ¢ =y » ¢ for any ¢ € H and x and y appear in the same hyperproducts. Thus, x
~e y and consequently, (H, <) is not a reduced hypergroup. Let us note with K the subset {a, b} of the set H. Since (K, °) is a

hypergroup itself and K c H, then the hyperstructure (K, °) is a subhypergroup of a

hypergroup (H, <). Itis easy to seethat (K,°) isa 120

reduced hypergroup. In the following we show the interesting property of the reducibility, saying that the surjective

homomorphism preserves reducibility. Proposition 2.11. Let ¢ be a surjective homomorphism from the hypergroup (R,+) to
the hypergroup (T,®). If two elements are essential indistinguishable with respect to the hyperoperation +, then the images
of the same elements through ¢ are in the essential indistinguishable relation with respect to the hyperoperation @. Proof.
Let x and y be elements from R such that x + a =y + a, where a € R. This gives that {¢(l)|l € x + a} = {p(k)|k € y + a}, so p(x +

a) = @(y + a). From here,

PX) D p@=¢ ()D¢e( a ) Denote @@ )=band @x )=x1, ¢ 115

(y) =y1. Thus, x1@b = y16b. If the equality x+a = y+a holds for every a € H then the last equality holds for all b € T since
{p(a)la e R} = T. Assuming a + x = y + x for all a € R, similarly @(a)®¢(x) = ¢(a)Dp(y) for all a € R. Hence, if x ~+0 y then

¢(x) ~Do P(y). Let

x~+iy ,ie, xeatbifandonlyifye a+b 22

for all a, b € R. From this equivalence we get that @(x) € {p(l)|]l € a +

b}ifandonlyifep (y)e{ ¢ (klkea+ b }so ¢ ((x)eop( a+b |E|

) if and only if (y) € p(a + b). Since ¢ is a homomorphism, ¢(x) €

p@ Db )if and onlyif ¢ (e @@Dpb )Let @ ((X)=x1, ¢ (y)=yland 73
¢

(a) = a1, ¢(b) = b1. Since the mapping is surjective, al @ b1 covers the whole set T. Hence, x1 € a1 @ b1 is equivalent with

y1 € a1 @ b1, forall a1, b1 € T. Here, x ~+i y implies @(x) ~®i @(y). The definition of the essential indistinguishability
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relation, together with the above implications give the proof of the claim. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 33

2.3 Reducibility in canonical

hypergroups In this section we study the reducibility of canonical hypergroups .After we | 131

investigate the reducibility for an arbitrary canonical hypergroup,

we introducea special class of canonical hypergroups |, so called i.p.s. hypergroups 49

. We present here some important properties of these hypergroups, neccesary for the study of their fuzzy reducibility.

Theorem 2.1. Any canonical hypergroup is a reduced hypergroup. Proof. Since any canonical hypergroup
has a scalar identity 0 such that 0cx=x °0=x foranyxe H

,thenif we seta-x=ac-yforanyaeH,bytakinga=0we get: 0> x =0 -y, which implies that x =y. Thus, x"o0 = {x} for all x €
H, so obviously x"e = {x} for any x € H. Hence, H is a reduced hypergroup. Remark 2.3. In the previous theorem, since an
arbitrary element has singleton equiva- lence class with respect to the operational equivalence, then obviosly, it has a
singleton equivalence class with respect to the essential indistinguishability, but even more, it holds that x"i = {x} for all x €
H, since two elements does not appear in the same hyperproducts a - b, where a, b € H. Since x € x - 0, the element y

belongs to the same hyperproduct justify = x, i.e.,

xeachbifandonlyifyeach holdsonlyif x=y

. Example 2.9. Let S ={-1, 0, 1}, and the hyperoperation - is given by the following table - -1

01 -1- 1 -1 H 0- 101 1 H1 1Thehypergroup( H 31

,°) is a canonical hypergroup. Indeed, 0 is a scalar identity, since for all x e H,x - 0 = 0 > x = x. Also, since 0 € 0 - 0 then 0-1 =
0. Similarly, 0 € 1-(-1) and 0 € -1 - 1, and consequently, 1-1 = -1 and (-1)-1 = 1. Thus, every element has a unique inverse.
At the and, let us check the last condition of Definition 1.9. If 0 € 1 - (-1), then -1 belongs to the sets 1-1-0and 0~ (-1)-1.

Similarly, the condition can be checked for the other hyperproducts. Since the rows in the table are distinct, we conclude that
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x"0 ={x}, forx € {-1, 0, 1}. Hence x"e = {x}, for any x in H, which gives that the given hypergroup is reduced. The following

proposition states that the canonical hypergroup modulo canonical subhypergroup is a reduced

hypergroup .CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 34 Proposition 2. 12.Let(H, +)bea| 36

canonical hypergroupand N be
an arbitrary canon- ical subhypergroup of H.

Then the quotientH \N isa reduced hypergroup .Proof. The Propositionisthe direct

consequence of
Proposition 1.1 and Theorem 2.1. Now we will introduce a class of canonical hypergroups, called
i.p.s. hypergroups. Ani.p.s. hypergroup is a canonical hypergroup with partial scalar identities

[12]. Its name, given by Corsini [12] comes from the Italian language, and the abbreviation "i.p.s.” is derived from the "identita
parziale scalare”, which translated into English, means partial scalar identity. We have to keep in mind that the notion of a

partial scalar identity and the

notionof a identity in a hypergroup (H ,°) mustnot be confused. Recallthat anelementxe| 49

Hiscalled a scalar,if|xcy|=|ycx|=1,foranyy e H. An element e € H is called partial identity

of H if it is a left identity (i.e., there exists x € H such that x € e-x) or a right identity (i.e., there exists y € H such that y € y-e)
[12]. Denote the set of all partial identities of H by Ip. Besides, for a given element x € H, a partial identity of x is an element u
€ H such that x € x o u U u - x. The element u € H is a partial scalar identity of x if x € x > u implies that x = x - u and whenever

X € U~ x it follows that x = u = x. For any element x, Ip (x) denotes the set of all partial identities of x, Ips (x) denotes the

set of all partial scalar identities of x, while Sc( H )denotes the setof all scalars of H. Itis | 27

easy to see that

the intersection of the sets Ip(x) and Sc(H) gives the set Ips(x). Remark 2.4. Regarding the expression "partial identity” we

have to pay attention on the term "partial”, that does not mean "left or right” (identity). An element u is a partial identity is
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equivalent with the fact that u behaves partially as an identity with respect to an element x. Thus, u is not a left/right (i.e.,
partial) identity for the hypergroup H. Besides, an i.p.s. hypergroup is a commutative hypergroup, so the concept of partial
intended as left/right element satisfying a property (i.e. left/right unit) has no sense. Therefore, we observe that an element
u has the property of being partial identity for x means that that it has a similar behaviour as an identity but only with respect
to x (and not all the elements), so a partial role of being identity. Let us recall now the definition of an i.p.s. hypergroup. All
finite i.p.s. hypergroups of order less than 9 have been determined by Corsini [10, 11, 12]. Definition 2.3. [12] A hypergroup
(H,) is called i.p.s. hypergroup, if it satisfies the following conditions. 1. It is canonical, i.e., CHAPTER 2. REDUCIBILITY IN

HYPERGROUPS 35 ~
itis commutative ;" it has a scalar identity 0 suchthatO0-x=x,foranyxe H ;" every element x
€ H has a unique inverse x-1 € H, thatis0 € xox-1 ;" itisreversible,soye acx== x€ a-1-y, for

anya x,yeH

. 2. It satisfies the relation: for any a, x € H, if x € a ° x, then a ° x = x. The most useful properties of i.p.s. hypergroups are

gathered in the following result. Proposition 2.13.[12]

Let (H, °) be ani.p.s. hypergroup. 1. Forany x € H, the setxc x-1isa subhypergroup of H. 2. For

any x € H\ {0}, we have: or x € Sc(H

or there exists u € Sc(H) \ {0} such that u € x > x-1. Moreover [Sc(H)| 2 2. 3. If x € Sc(H), then
Ips(x)

contains just 0. If x ¢ Sc(H), then Ips( x) c Sc(H) N x > x-1 and therefore |lps( x)[ 22
. Proposition 2.14. Let (H, ) be an i.p.s. hypergroup.

Forany scalar ue Hand for any element xe H,thereexistsauniqueye Hsuchthatue xo
y
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. Proof. The existence immediately follows from reproducibility. For proving the unicity, assume that there exist y1,y2 € H, y1
#y2 such that u € x - y1 N x ° y2. Then, by reversibility, it follows that y1, y2 € x-1 - u. Since u is a scalar element, we get [x-1
ou|=1andthenyl =y2=x-1-u. Example 2.10. [12] Let us consider the following i.p.s. hypergroup (H,) .H01230012
31120,31220,312331 20 Here we can notice that 0 is the only one identity of H. In addition, Sc(H) ={0,3}, and 0 €
0-u only for u = 0, so Ips(0) = {0}. Also, only for u = 0 there is 3 € 3-u, thus Ips(3) = {0}. (In general, if x € Sc(H) then Ips(x) =
{0}, according with Proposition 3.2.) Similarly, one gets Ip(1) = Ip(2) = {0,3} and since Sc(H) = {0,3}, it follows that Ips(1) =
Ips(2) ={0,3}. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 36 Note that, in an i.p.s. hypergroup, the Jantosciak

fundamental relations have a particular meaning, in the sense that, for any two elements there is a ~

obe>a~ibe=a~ebe=>a=b

[22]. By consequence, one obtains the following result. Theorem 2.2. Any i.p.s. hypergroup is reduced. Proof. This is the
direct consequence of the Theorem 2.1. 2.4 Reducibility in some cyclic hypergroups Cyclic hypergroups have been
introduced by De Salvo and Freni [36] and Vougiouklis [65] independently. The notion of cyclicity is well known since it is an
important concept in theory of algebraic structures. The hypergroup is called cyclic if we can obtain whole hypergroup
applying a hyperoperation on a specific element which represents a generator of a hypergroup. Corsini did a synthesis of
two approaches in his book [13] and gave definitions using unambiguous terminology. After we recall the definitions we will
examine reducibility for certain types of cyclic hypergroups and present examples of some (non) reduced cyclic

hypergroups. Definition 2.4. [13] A semihypergroup is

called cyclic if there exists h € Hsuchthat vxe H 3Ine N such that x € hn. We call h the s- 10

generator of H. A hypergroup is called s-cyclic if it is a cyclic semihypergroup

. Definition 2.5. [65] A hypergroup (H, °) is called a

single-power cyclic hypergroup if there exists h e Hands € N such thatH=huh2u---hsu---and| 12

h uhlu h2 u--hm- 1 chm for everyme N

. The smallest power s for which formulaH=huh2uU---hsu---isvalid is called a period of h. Proposition 2.15. The only
single-power, non-reduced cyclic hypergroup of order two is the total hypergroup. Proof. Let H be a hypergroup of order two,

where H = {a, b}. If we suppose that

acx=box,and x- a=xcbforallx 86
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€ Handif a2 =Hthenitholdsthata-a=b-a=H. Also,b - a=b b which implies that b - b = H. Similarly,a > b = H. Thus, H

isatotal hypergroup. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 37 Example 2.11. LetHbe | 30

a hypergroup given Dby the following table

cabaHDb(2.6) bbaThe hypergroup (H, °) is a single-power cyclic hypergroup and

itis easytoseethat it is areduced hypergroup. Proposition 2.16. LetH be 113

a commutative single-power cyclic hypergroup of period 2, such that all its elements are generators, with |H| = 3. Then the

hypergroup H is not reduced

only if it is a total hypergroup. Proof. Let H = {a 72

,b,c} and a2 = b2 = c2 = H. In order to be a non-reduced hyper- group, the equivalence class of at least one element has to

be a non-singleton set. Let us suppose that &e = “be = {a, b}.

This meansthata ~o b, which obviosly impliesthataca =a- b 47

= H. Due to the commutativity there is b - a = H. In order to make elements a and b be operationally equivalent, it must be
valid that a - ¢ = b - c. Now we will consider all possible options for the hyperproductacc=beoc.Ifa>c=b-c = a,then due

to the associativity it is valid that (a -
c)ec =a°( coc ).Sinceae( coc)=acH=H ,then(a. c¢)ec =a- c

= H which contradicts with the assumption. Similarly, taking that a-c = b

c=b,and usingthat( bec)oc=bo(coc)=b 61
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°H = H we get that a - ¢ = H, which is false. At the end, if a > ¢ = b ° ¢ = ¢, using the associativity rule for b - (b - c), we again
get a contradiction. The only remaining options for this hyperproduct are the sets: {a, b}, {a, c}, {b, c}. We won't consider the
last two, because then it would hold that a +i b, which con- tradicts with the assumption that a ~e b. Hence, the only
possible option is thata~c = b - ¢ = {a, b}, but such a structure is not a hypergroup since the associativity rule is not
satisfied. Namely, (a->c) > c =a - (c ° ¢), but the left side of equality is equal to {a, b}, while the right side is equal to H. The
proof is analogous if we assume that a ~e c or b ~e c. We conclude that the only hypegroup which satisfies the conditions
of the Proposition and it is non-reduced, is the total hypergroup. Notice that in the case when |H| = 4 the previous

Proposition doesn't hold. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 38 Example 2.12. Let the hypergroup is given

by the following table.rabcda HH d H b HH d H(27) c¢cd dHH d 50

H H H H The hyperstructure given by the above table is a commutative single-power cyclic hy- pergroup. Also, every element
of H is a generator with the period 2. Notice that the elements a and b appear in the same hyperproducts, which gives that a

~i b. From the table we can see

thata °x= boxand x- a=xocb ,forany x €H.Hence, x 39

~0'y. Therefore the hypegroup (H, °) is not a reduced hypergroup. Now we will present an example of an infinite single-power

hypergroup and study its reducibility. Example 2.13. Let | be an open interval | = (0, 1) and

let the hyperoperation be givenby:axb=[a b 54

)<={x€l:a-b<x} In[54] it has been proved that the structure (

I, x) is a single power cyclic hypergroup with an infinite period for an arbitrary a € | 51

. Let us prove that the hypergroup is reduced.

Letaand a1l beelements from| suchthatacb =al- b 67

forallbinl. Then[a - b)< =[al-b)s, i.e, {x:x2ab}={x:x=alb}, which is fulfilled just in the case whena-b =a1l-b. Thus, a

=al. Hence, for all a € | it holds that 40 = {a}, and thus &e = {a}, for all a € |. Therefore, (I, x) is a reduced hypergroup. In the
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following, we will show examples of hypergroups which are join spaces and are reduced hypergroups. Example 2.14.

Let p be a reflexive and symmetric relation on H . Let us consider the 22

hyperoperation on H given with: ¥(x,y) € H2, x e x = Lx, X ° y = Lx U Ly, where Lx = {z € H : (X, z) € p}. In [47], L. Loreanu has
proved that the hyperstructure (H,°) is a join space. As we have already seen at the beginning of the chapter, this

hyperoperation defined above was introduced by Rosenberg. Let the relation p be given on the set

H={yz }withp={C x x( v W( z2xz )Mz x )My z )z vy
)2

Itiseasyto check thattherelation p isreflexive and |E|

nn

symmetric. Using the definition of the hyperoperation "-" we get that x-

y=xz=yz =H,while x ox={x, z},yoy =CHAPTER2.REDUCIBILITY INHYPERGROUPS39{ | 106

y,z }and z

>z = H. The hypergroup (H, °) is a reduced hypergroup, since we notice that arbitrary two elements from H are not

operationally equivalent, nor inseparable. Example 2.15.

Let V be a vector space over an ordered field F. Ifa,be Vwe can definezacb ={Aa+pb: A>0,| 65

H =0, A+ p =1}, then (V, ©) is a join space, called an affine join space over F

[32]. In the following we prove that (H, °) is a reduced hypergroup.

Letaandb betwo arbitrary elements fromV suchthata ~o0 b ,ie,a° x 15

=b o x for all x € V. Using the definition of the hyperoperation ” - ”, and taking that x =awe get:a~a=b-a. Thus,{Aa+pa: A

>0,u>0,A+p=1r={Ab+pa:A>0,u>0,A+p=1}. Since the first set contains just the point a, it will be equal to the
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segment [a, b] just in the case when a = b. Thus, a ~o b implies a = b. From here, de = {a} for alla € V, i.e., H is a reduced
hypergroup. 2.5 Reducibility in complete hypergroups In this section we recall a very important class of hypergroups, so
called complete hypergroups. We give the definition of a complete hypergroup and we also describe a way how to construct
different complete hypergroups. In order to study the reducibility in complete hypergoups, we introduce a certain
equivalence relation in order to identify elements which are in the same equivalence class with respect to the relation ~e .
Let (H, °) be a proper complete hypergroup (i.e. H is not a group). Define now on H the equivalence " ~ " by:x ~y &= 3g € G
such that x, y € Ag . (2.8) Proposition 2.17. On a proper complete hypergroup (H, <) , the equivalence ~ in (2.8) is a

representation of the essentially indistinguishability equivalence ~e . Proof. By Theorem 1.11, one notices

that, forany elementx € H, there exists auniquege G ,namely gx, such that 37

x € Agx. First, suppose that x ~ y, i.e., there exists gx = gy € G such that x, y € Agx. For any arbitrary element a € H, we can
say that a € Aga, with ga € G, and by the definition of the hyperproduct in the complete hypergroup (H, °) , thereisx > a =
Agxga = Agyga =y - a, (and similarly, a - x = a > y,) implying that x ~o y (i.e., x and y are operationally equivalent.) Secondly,
for any x € a - b = Agagb N Agy, it follows that gagb = gx; but gx = gy, soy € Agagb = a - b. Thereby, x belongs to the seta-b
if and only if y belongs to the same set, which means that x ~i y (i.e. x and y are inseparable). We have proved that ~c~e .

Conversely, let us suppose that x ~e y. Since x and y are inseparable, i.e.,

xe€acbhif CHAPTER 2. REDUCIBILITY INHYPERGROUPS 40 andonlyifyeacbh ,wemay write x,
y

€ Agagb. Therefore there exists gx = ga - gb € G such that x, y € Agx, so x ~ y. Example 2.16. Considering Example 1.5, we

notice that the

equivalence classes of the elements of H with respect to the equivalence 23

~ defined in (2.8) are: é = {e}, 41 = 42 = 43 = {a1, a2, a3}. If we consider ~¢, we again get the same equivalences classes: ée

={e}, 41 = {a1, a2, a3} = 82e = 43e. Theorem 2.3.
Any proper complete hypergroup is not reduced. Proof. Let (H, ) bea proper complete hypergroup

(meaning that it does not coincides with a group). Then
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there exists at leastone element g in Gsuchthat |Ag|= 2

. From here we conclude that there exists elements a and b, in H with a # b, such that a ~ b. Thence, a ~e b which directly
proves non-reducibility of (H, <) . The following example is an example of a complete hypergroup which is generated by the
non-commutative group of quaternions. Example 2.17. Let (H, ) be a hypergroup represented by the following Cayley table:

H

ala2a3a4a5a6a7a8a%9al0 allal2al3 al al, a2 al, a2a3 ,a4 a3,ad4aba6,a7, | 42

a8 ab6,a/, a8 ab,a’7,a8 a9al0

all,al12all1,al12al13 a2 al, a2

al,a2a3,a4a3,a4a5a6 ,a7/,a8 a6,a7,a8 a6, a7,a8a9al0 42

all,al2all1,a12a13 a3 a3,a4a3,ad4al,a2al,a2a6,a7,a8a5a5a5a10a9al13al3all,al2a4 a3, a4 a3, a4 al, a2 al,
a2 ab,a’7,aB8aba5a5a10a9a13a13all,al2a5a5a5a6,a7,a8 ab,a7,a8 a3,a4al,a2al,a2al,a2all,al2al3al0
al0a9 ab

a6,a7,a8 a6,a7,a8 a5a5 al,a2a3,a4a3,a4a3, a4 42

al3all,al2a9a9al10a7

a6,a7,a8a6,a7,a8 aS5a5 al,a2a3,a4a3, a4a3, a4 42

al3all,al2a9a9a10 a8

a6,a7,a8a6,a7,a8 a5a5 al,a2a3,a4a3,a4a3, a4 42

al3all,al2a9a9a10a9a9a9a10a10al13all1,a12al11,al2al1,a12a3,a4al,a2a5a5a6,a7,a8al10a10a10a9 a9
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all,a12a13al13 al3 a1l,a2a3, a4 a6, a7, a8 116

ab,a7,a8ab5all1all,al2al1,a12a13al3al3al0al10al10a6,a7,aB8ab5a3,a4a3,a4al,a2al2all,al2all,al2al3
al3al3al0al0al0a6,a7,a8aba3,a4a3,a4al,a2al3al3al3all,al2all,al2a10a9 a9 a9 ad a6, a7, a8 al, a2 aT,
a2 a3, a4 (2.9) The hypergroup (H, ) is complete, where the group G = Q8 = {¥1, Fi, Fj, ¥k}. The hypergroup H can be
partitioned into disjoint sets: A0 = {e}, A1 ={a1, a2}, A-1 = {a3, a4}, Ai = {a5}, A-i = {a6, a7, a8}, Aj = {a9}, A-j = {a10}, Ak =
{a11,a12}, A-k = {a13}, and H = geG Ag. Remark 2.5. TUhe conjugable subhypergroup of a complete hypergroup is not a re-
duced hypergroup. It is known that every conjugable semihypergroup of a complete hypergroup is a complete part [35].
According to Theorem 2.3, two arbitrary elements from the complete part are in the same equivalence class with respect to
the essen- tial indistinguishability relation, hence any conjugable subhypergroup of a complete hypergroup (which must be a
complete part) is not a reduced hypergroup, too. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 41 2.6 The reducibility in
Corsini hypergroups In this section we study the reducibility in Corsini hypergroups. We determine nec- essary and sufficient
conditions for Corsini hypergroups to be reduced and study the reducibility in the productional hypergroups containing
Corsini hypergroups. Proposition 2.18. Let (H, ) be a Corsini hypergroup. If there exist some different elements x,y in H

such that x » x = y = y, then the hypergroup (H, °) is not reduced. Proof.

Letx,ybe arbitrary elements inHsuchthatx#y and x ox= vy 22

oy. It is easy to see that

xca=yeca forany a€H,since xca=x °xU a ¢a= yoyUa 44

> a =Yy ° a. Using the commutativity, we obtain thata>x =a -y, forany a € H. Hence, x ~oy. Let x € c - d, with x, ¢, d € H.
Thenx € c>c uUd-d,whichimpliesthatx e c>corx e d-d. Since (H, °) is a Corsini hypergroup, the previous implication
givescexeoxordexexandceyecyordEey -y. Using the same property, we conclude that y € ¢ - d. Similarly, one proves
the converse implication. Therefore, x ~i y. Hence, the hypergroup (H, °) is not reduced. As a consequence of Proposition
2.18, we obtain the following results. It gives necessary and sufficient condition for the Corsini hypergroup to be reduced.

Proposition 2.19. A Corsini hypergroup (H, ») with at least two different elements is reduced

ifandonly if xcx#yoy, forallx,y
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€ H. Proof. The contraposition of Proposition 2.18 directly gives the first direction. Suppose now thatx e x#y ey, forall x,y
€ H. Take two arbitrary elements x # y from H. We will prove that xca =y - a, for alla € H, just in case when x =y . Assume

thatx>a =y~ a, for all a € H. From here,

wehavexex=yox ,whichgives Xoex=yoyuUXxeoX

. The last equality is possible only if y e y € x o x. Similarly, since x oy =y ¢y, it follows the other inclusion xex C yeoy.
Therefore, x - a =y - a is equivalent with x - x =y = y, which contradicts the hypothesis. Hence, two arbitrary elements x and y
, X #y are not operationally equivalent, thus x"e = {x} for all x € H, meaning that H is a reduced hypergroup. Proposition 2.20.
Any B-hypergroup is reduced. Proof. This immediately follows from Proposition 2.19, since in a B-hypergroup there is x > x =
{x}, for all elements x. The following example shows Cayley table of a B- hypergroup (H, <), where |H| = 3. CHAPTER 2.
REDUCIBILITY IN HYPERGROUPS 42 Example 2.18. ¢

XYZXXX,Yy X, Z Y XY Yy ZZXZYy 48

, Z Z In the following example we present a reduced Corsini hypergroup, which is not a B-hypergroup. Example 2.19.

Ontheset H={ a,b,c }define the hyperoperation”"bythe followingtable:cabca HH |57

H b H ab H c¢

H H a, ¢ Since all the rows in the table are different, it follows that x"o = {x} for any x € H, which clearly implies the
reducibility of the hypergroup. The following theorem determines whether the direct product of hypergroups is reduced, or
not. Theorem 2.4 ([23]). The hypergroup (H x H, ) is reduced if and only if the hyper- groups (H, »1) and (H, -2) are reduced. ®
Example 2.20. Let H = {a, b} and the hyperoperoperations -1 and -2 are given with the tables-1abaH

HbH H-. 1a b aaHbHDb 64
The hyperproduct of the
hypergroups (H, »1) and (H, -2) is the productional hyper-group( HxH 36

)
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given by the following table-1 x-2( a ,a)(a, b )(b, a)(b 36

b) ® (a,a){(a,a),(b,a )HxH{( a,a),(b,a )}HxH( ab )HxH{( ab),(b,b }HxH{ |66
a,b), (b,b)}(b,a ){(a,a),( b

a )JHxH{( a,a),(b,a )HxH( b ,b)HxH{( a/b),(b,b )}HxH{( a,b),(bb 66

)} Since the total hypergroup is not-reduced, according to Theorem 2.4, the productional hypergroup is not reduced, too.
Indeed, (a, a) ~e (b, a) and (a, b) ~e (b, b) which implies the non-reducibility of (H x H, =1 x 2). CHAPTER 2. REDUCIBILITY IN
HYPERGROUPS 43 Proposition 2.21. The direct product of B-hypergoups is reduced. Proof. Since any B-hypergroup is
reduced, this is a direct corollary of Theorem 2.4. Chapter 3 Fuzzy reducibility in hyp ergroups The following chapter is
dedicated to the study of the fuzzy reducibility. Here we consider crisp hypergroups endowed with a fuzzy set and
investigate their reducibility. As already mentioned in the introductory part of this thesis, the extension of the concept of
reducibility to the fuzzy case can be performed on a crisp hypergroup en- dowed with a fuzzy set, by defining, similarly to the

classical case, three equivalences as follows. Definition 3.1. [22]

In a crisp hypergroup (H,°) endowed with a fuzzy set y, we define the following equivalences : 1.

x and y are fuzzy operationally equivalent and write x ~fo y if, foranya € H, py(xca) =p(yca )andp(a-

x )=p@° vy
); 2. X

and y are fuzzy inseparable and write x ~fiy if p(x) € p(acb) = p(y) e p(ach),fora,be H ;3. x
and y are fuzzy essentially indistinguishable and write x ~fey, if they are fuzzy operationally equivalent
and fuzzy inseparable. Definition 3.2.[22] The crisp hypergroup (H,) is a fuzzy reduced hypergroup if and
only if the equivalence class of each element in H with respect to the fuzzy essentially indistinguishable relation

is a singleton
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,i.e., for all x € Hx"fe = {x}. Notice that the notion of fuzzy reducibility of a hypergroup is strictly connected with the
definition of the involved fuzzy set. 44 CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 45 Remark 3.1. [22] It is easy to

see that,

inany hypergroup H endowed with an arbitrary fuzzy set y, the following implication holds

forany a,b €H, a ~o0 b

= a ~f o b. Remark 3.2. (i) Let us first clarify in detail the meaning of p (a - b) , for any a, b € H and any arbitrary fuzzy set py
defined on H. Generally, the hyperproduct a - b is a subset of H, so p (a - b) is the direct image of this subset through the
fuzzy set ,i.e., y(@a>b) ={u (x) | x € a > b}. It is important to emphasize the following relations. If the hyperproducta - bis a
singleton, i.e., a ° b = {c}, then p (a - b) is a set which contains only the real number p (c). Thereby, we can write p (c) e p (a °
b), nevertheless we cannot write p(c) = p(a - b), because the first member is a real number, while the second one is a set
containing the real number p (c). Moreover, if a € x ° y, then, obviosly p (a) € p (x ° y), but the conversely doesn’t hold,
because it may happen that p (a) € p (x' o y') for a ¢ x' < y'. (ii) Generally, a ~i b # a ~fi b, as we can see in the next example.
Indeed, if a ~ibthena e x-yifandonlyif b € x o y. But it may happenthatp (a) ey (X' e y)witha ¢ x' -y, soalsob ¢ x' - y'.
Also, if py(a) # p(b), then p (b) & p (X' » y"), thus a ~i b. (iii) Finally,

itiseasyto conclude that p( a )=p( b)impliesa ~fi b 52

. The following example justifies all the above mentioned assertions. Example 3.1. [19] Let (H, °) be a hypergroup

represented by the following commu- tative Cayley table:

eala2a3eeala2,a3 a2,a3 ala2,a3e e(3.1) a2 alal a3al 68

One notices immediately that a2 ~i a3, while a1 +i a2. a) Define now on H the fuzzy set p as follows: p (€) =1, p (a1) = p (a2)
=0.3, 4 (a3) =0.5. Since p (a1) = p (a2) , it follows that a1 ~fi a2. Moreover, since e - a1 ={a1}, we have py (e~ a1) ={u (a1)} =
{0.3} 3 p (a2), while it is clear that p (a3) €/ p (e ° al1), so a2 +fi a3. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS
46 b) If we

defineonH the fuzzysetpy bytaking p ()= p (@1)=1, p (@)= ¢

(a3) = 13, it follows that e ~fi a1 and a2 ~fi a3. As we have already underlined, it is clear that the equivalences ~fo, ~fi, and

~fe are strictly related with the definition of the fuzzy set considered on the hypergroup. In the following we present the
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example of an infinite hypergroup and study its fuzzy reducibility. Example 3.2. Consider the partially ordered group (

Z, +, <) with the usual addition and orderings of integers .Defineon Z the hyperoperation a | 51

xb={x€e Z|a+bsx }Then( Z ,x)is a

hypergroup [54]. Define now on Z the fuzzy set p as follows: u(0) = 0 and p(x) = x1], for any x # 0. We obtain x"f.0. = {x}, for
any x € Z, therefore (Z, *) is fuzzy reduced with respect to . Indeed, for two arbitrary elements x and y in Z, we have x ~fo y
if and only if p(x = a) = Y(y = a), for any a € Z, where p(x = a) = { |x+1a| |x+a+1| [x+a+2|, .. .} and similarly, p(y = a) = { ly+1a|
ly+a+1[,...}. Since, 1,1, 1 ais an arbitrary integer, for any x and y we always find a suitable integer a such thatx +a >0
andy + a > 0. This means that the sets p(x = a) and u(y = a) contain descending sequences of positive integers, so they are
equal only when x =y. Therefore x ~fo y. In the following, we will study the fuzzy reducibility of some particular types of finite
hypergroups, with respect to the grade fuzzy set , defined by Corsini [16]. We recall here its definition. With any crisp

hypergroupoid (H,°) (not necessarily a hypergroup) we may associate the fuzzy set considering, fora™nyu e H, p~ 1 u(u) =

(xy2)eQ(u) Ix >yl q(u), (3.

2) where Q(u) ={(a,b )eH2| u“ea-b }and q(u)=|Q(u )I. Byconvention, we take p(u)
=0

anytime when Q(u) = @. In other words, as it is written in [29], the value
pH(u )represents the average value of reciprocals of the sizes of all hyperproducts x-oy

c”ontaining the element in H. In addition, sometimes when we will refer to formula u ("3.2), we will denote its numerator by
A(u), while the denominator is already denoted by gq(u). Remark 3.3. As already explained in Remark 3.11 (ii), generally, for an

arbitrary fuzzy set, x ~i y # x ~fi y, while the implication holds if we consider the grade fuzzy set p. Indeed, if x ~i y, then

x€eachifandonlyifyea-b andthereforeQ( x )=Q( vy

), implying that q(x) = q(y), and moreover A(x) = A(y). This leads to the “ CHAPTER 3. FUZZY REDUCIBILITY IN
HYPERGROUPS 47 equality p(x) = p(y). By consequence, based on Remark 3.11 (jii), it holds x ~fi y, with respectto p. ™~

Example 3.3. "Let us consider now a total finite hypergroup
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H,i.e.xcy =H, forall x, yeH .It is

easy to see that x ~ey

foranyx,ye H ,meaningthatxe= H,foranyxe H 57

. Thus, a total hypergroup is not reduced. What can we say about the fuzzy reducibility with respect to the grade fuzzy set p?

For any u € H, there is p(u) = [H|H|2||12H1|="1 |H|.

Since,x ~cy forany x,y €H", itfollowsthatx ~fo y ,forany x,y 39

€ H. Then, it is clear that p(x) = p(y),
forallx,ye H ,implyingthat x ~fi y ,forall x,y €H.Concluding, itfollows that |E|

any total finite hypergroup is neither reduced, nor fuzzy reduced. ~ ~ Based now on Remarks 3.1 and 3.3, the following
assertion is clear. Corollary 3.1. If (H, °) is a not reduced hypergoup, then it is also not fuzzy reduced with respect to the
grade fuzzy set p. Before we start to examine redu”cibility for particular types of hypergroups, we will present an easy result
related to the fuzzy reducibility of a subhypergroup of hyper- groups. Proposition 3.1. The subhypergroup (K, ) of a fuzzy
reduced hypergroup (H, ) is a fuzzy reduced hypergroup. Proof. Let the element a be an arbitrary element that belongs to
the set K, where K € H. Then the element a also belongs to H, and since (H,) is fuzzy reduced there is afe = {a} i.e., (K,°) is a
fuzzy reduced hypergroup, too. Proposition 3.2. Let (H, <) be a proper complete hypergroup and consider on H the grade
fuzzy set y. Then ~c~fe (with respect to the fuzzy set p). Proof. By the d”efinition of the grade fuzzy set y, one obtains “that
p(x) =1 |Agx |, fora™ny x € H. (3.3) Take now x, y € H such tha™t x ~ y. There exists gx € G such that x, y € Agx, thereby p (x)
= (y) and by Remark 3.11 (ii) we have x ~fi y. Moreover, by Proposition 3.4 © “ CHAPTER 3. FUZZY REDUCIBILITY IN
HYPERGROUPS 48 there is x ~0 y and by Remark 3.1 we get that x ~fo y. Concluding, we have proved that x ~y = x ~fey,
with respect to p. Theorem 3.1. Any proper complete hy”pergroup is not fuzzy reduced with respect to the grade fuzzy set p.
Proof. Since (H",°) is not reduced hypergroup, there exist elements a # b € H, where a,b € H such that a ~ b. By the
Proposition 3.6, a ~e b implies a ~fe b, meaning that (H,) is not fuzzy reduced with respect to the grade fuzzy set p. ~ 3.1
Fuzzy reducibility in i.p.s. hypergroups In the following we will discuss the fuzzy reducibility of i.p.s. hypergroups with
respect to the grade fuzzy set p~. In the previous chapter we proved that those hypergroups are reduced. Theorem 3.2. Any

i.p.s. hypergroup is not fuzzy reduced with respect to the fuzzy set p~. Proof. Since any i.p.s. hypergroup contains at least
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one non-zero scalar, take arbitrarly such a u € Sc(H). We will prove that u ~fi 0 and u ~fo 0, therefore |"0fe| 2 2, meaning that
H is not fuzzy reduced. First we will prove that, for any u € Sc(H), there is p(0) = p(u), equivalently with u ~fi 0. For doing this,
based on the fact that p(x) = Aq((xx)), for all x € H, we show that A(0) = A(u) and q(0) = q(u). ” ~ ~ Let us start with the
computation of q(0) and q(u). If 0 € x = y, it follows that y € x-1 - 0, that is y = x-1 and then Q(0) = {(x,y) e H2 | 0 € x  y} = {(x,
x-1) | x € H}. Thereby q(0) = 1Q(0)| = n = [H|. On the other hand, by Proposition 2.14, we have q(u) = n = |H| (since for

any x € H there exists a unique element y e Hsuch thatu

belongs to the set x ° y [22]). Let us calculate now A(0). By formula (3.2), we get that A(0) =1 =1 (x,yY)€Q(0) |x o y| [x o x=1| =
>xeHlaca-1|1+

1T1x €YSc(H)| xex-1 |=|Sc( H)+x &>Sc( H)I|xex -1/.a€YSc( H 107

) CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 49 Since, for u € Sc(H), 3x ¢ Sc(H) such that u € x > x-1 N Ips(x), we
similarly get that A(u) = ISc(H)| + 1 x¢>Sc(H ) |x - x-1| and it is clear that A(0) = A(u), so y(0) = p(u). Therefore 0 ~fi u. It
remains to prove the second p~art of t"he theorem, that is 0 ~fo u, equivalently with p(0 - x) = p(u ° x), vx € H. If x™ € Sc(H)",
then u - x € Sc(H) and by the first part of the theorem, there is p(u ° x) = p(0) = p(x) = u(0 > x). ~ If x ¢ Sc™(H), th"en
since”Sc(H) c Ips(a), for any a ¢ Sc(H), it follows that Sc(H) c Ips(x), so u ° x = x, and then p(u > x) = p(x) = p(0 ° x). Now the
proof is complete. ~ ~ ~ Example 3.4. Let the i.p.s hypergroup be given by the following table [25]H01234001234110,
2134221034333340,1,2401 234 Notice that 0 is the unique scalar identity since 0> x = x forall x €{0, 1, 2, 3, 4}.
Besides, the element 2 is a scalar with |2 - x| = |x » 2| = 1. Following the proof of Theorem 3.2, we have that 0 ~f e 2. Indeed,
p(0) = 1-2+ 12 -2+ 13 -2 = u(2). Thus, py(0) and 5 p(2) appear in the same sets p(a°b), where a, b € H, i.e., 0 ~fi 2. Also, y(0-x)
= (2-x) for all x H. This is obvious for the elements™1, 3, 4 since 0 - x = 27> X, for x € {1, 3, 4}. € N otice that p(0 - 0) = p(2
°"0) = y(0) = u(2). Similarly, u(0 » 2) =~ p(2 - 2)".From here, it follows that 0 ~f0 2. Hence, “0fe = “2fe = {0,2} i.e., the

hypergroup is not fuzzy reduced. 3.2 Fuzzy reducibility in non-complete 1-hypergroups In this subsection we study
the reducibility and fuzzy reducibility with respect to the grade fuzzy set for some particular finite non-complete 1-
hypergroups defined and CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 50 investigated by Corsini and Cristea [17].

Recall that the

hypergroup H is called 1- hypergroup if the cardinality of its heart wHis 1 [13]. Let 37

us describe the procedure of the construction of the above mentioned hypergroup. Consider the set H = Hn = {
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e}UAUB,whereA ={al,...,aaqtand B ={bl1,...,bB}, withaq,p=2and n= a+p +1,
suchthat ANB =pandee/ A

U B. Define on H the hyperoperation "=" by the following rule [17]: “ foralla € A,a>a=b1, " for all (a1, a2) € A2 such that a1
#a2,setal-a2=B, forall(a,b)eAxB,setacb=b-a=e, " forall (b, b) €B2 thereisb-b' =A "~forallacA seta-e=
eca=A "“forallbeB,b-e=e-b=Band " e-e=e. Hnisan 1-hypergroup which is not complete. We will discuss the

(fuzzy) reducibility of this hypergroup for different cardinalities of the sets A and B. 1) Suppose now that n = |[H6| =

6, whereH =H6= eUAUB,a=|A|=2,B=|B|=3,ANB=0¢,ec/AuUBwithA
={a1l, a2}, B ={b1, b2, b3}. Thus the Cayley table of (H6, °) is the following one H e a1 a2 b1 b2 b3

eeAABBB albl1B ee ea2bl eee bl A

A A b2 A Ab3 A From the above Cayley table, we notice immediately that the elements b2 and b3 are essentially
indistinguishable, while the equivalence class with respect to the ~e of all other elements is a singleton. Thereby, H is not
reduced. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 51 Calculating now the values of the grade fuzzy set y, one
obtainsp(e)=1,p (@1)=p(a2) =0.5, p (b1) = 0.467, p (b2) = p (b3) = 0.333. Since p(al) = p(a2), it follows that a1 ~fi a2. But
p(ateal) = p({b1}) = {u(b1)}, while p~(a1-a2) = u(B) = {u(b1)",u(b2)}, "so p(al - al) "# u(al - a2), m~eaning t"hat a1 +fo a2,

thatis™al +~fe a™2. 07n the other”side, we have b2 ~fo b3 because they are also operationally equivalent, and b2
~fi b3 because p(b2) = p(b3). This is equivalent with b2 ~fe b3 and therefore H is not reduced with respectto y. = ~ 2)
Consider now the most g~eneral case. The Cayley table of the hypergroup H is the following one:Heala2---aab1b2---

bB
eeAA---ABB---B albl B---Bee---e a2bl:---... Bee---e

..aablee---ebTAA---Ab2A---.A....bBAAsalready calculated in [17], there is p(e) = 1, p (ai) = a1, foranyi=1,..
., @, while y(b1) = a2+B(aap2++22BB)-q, and p(bj) =~ B1, for any j = 2,...,B. As in the previous ~ case, we see that any two
elements in B\{b1} are operational equivalent, by consequence also fuzzy operational equivalent, and indistinguishable and
fuzzy indistinguishable ~ ~ (because their values under the grade fuzzy set p are the same). Concluding, this non complete 1-
hypergroup is always not reduced, either not fuzzy reduced with respect to p . “ R"emark 3.4. The hypergroups defined by

the above described method are not the only one non-complete 1-hypergroups. In the following example we will present a
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non-complete 1-hypergroup which is both, reduced and fuzzy reduced with respect to the grade fuzzy set p. ~ CHAPTER 3.

FUZZY REDUCIBILITY IN HYPERGROUPS 52 Example 3.5. Let the hypergroup (

H, °) be given by the following tableH e abcd

eababc,dc,d a a ,b ¢ ,d ¢ eeb abc ¢, dee c c,d e e a

d c,dee a ba

, b Notice that it holds that ¢ ~o d, but

ceacbh ,while de/acb ,whichshowsthat ¢ ~+i d andconsequently c~+ed

40

85

. Since the rows corresponding to the elements a, b and c are different, those elements have singleton equivalence classes

with respect to the essential indistinguishability. Hence, (H, <) is a reduced hypergroup. By calculating the values of the

elements x € H under the grade fuzzy set y, one obtains p(a) = p(b) = p(d) = 12, p(e) = 1, p(c) = 58 . Since the first two rows

are the same, then we get that p(c ° x) = y(d - x), for all x € H. However, j(c) € u(a - b), while p(d™) does n”ot belo”ng to the

s"ame set. H ence, ¢ +fe d. Similarly we

prove that for arbitrary twoelementsx™y €H the “reis x ~«fo vy

85

, which finally gives th™at x +f”e y. We conclu”de that the hypergroup (H, °) is fuzzy reduced with respect to the grade fuzzy

set . In” the following we will show some results regarding the fuzzy reducibility in cyclic hypergroups. Again we will

consider the fuzzy reducibility with respect to the grade fuzzy set y. Theorem™ 3.3. [1]

There are only five commutative single power cyclic hypergroups of order two up to isomorphism

. Al-Tahan and Davvaz [1] listed all such hypergroups, with H = {a, b} as follows -

1ab-2ab-3ab-4ab-5aba
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HHaHH a H b aH H aH ab HH b Ha bb a b H bb a 47

b (3.4) Proposition 3.3. All commutative single power cyclic hypergroups of order 2 except the total hypergroup are fuzzy
reduced with respect to the grade fuzzy set . Proof. Since Davvaz and Al-Tahan listed all commutative single power “cyclic
hyper- groups of order two, easy calculations of p(x) for all x € H prove this proposition. ~ CHAPTER 3. FUZZY REDUCIBILITY
IN HYPERGROUPS 53 Notice that, except the total hypergroup, all other hypergroups listed above are reduced hypergroups.
Let us show the fuzzy reducibility of a particular single power cyclic hypergroup of order 2. Example 3.6. Let the hypergroup

(H, °) be given

with the following table- abaHH (3.5 bHb 54

Here, u(a) =12, u(b) =58 . Since p(a°b) ={12, 58 } # u(b - b) = 58, then a +f o b, which immediately gives that &f e = {a},
"bf e ={b}. "~~~ In the next example we will present a fuzzy reduced cyclic hypergroup which is not s-cyclic, nor single
power cyclic. Example 3.7. Let (H, <) be the following hypergroup-12341111,2,31,2,42111,2,31,2,4(3.6)31,2,3
1,2,31,2,33,441,2,31,2,43,41,2,4 Using easy calculations, we obtain that p(3) = u(4) = 281, which shows that 3 ~fi
4. However, p(3 ° 3) = {281, 1211} # p(4 - 3) = {281}. Thus, 3 +fi 4, implying that 3 «fe 4, thus the hypergroup (H,°) is fuzzy
reduc”ed with“respect to the grade fuzzy set p. ~ ~ Let us present an example of a non-fuzzy reduced hypergroup which is a

join s"pace. Example 3.8.

Let p be a reflexive and symmetric relation given on theset H 22

= {X, Y, Z} with: pP= {(X: X), (y'

Y,z ,2,( %x2),(zx),(,z )z vy ) Letusconsider thehyperoperation -givenon the |23

H with: V(x, y) € H2, x e x = Lx, X o y = Lx U Ly. In the previous chapter we proved that the hypergroup (Hp, °) is a reduced
hypergroup. Let us form the Cayley table of a hypergroup for an easier computation of the grade CHAPTER 3. FUZZY
REDUCIBILITY IN HYPERGROUPS 54 fuzzy set for any x € H. ° x

yzx X, z HH yHyzH (37) zHHH
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Calculations give that p(x) = 1478 = u(y), which implies that x ~fe y. Besides, J(

xca )=p( yea)and p( acx )=p( acy)foranyac{xy

, Z}. Hence, the hypergroup (H, °) is not-fuzzy reduced™. 3.3 Fuzzy reducibility in Corsini hypergroups The intent of
this section is proving that a Corsini hypergroup (H, °) is not fuzzy reduced with respect to the grade fuzzy set u~. For doing
this, first we present some properties regarding the hyperproducts xi < xi, with xi € H. For a finite hypergroup H with n
elements, we will denote its cardinality by |H| = n. Definition 3.3. [29] Let I = (H; {Ai}i) be a hypergraph, i.e., for any i, Ai € P(H)

\ @; i A(i) = H for any x € H. Set E(x) = x€Ai Ai. The hypergroupoid HI" = (H, ) whUere
the hyperoperation - is defined by:UVv( x,y )€H2, xeoy =E( x )JUE( vy

) is called a hypergraph hypergroupoid. Definition 3.4. [15] The hypergroupoid HI

satisfies for each (x,y )€ H2, the following conditions: 1.xcy=xoxUyecy ,2. Xx€Xox,3.y€ | 41

X°oX

if and only if x €y  y. Theorem 3.4. [15] A hypergroupoid (H,) satisfying the conditions in

Definition3 .4 isahypergroup if and onlyif also the following condition is valid: v(a,c) e H2¢c| 36

ccoc\ceoc S acaca. Proposition 3

4. Let (H, °) be a Corsini hypergroup with n elements. If an element xi appears in exactly k hyperproducts xj° xj,j=1,2,.. .,
n, then q(xi) = 2nk - k2. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 55 Proof. Let xi be an arbitrary element from
H = {x1, x2, x3, ..., xn} which appears in k hyperproducts xj - xj, for some j=1,..., n. By the definition of the hyperoperation
of a Corsini hypergroup, it follows that xi appears in every hyperproduct xj - xk, with k € {1, . . ., n}. For one fixed k, because

the commutativity, xi appears in n + n - 1 hyperproducts. The sum of all such cases is: (2n - 1) + (

2n-1)-2-1+2n-1)-2 -2+...+( 2n-1)-2 48

k=-1)=(2n-1)-k-2(1T+2+...+k)=(2n - 1) - k - (k - 1)k = 2nk - k2. Proposition 3.5. The sum of all cardinalities of xi °

xi with xi € H when |H| is odd (even) is an odd (even) number. Proof. Let |H | = n be an even number. If |xi ° xi| = 1, for every xi
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€ H, then ni |xi » xi| = T - n = n which is an even number. Let add k elements to a hyperproduct Y xic xi, k < n - 1. In that case,
by the property 3 of the definition of the hyperoperation ” -, we have to add the element xi to k- hyperproducts xj ° xj . All
together, we add k + k = 2k elements, which is again an even number. Continuing this process, so adding an arbitrary number
of elements to any hyperproduct xi ° xi, we always get an even number. Summing arbitrary even numbers, we obtain at the
end an even number. The proof is analogous in the case when n is an odd number. Proposition 3.6. Let (H, °) be a Corsini
hypergroupoid of cardinality n. The number of all possible different sums of the cardinalities of the hyperproducts xi ° xi, xi €
H, is n22-n + 1. Proof. The proof will be performed using the mathematical induction. For hypergroups of cardinality 2, the
property is easily satisfied, because if H contains two elements, we have exactly two possibilities. The hyperproducts x ° x
are singleton, or equal to H. In the first case the sum of the cardinalities of xi - xi is 2, while in the second case the sum is 4.
Thus, the number of the different sums is 2, i.e. 222-2 + 1. Assume that for |[H| = n the number of the different sums is equal

to n22-n + 1. Let us prove that the claim is valid for [H| = n + 1. In this case we have to analyse only the hyperproduct xn+

1 o xn+1. If xn+1 o xn+1 = {xn+1 121

}, then we have n22-n + 1 possible sums, i.e. the number of sums is the same as in the inductive case. The other cases are:

xn+loxn+l ={xn +1,xi}, xn +1° xn+1={xn+1 ,xi x},..., xn+1oxn+1 98

=H. It gives n is equal to (n+1)22-(n+1) + 1, which proves the proposition. sums more, which is finally n22-n +1+n, i.e.
number of possible sums when |H| = n+1 CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 56 Remark 3.5. Let (H, °) be
a Corsini hypergroup of cardinality n. There are at least n22-n + 1 Corsini hypergroups of order n up to isomorphism. Since
the hyperproducts x ° x, x € H completely determine the hypergroup, it folows that n22-n + 1 different sums define at least
as many different hypergroups. One sum can form more different tables, and in case when n = 3 the number of hypergroups
is greater. Proposition 3.7. Let (H, °) be a Corsini hypergroup of cardinality n. If an element xi appears in k hyperproducts xj °
xj, and if we assume that the cardinalities of those sets are, respectively m1,m2, ..., mk,then 11 m1+m2... mk+2-1+
+1i=Yi1#,j..k [xi e xj | p(xi) = 2nk - k2 Proof. According to™ definition of the fuzzy grade set p and Proposition 3.4, the result
is clearly satisfied. ~ Remark 3.6. If two elements of a Corsini hypergroup have the same number of ap- pearances in some
hyperproducts Xxj ° xj, and the cardinalities of those hyperproducts are the same for both elements, based on Proposition 3.7,
then their values under the grade fuzzy set p are the same. Hereinafter, we will say that elements with this property are in the
same formation. ~ Proposition 3.8. In any Corsini hypergroup (H, <) , the fuzzy operational equivalence implies the fuzzy

inseparability. Proof. Let x, y € H be two arbitrary elements

inHsuchthatx ~fo y ,ie,y( xca )=p( yeca)forvaeH 22
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.ltmeansthat: " "p(xexuUaca)=p(yeyvaca)e=>" " u(Xxex) U

H@-a)=p(y -y)u p(@ -a). py°y 86

) and contains both p(x) and p(y) by property 3. of Definition 3.4. If p(x) = Since this equality is sa™tisfied for"every set p”(a -

a),a €” H, it follows that p(x ° x) = u(y), then clearly ~fi y. Let us consider n"ow the case when

ux)#p(y )".Suppose xt “hat p()p (cd)= p () p

("d d). Let us take p(x) p(c - c). It “follows € - U - € t"hat, for some z € ¢ > ¢,u(x) = p(z). The equality p(x > X) ="p(y > y7)

means that {u()7| I x <”x} = {u(k™) | k y °"y}, i.e. for every x> x there exists k € € | € € y e y such that p(l) = u(k). N"ow, sinc”e

H(x) = p(z) ~
Hx °x), B (™) ux x),ande€- p7(x °x)= plye°y
), we™ conclude that p(z) € p(y  y). Thus there exists |l eyeysuch ™"~~~ "~~~ 7~ CHAPTER 3. FUZZY REDUCIBILITY IN

HYPERGROUPS 57 that p(z) = p(l). But p(z) € p(c > c), so p(l) € p(c ° ¢), with | € y - y, which finally gives p(y) € p(c - ¢). The
converse implication can be proved taking p(y) € p(c ° ¢) and p~roving “that p(x) “€ p(c »"c). This sho”ws tha™t u(x) and p(y)
appear in the same p(c ° ¢”). Fina“lly, according to the definition of p(x < y), it is easy to “prove th™at the previous

equivalen”ce impli~es the fuzzy inseparability™. Proposition 3.9. Let (H, °) be a Corsini hypergroup of cardinality n. If x is
an element 1+2- 1 such that x - x is a singleton, i.e. x » x = {x}, then p(x) = Ya#2nx-1 |x - a|, with a € H. Proof. Using
Proposition 3.4 we easily get that q(x)”= 2n - 1. Since x appears in every product x - a, a € H, and the commutativity holds,
then A(x) =1+ 2 -1 Ya#x [x » a], which clearly gives the formula. Using this result, we can state sufficient conditions such
that two elements in a Corsini hypergroup are fuzzy essentially indistinguishable. Proposition 3.10. If there exist two

elements x, y in a Corsini hypergroup (H, °) such

thatxex=x and yey=y ,then x ~fe y .Proof.Using Proposition3 36

.9 this obviously holds, because p(x) = p(y). Proposition 3.11. If there exist two elements x, y in Cors~ini hype“rgroup (

H,°) suchthatx °x= yocy =H,then x ~fe y .Proof Since xo°x=H
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, based on condition 3 of Definition 3.4 it follows that x appears in all hyperproducts z - z, with z € H, and similarly holds for

y. So x and y are in the same formation. According to Proposition 3.7, we have

H(X) =p(y ),so xandy are fuzzy inseparable .Besides,y( x ca)=p( y -ca)= p({x

| x € H}), which implies the fuzzy operational equivalence. Therefore, x ~fe y. © ~ Theorem 3.5. Any B-hypergroup is not fuzzy
reduced with respect to the grade fuzzy set p. Proo™f. Regarding to the definition of a B-hypergroup, we have [x-x| = 1 and

Ixea| = 2 for every x #a,s0 A(x) =1+2 - (n - 1) - 12 = n. Using Proposition 3.4, we know that q(x) = 2n - 1, which clearly gives
that, for any x € H,u(x) = 2nn-1. Hence, two arbitrary elements in a B-hypergroup are fuzzy inseparable. Besides, p(x-a) =

u(yea), for any a H since p(x) = u(y) for two arbitrary elements “from H, and p(x - a) = € p({x, a}) = {u(x), p(@)}y. ~ "~~~ "~~~
CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 58 Proposition 3.12. Let (H, ) be a Corsini hypergroup with |H| = 2.
There always exist two elements x, y € H such that p(x ° x) = p(y ° y). Proof. We will split the proof in some~cases. Usin™g

Propositions 3.10 and 3.11 we can eliminate the cases when there exist x, y € H such that x - x and y - y are singleton or

equal to H. It remains then to consider other three cases. 1.

There exists xe€ Hsuchthatx °x= H .2. Thereexists xe€H suchthatx 51

° X =X, 3. The hypergroup doesn’t contain any element x such that x ° x is equal to x or H. Case 1. Without losing the

generality, assume that H = {x1, x2, . . ., xn} and xn > xn = H. This means that any xi € H belongs to xn > xn, that implies xn €
xiexi,foranyi=1,2,...,n.Subcase 1.1. If xi o xi ={xi, xn},i=1,2,...,n-1and xn > xn = H, then by Proposition 3.7, we
know that p(xi) is the same, foralli=1,2,...,n - 1. This also implies that p(x1 > x1) = p(x2 - x2) =. .. = y(xn-1 = xn-1),

which concludes the result. Subcase 1.2. Extend”ing the previous subcase, that can be considered as a "base case”, w™e
can analyz”e now the situatio™n when we add another element xk, k # n # i, to the hyperproduct xi  xi. This leads to have xk °
xk = xi o xi = {xk, xi, xn}, which clearly gives p(xi > xi) = p(xk  xk), which proves the proposition. Continuing the process, we
can extend now this subcase into two ways: ~ by adding another element to a hyperproduct x - x, with x € H \ {xi, xk, xn} and
~ ” again we obtain the conclusion of the result, or ~ by adding a different element xI to one of the hyperproducts xi ° xi or xk
o xk. Suppose that we add it to xi ° xi. Thus we get xi > xi = {xi, xk, x|, xn}, xI o xI = {xI, xi, xn}, xk > xk = {xk, xi, xn}, meaning that xI|
and xk are in the same formations, so p(xk) = p(xl) and thereby p(xk > xk) = pu(xl - xl). Continuing this proc~ess by t"he above
describe™d procedure,” we will always get two distinct elements such that p(x ° x)=p(y ° y). The process is finite, since we
stop when we get two hyperproducts x e x = H. © ~ Case 2. There exists xi € H such that xi < xi = xi. First, the "base case” is
when all the other hyperproducts x - x, with x € H \ {xi}, contain two elements. This is possible only if the cardinality of H is
odd. If the cardinality of H is an even number, the "base case” is when one hyperproduct xj - xj, with j # i, has three elements,
and all the other hyperproducts x - x have exactly two elements. The value p(xi) of all “ CHAPTER 3. FUZZY REDUCIBILITY IN
HYPERGROUPS 59 elements xi such that |xi ° xi| = 2 is the same. Repeating the same procedure as in Case 1, we will always

obtain two elements x and y which satisfy the result. Case 3. There doesn't exist xi such that xi ° xi = H nor xi  xi = xi. The
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"base cases” are exactly the same as in the second case and they depend on the parity of the cardinality of H. For example,

in the case when cardinality is an even number, we can set hyperproducts as:

XTox1=x2-x2={x1,x2},x3 °x3= x4 -x4={ x3,x4 125
b ..., xn=1°xn-1=xn-°xn ={xn-1, xn}. The values of all y(xi) are the same foralli €{1,2,...,n}, so p(xi - xi) are also the
same fori€{1,2,...,n}. Inthe case when the cardinality is an odd number, we can form hyperproducts xi -“xi as in the
previous case fori=2,...,n "1, buttake x1 - x1 = {x1, x2, xn}, xn ° xn = {xn, x1}. This case - reduces to the first case, too.

Using already mentioned procedure of constructing other Corsini hypergroups, we will always get two elements x, y such
that u(x > x) = y(y ° y). ~ ~ Let us notice that the procedure described above allows us to construct all finite Corsini
hypergroups. Theorem 3.6. Any Corsini hypergroup is not fuzzy reduced with respect to the grade fuzzy set p. Proof.
Ac”cording to Proposition 3.12 we can always find two elements x and y such that p(x ° x) = u(y ° y). This implies the fuzzy
operational equivalence of these two elements. From here, according to Proposition 3.8, we conclude that they are also
fuzzy insep~arable. Hen"ce, in any Corsini hypergroup there always exist two elements in the same equivalence class with
respect to the fuzzy essential indistinguishability, which gives that the hypergroup is not fuzzy reduced, with respect to the
grade fuzzy set p. R"emark 3.7. Do to a manner of construction of Corsini hypergroups, showed in the Proposition 3.12, it is
easy to conclude that the infinite Corsini hypergroup is also not fuzzy reduced with respect to the p. In the next example we
will sho™w non-fuzzy reducibility for the particular Corsini hypergroup. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS
60 Example 3.9. Let (H, °) is given by the following table - 1 2

34 5 1THHHHH 2 H 1, 2 119

1,2,31,2,41,2,53H1,2,31,31,3,41,3,5(3.8)4H1,2,41,3,41,41,455H1,2,51,3,51,4,51, 5 Since the
elements 2 and 3 are in the same formations, then p(2) = u(3). Precizely, u(2) = 12 +6:1136+9- 15 . The values of 2 and 3
under the grade fuzzy set are equal, which implies that 2 ~f i 3. Also, Y(2 - x) = p(3 ° x), with x H wh~ich is ea”sy to conclude

€ s”ince the values p(2) and p(3) are equal. Hence, 2 ~f 0 3. Finally, 2°f e = 3"f e = {2, 3}, i.e., is not fuzzy reduced.” H

Example 3.10. Onthe set H ={1, 2, 3, . . ., n} let define the hyperoperation -p by

Xepy =X° pPX Uye py ,where xeopx 23

= {z | xpz} and the relation p is defined as xpy <= x < y[58]. Then (H, -p) is fuzzy reduced with respect to the grade fuzzy set
M. ~Indeed, note thati-n={1,2,3, ..., max{i, n}}. Since 1 is the smallest elementinthe setH,then 1-i=i-1={1,2,...,i},
for any i € H. Here, 1 appears in any hyperproduct, so q(1) = n2, and the cardinalities of the sets where 1 appears are: 1, 2, . .

., n, respectively. Similarly,2-i=i-2={1,2,3,...,i},and q(2) =n2 - 1, because 2 doesn’t appear only in the hyperproduct 1
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1. The element 2 appears in the sets of cardinalities 2, 3,4, ..., n - 1 respectively. For an arbitrary element k, we can
conclude that it doesn’t appear in hyperproducts j e i and i - j where i, j < k. Cardinalities of the sets where k appears are k, k +
1,...n, because k appear in every icj, where i or j are greater than or equal to k. The set of cardinality n where k appears is
every set i n, for any i < n. Using the commutativity we conclude that we have a 2n - 1 such sets. Similarly, the set of
cardinality n - 1 where k appears is every set ic(n-1), i < n-1 and the number of them is 2(n-1)+1. Continuing the procedure,
we get that the set of cardinality k where k appears is ick, i < k and the number of them is (2k-1). Calculating A(k), we get

that k appears in (2k-1)+(2(k+1)-1)+. . .+(2n-1) hyperproducts, which finally gives: p(k) = k1 - (

k+k-1)+k +11( k+1+k-1 -1)+...+ nl(n+n 114

-1)(2k - 1) +(2k + 1) + (2k + 3) +... + (2n - 1) . By summing and arranging members we get p(k) = 2(n-k(n++1)k--(11k)
(+nk-+1k1++1.)..+ n1) ~ . By simple calculations it can be proved that p(k + 1) < p(k), hence k and k + 1 are not fuzzy =~ ~
CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 61 essentially indistinguishable. From the previous inequality we have
p(1) 2 p(2) 2. .. 2 p(n) so the equivalence class of any element in H is a singleton. Hence, (H, °) is fuzzy reduced with
respect to the grade fuzzy set p. © © ” Remark 3.8. Notice that the previous hypergroup™ is not a Corsini one, but it satisfies
the first two conditions of Definition 3.4. Proposition 3.13. [20] If y1 and p2 are the grade fuzzy sets of H1 and H2, and p is
the grade fuzzy set of the direct product H1 x H2 then p(x, y) = u1(x) - p2(y), x,y € H. © ~ ~ Proposition 3.14. Let (H, -1) and
(H, °2) be non-"fuzzy redu”ced hy~pergroups con- structed on the support set H with at least two elements. Then the direct
product (H x H, -1 x »2) is a non-fuzzy reduced hypergroup with respect to the grade fuzzy set p. P roof. For two elements a
and b, we know that p(a » b) = {u(x) | x € a = b}. Since (H, »1) is not fuzzy reduced, assume that x1, x2 are two elements such
that x1 ~fe x2, i.e. uy1(x1 »1 a) = p1(x2 =1 a), for all a € H. Also, u1(x1) and p1(x2) appear in the same p1(a-b), a, b € H.
Similarly, since (H, -2) is not fuzzy reduced, let y1 and y2 be el"ements in H s”uch that they are fuzzy essential
i"ndistinguish™able. Our goal is to prove “that the ordered pairs (x1, y1) and (x2, y2) are fuzzy essential indistinguishable.
Since (x1,y1)°1 x 22(a, b) = (x1 1 a, y1 22 b), it follows that p((x1, y1)1 x °2(a, b)) = {u1(x) - y2(y)Ix € x1 -1 a,y € y1 -2 b}.
Denote the last set with A and the set p((x2, y2)-1 x =2(a, b)) with B. Since x1 ~fo x2, we have {u™1(x) | x € x1 °1 a} = {u™1(y) :
y € x2 -1 a}, and y1 ~fo y2 implies {u2(x) | € y1 =2 b} = {u2(y) | y € y2 -2 b}, x meaning that A = B. This proves the fuzzy
operational equiva“lence of the correspond- in~g elements. For the proof of the fuzzy in"separability, let a, c be™ elements
from H such that y1(x1) € p1(a »1 c). From here, due to the fuzzy inseparability in (H, »1), u1(x2) belongs to the same set. On
the other side, let b, d be elements from H such that p2(y1)~€ p2(b -27d), from where we conclude that p2(y2) € p(b -2 d).
Using the last t"wo implications, we get: * ™ ™~ p1(x1) - p2(y1) € {u1(x) - p2(y) : x €a°1c,yebe2d} =" {u(x"y):x€a™1c,y
“eb-2d}=p(a-1c,b-2d) This means that y(x™1,y1) € py(a -1 ¢, b -2 d). The above mentioned implications show ~ that
H(x2, y2) belongs to the same set. Similarly, one proves the converse implication. Hence, (x1, y1) an™d (x2, y2) ar”e fuzzy
inseparable and therefore, (H, 1) and (H, -2) are not fu”zzy reduced. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS
62 The converse of Proposition 3.14 doesn't hold, as we can see in Examples 3.11 and 3.12. Example 3.11. Let (H, »1) and

(H, °2) be hypergroups, where the hyperoperations ” =1 " and " -2 ” are defined by the following tables. -1 a
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bcdaaa a b ,c abd b a aa b ,ca b ,dc ab ,c ab ,c abc c/&gd

a,bda ,bd ¢ ,d abd 2 abcd abb ab ,c ab,db bb ab ,c a ,bbd

cab ,c ab,c

a,bc c¢c,dd ab,dab,d c,d ab,d Here, we

will consider fuzzy reducibility with respect to the grade fuzzy set p. By easy calculations, we get: u1(a) = 1211,u1(b) =
13,u1(c) = 281,u1(d) = 281. W™ e can notice that the only rows which are the same are those corresponding to a and b. This
implies a ~o b, which easily gives™a ~fo b, but™here, u(a) “belongs to~p(a-a), while p(b) does not belong to it, so a +fi b.
Hence, a +~fe b. It is easy to see that except a and b all other pairs of elements are not fuzzy operationa”l equivalent, wh~ich,
together w”ith a +fe b implies that x“fe = {x}, for all x € H. Hence, (H,°1) is fuzzy reduced. Regarding (H, 2), due to the
isomorphism of hypergroups, we get the same values of the elements under the fuzzy grade p2. At the same way as for the
previous hypergroup, we can conclude that (H, -2) is fuzzy reduced. ~ Here, (a, a) ~fo (b, b), because p((a, a)°1 x <2(m, n)) =
{U1(x) - p2(y) IxeaeTm,y€a-2n}={p1(x) - p2(y) | p1(x) € {1211,13,281}, p2(y) €{ 13,1211, 281 }}, where m,n € { a, b,
c, d}. This set is equal to p((b~, b)e1 x °2(m, n)). ~ ~ Further more, y(a, a) = u1(a)”- y2(a) = 1211 - 13 = p(b, b), which ensures
that (a,a) ~f.i~~ 7 7 (b, b). Hence, we got a non-fuzzy reduced hypergroup as a direct product of two fuzzy reduced

hypergrou™ps. © ~ ~ Example 3.

12. Let (H, °1) and (H, -2) be hypergroups ,where the hyperoperations”> 1 "and”- 2 36

n

are

defined by the following tables:-1 abcaa,b a, b H ba ,b ab H ¢ HH ¢ °2|50

ab ¢ a aaH b

aaHcHHHCHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 63 Easy calculations of the fuzzy grade sets y1 and p2
show that the first hypergroup (H, °1) is not fuzzy reduced, while (H, -2) is fuzzy reduced with respect to the grade fuzzy set
. As in the previous example, it c”an be s"hown that (b, a) ~fe (a, a), which proves the non-fuzzy reducibility of (H x H, -1 x
»2). ~ Proposition 3.15. The direct product of two Corsini hypergroups is non-fuzzy reduced with respect to the grade fuzzy
set Y. Proof. Since an arbitrary Corsini hy”pergroup is not fuzzy reduced according to Theorem 3.6, using Proposition 3.14 it
follows that the direct product of two Corsini hypergroups is not fuzzy reduced. Corollary 3.2. The direct product of a Corsini

hypergroup and a total hypergroup is non-fuzzy reduced with respect to the grade fuzzy set p. Proof. This is a direct
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consequence of Theorem 1.2. ” As we have already mentioned, the fuzzy aspect of reducibility could be investigated in two

directions. Until now, we have studied indistinguishability

between the images of the elements of a crisp hypergroup through afuzzyset ,ie, we have
studied the fuzzy

reducibility in hypergroups. In the following we will briefly explain the second approach in fuzzyfication of the reducibility
concept, i.e., we will consider the reducibility in fuzzy hyperstructures. In this case, the indistinguishability is investigated
between the elements of a fuzzy hypergroup. Fuzzy hypergroup is a hypergroup endowed with a fuzzy hyperoperation. This
approach will be the topic in our further research. In the next section we will give a definition of a reduced fuzzy hypergroup
and present some basic examples. 3.4 Reduced fuzzy hypergroups In order to define a reduced fuzzy hypergroup, we
introduce new equivalence relations on fuzzy hypergroup, i.e., on a hypergroup endowed with a fuzzy hyperoperation. The
relations have the same names as in the crisp case: operational equivalence, insepara- bility and essential

indistinguishability. Definition 3.5. [22]

Two elements x,y in a hypergroup (H,°) are called: 1. operationally equivalent or by short o-equivalent,
and writex ~oy,if (xea )(r)=( yeca )r), and(aex )r)=( acy ){r), foranya ,re H ;
CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 64 2. inseparable or by short i-equivalent, and write x ~i

y, if, foralla,be H,x €supp( a°h)e==y esupp( ach

), i.e. (@~ b)(x) # 0 &= (a -~ b)(y) # 0; 3. essentially indistinguishable or by short e-equivalent,

and write x ~ ey, if they are operationally equivalent and inseparable. Definition
3.6.[22] (
H,°) is a reduced fuzzy hypergroup if and only if

for any x € H there is x"fe = {x}. Chapter 4 Reducibility in hyp errings This chapter deals with the study of the reducibility in
hyperrings. We consider different classes of general hyperrings and study their reducibility. Also, we determine specific
relations between equivalence relations in certain hyperrings. 4.1 Reducibility in hyperrings It is important to stress thatin a
semigroup (group), the equivalences ~o and ~i are exactly the same as the equality relation, meaning that, x ~oy €= x ~iy

<= x =y and therefore it is not significant to study the reducibility in hyperrings where the referential set is equipped with a
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hyperoperation and an operation. More precisely, in a Krasner hyperring or in a multiplicative hyperring it is not worth
studying reducibility. Thereby, we will study the reducibility only in general hyperrings, where addition and multiplication are
both hyperoperations. Let us extend now the concept of the reducibility to hyperrings. For any element x € R, we denote by
X" @r and x”@r, the equivalence classes of x with respect to the hyperoperations @ and ©, respectively, wherer € {o, i, €}
denotes the type of the equivalence that we consider in Definition 4.1. Taking into account that is not worth studying
reducibility in hyperrings containing an operation, we emphasize that the following conclusions regarding the reducibility

refer to general hyperrings. Definition 4.1. [21]

We say thattwo elements xandyin ahyperring (R, @, ©®) are operationally equivalent, 84

inseparable or essential indistinguishable if
they have the same property with respect to hyperoperations, i.e. 1. x ~
oyifxa=yPaadPx=adhy and a@®Ox=a@®@y ,xO a =y©® a ,forallae R
. 65 CHAPTER 4. REDUCIBILITY IN HYPERRINGS 66 2. X ~i
yifxea @be=> yea @Hb andx ecOde= y ecO®d for all a
€ R. 3. Moreover,

x~ey if x~oyandx~iy

. Similar to the hypergroup, we introduce the definition of a reduced hyperring, using above defined equivalences. Definition

4.2. [21] A hyperring R is a reduced hyperring

if the equivalence class of each element x € R with respect to the essentially indistinguishable

relation ~e isasingleton ,ie,x’e={ x }forany x €R. The equivalenceclass of

any x in R with respect to the essential indistinguishability ~e is obtained as x"e =x"®e N x"Oe = (x"Go N x"@i) N (x"Oo
N x”©i). Using previous equality, it is easy to notice that, if at least one of the hypergroupoids (R, @) or (R, ®) is reduced,
then the hyperring (R, @, ©) is reduced, too. Reciprocally, if (R, @, ®) is reduced, then the hypergroupoids (R, @) and (R, ®)
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can be reduced or not, which will be confirmed by the following examples. Example 4.1. Let (R, @, ®) be a hyperring defined

by the following Cayley tables: @ ea ©

ea e RR ee RaRRaRa Since( R ,®)is a

total hypergroup, based on Example 3.3, it is not reduced. Here, de@® = é@Pe = {e, a}. However, it is elementary to check that
the hypergroup (R, ®) is a reduced hypergroup, and 4©®e = {a}, éOe = {e}. All together, it gives that ée = {e} and ae = {a}
which gives that (R, @, ©) is a reduced hyperring. Example 4.2. Let the hyperring (R, @, ©)

bea hyperring defined bythe nextCayleytables:@® xyzxx ,y xy Ry xy Xx y R|72

Y4

R RR® xyzx RRR y Ry zyz zR yz 70

y, z It is elementary to check that the algebraic hyperstructure (R, @, ©) is a general hyperring. Since the rows corresponding
tox and y are equal in (R, @) and they CHAPTER 4. REDUCIBILITY IN HYPERRINGS 67 appear in the same hyperproducts a
@ b, it follows that x ~Pe y, which implies that (R, @) is not reduced. Similarly, (R, ®) is not reduced hypergroup since y
~@e z. But,x"e =x"®e Nx"Oe ={x, y} N x = {x}. Similarly, ye = {y}, and Ze = {z}, which proves that (R, &, ©®) is a reduced
hyperring. Proposition 4.1. Any subhyperring (K, +, -) of a reduced hyperring (R, +, -) is reduced, as well. Proof. The result
easily follows from the law of contradiction. Remark 4.1. A subhyperring of a non-reduced hyperring can be reduced or not.
As we can see in Example 1.14, the hyperfield (which is a hyperring, too) (H, @, ®) is not reduced, but its hyperideal (hence
the subhyperring) is a reduced hyperring. 4.1.1 Some properties of the reducibility in hyperrings In the following subsections
we suppose that the ring (R, +, -) have no zero divisors. As we pointed out before, by a hyperring we mean a general
hyperring. Let us first present certain relationships between equivalence relations in particular hyperrings. Proposition 4.2.
Let (R, @, ®) be a general hyperring, where the hypergroup (R, @) contains a scalar identity. Then the essential

indistinguishability with respect to the hyperoperation ” @ " implies the essential indistinguishability

with respect to the hyper-operation” © ", i.e,x ~@Pe y=>x ~0Oe y , forall x4y 33

€ R. Proof. We denote by 0 the scalar identity in (R, ).

Letx and ybe twoelements in R suchthatx~@oy ,ie, x@a=yPa and ad x| 22

https://app.ithenticate.com/en_us/report/76397904/similarity 78/103


https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=97&dn=dc786b88d7f2fd57f7f64a94127a311017d295a126992086e319c652d4c2507c31b14881df72ec560230d35ea7b0a43656b3ddf5e81ce4fbcdfeaabaf4cdb0e4&node=3793&source=610487819
https://app.ithenticate.com/en_us/report/76397904/similarity?id=339&dsc=1&source=359700555&node=3793&dn=727ad62a906bcb56fcf97ec86140e938943754f9bc9e23fd9f935c60b683a685f83625ef3b975d597d49f8d1ee912f0234b038378fafdf0847663da5ad9ab1cf
https://app.ithenticate.com/en_us/report/76397904/similarity?dn=807ebb1f00601445a8f6f0f0f1681cf13a8368928e0776c61c017ad1f32a0475387eb1684ebcfe6021060096945f8b1bd9fef0d01e2f161047c43d91be3c3ad7&source=2069209968&node=1390&dsc=1&id=335
https://app.ithenticate.com/en_us/report/76397904/similarity?source=3969434443&node=1179&dn=3671fcba2349424af42407304c42663c7a77cfed0bb62a23f16594abc7b774592317e85a5bffcb603272eec122003397cd5a1ccf783f9dd38934845b3afeece4&id=227&dsc=1
https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=197&dn=7aeb2027e2a4cc7edc17877f1999618396c79dccf4ce79c8d36c59a2ff2e216d607bda6a2d1b2ddac2db697fd0623921a11279e5d4ae553bd2ce13810802aed1&node=304&source=591358708

22/09/2021, 14:36 Similarity Report

=a @y, forall a € R. This means that, forany u € R suchthatu e x @ a, it holdsu e y @ a. Let u belong to a © x. Then, since
x=x@ 0,it follows thatue a ® (x @ 0). Now, usingx P 0=y P 0,wegetuea ® (y d 0) =a © y. By symmetry, we can

conclude thata ©
x=a@®yand x® a =y® afor all a €R Hence, x ~0Oo Yy
. Let us suppose

thatxea® bifandonlyifyca® b

,forany a, b € R. Let c and d be elements in the hyperring such that x e ¢ © d. Thus, x € (c @ 0) ® d. Using the
distributibivity, we obtainxec O d P 0O d={m @G nimec ® d,n e 0 © d}. Since x and y appear in the same
hyperproducts a @ b, for any a, b € R, it follows that y also belongs to the same hyperproduct, which givesyec O d @ 0 ©
d,i.e.,y € ¢ © d. This proves the implication x ~@iy = x ~Qiy. Now the conclusion of the result is clear. CHAPTER 4.
REDUCIBILITY IN HYPERRINGS 68 Corollary 4.1. Let (R, @, ®) be a general hyperring such that (R, ) contains a scalar
identity. If (R, @) is not a reduced hypergroup, then the hyperring (R, @, ©) is not reduced, too. Proof. If (R, @) is not a

reduced hypergroup,
then there exist two distinct elementsxandyin R suchthatx ~Q0e vy

, meaning that the hyperring (R, @, ®) is not reduced. Let us now consider the hyperrings of formal series, where the
reducibility is strictly connected with the reducibility of the general hyperring of coefficients. Proposition 4.3. Let R[[x]] be the

hyperring of the formal series with coefficients in the general commutative hyperring (R, +, -). The hyperring (

R,+ :)is reduced ifandonlyif thehyperring( R [X], D, ®) is reduced. Proof.Let us| 67

suppose that the
hyperring R is not reduced, i.e., there exist elements a and b

suchthata +x= b+xand x+ a=x+b forall x €Randalso aandb |E|
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appear in the same hyperproducts c + d, where ¢, d € R. As a direct consequence, the formal series (a, a,...,a,...) and (b,
b,...,b,...) are operationally equivalent and inseparable with respect to the hyperoperation @. Analogously, the implication
holds also if we consider the multiplicative hyperoperation. Hence, if R is not reduced, then the hyperring (R[[x]], ®, ©®) is not
reduced, too. Let us prove now that the reducibility in (R, +, -) implies the reducibility in (RI[x]], @®, ®). For that purpose, let us
assume that the hyperring R[[x]] is not reduced. Then, there exist two formal series (a1,a2,...,an,...)and (b1,b2,...,bn,.

..) which are operationally equivalent with respect to the hyperoperation @. This implies that: (

al,a2,...,an,...)® (x1,x2,...,xn ,...)=(1,b2,...,bn,..)D( x1,x2,...,xn,...),(4 .1)( 117
4

2)and (x1,x2,...,xn,...)+(a1,a2,...,an,...)=(x1,x2,...,xn,...)+(b1,b2,...,bn,...), (4.3) (4.4) for any formal series
(x1,x2,...,xn,...) €R][[x]]. Using the definition of the hyperaddi- tion in (R[[x]], @, ®), the previous equalities give that ai+xi
= bi+xi and xi+ai = xi+bi for any arbitrary xi € R. Hence, ai ~+0 bi for any elements ai, bi € R, which are the coor- dinates of the
considered formal series. Assuming now that the series (a1,a2,...,an,...)and (b1,b2,...,bn,...) are inseparable with
respect to the hyperoperation @, it easily CHAPTER 4. REDUCIBILITY IN HYPERRINGS 69 follows that ai and bi appear in the
same hyperproducts ¢ + d, where ¢, d € R, so they are inseparable with respect to the hyperproduct + on R. Similarly we can
prove that the essential indistinguishability with respect to hypermultiplication ©® implies essential indistinguishability with
respect to the hyperoperation -. We finally get that (R, +, ) is not reduced, which concludes the proof. The next part of this
subsection is dedicated to the study of reducibility of hyperrings with P -hyperoperations. Here, we consider rings which are
integral domains and whose ideals are principal, i.e., generated by a single element. Proposition 4.4. Let (R, +, ) be a
commutative principal ideal domain with two units, i.e., 1 and -1. If P1 = nR, with n € R, and P2 = R, then the structure (R,
P1x, P2x) is a commutative Hv-ring with P -hyperoperations, which is a non-reduced hyperring. Proof. Any principal ideal
contains 0, therefore 0 € P1. Because the ring R is commu- tative, it coincides with its center Z(R), and therefore the set P2 =
R has a non-empty intersection with Z(R), so the conditions of Theorem 1.12 are satisfied, proving that the hyperstructure (R,
P1x, P2x) is a commutative Hv-ring. Let x and y be distinct elements such that xP1xa = yP1xa for all a in R, meaning that x +
at+Pl=y+a+Pl,ie,x+a+nR=y+a+nR, for the fixed element n € R and any a € R. Since the principal ideal nR is a
subgroup, then the equality holds whenever x - y € nR. Therefore, the elements x and y are operationally equivalent with

respect to the hyperoperation P1x

ifandonlyif x-yenR. Letx and ybe twoelements suchthatx-y 22

€ nR. Let us suppose that x € aP1xb, where a, b € R. The element x belongstoa+b +nR,i.e, x=a+b+n-s,whiths €R.
Sincex =y +n-k, withk e R, it follows thaty+n-k=a+b+n-s, meaning thaty € a+ b + nR. Hence, y € aP1xb. Similarly
we can prove the other implication. Thus, x ~Pi1*y. Conversely, if x ~Pi1*y, then it is clear that x - y € nR = P1. Hence, for

any two distinct elements
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X, YER,x ~ePl1x yifandonlyif x

-y € P1. Now, suppose that x and y are operationally equivalent with respect to the hyper- operation P2x. Thus xP2xa =
yP2+a,i.e,x-a-P2=y-a- P2, foranya € R. Using the property that two principal ideals are equal when their generators are
associated, we obtain that there exists a unit u such that ya = uxa, and similarly, there exists a unit v such that xa = vya. Both
together imply that ya = uvya, with uv = 1. Since the ring R contains only two units, we have exactly two possibilities. If both
units u and v are the multiplicative identity 1, then we obtain that xa - ya = 0, i.e, (x - y)a = 0 which implies that x = y. The
second case is when u = v = -1 and we obtain ya = -xa, for any a € R, thus y = -x. CHAPTER 4. REDUCIBILITY IN
HYPERRINGS 70 Regarding the inseparability with respect to the hyperoperation P2x, we easily see that for any x € R, there
is x ~Pi2* (-x) and moreover x ~eP2x (-x). Based on these two results, it follows clearly that x ~e (-x), for any x € P1 which
says that the Hv-ring (R, P1%, P2x) is not reduced. Example 4.3. An example of an Hv-ring with P -hyperoperations satisfying
Proposi- tion 4.4 can be obtained taking R = Z, the ring of integers. In this particular case, the elements nk and -nk with k € Z
are essentially indistinguishable. If we restrict the set P2 to non-negative integers, we obtain a reduced hyperring, as we can

see

in the following example. Example 4. 4.LetZ be the ring of integers and setP1= | 102

nZ with ne Z

and P2 = Z+, the set of positive integers. Then the hyperstructure (Z, P1x, P2x) is a commutative Hv-ring with P -
hyperoperations which is reduced. It is evident that the conditions of the Theorem 1.12 are all fulfilled, which implies that the

hyperstructure (Z, P1x, P2x) is an Hv-ring. Similarly as in Example 4.3, we conclude

thatx ~eP1x yifandonlyifx-y €P1, i 48

.e., x -y =ns forsome s € Z. Let us suppose that xP2+a = yP2+«a,i.e.,x-a-Z+=y-a-Z+ forany a € Z. Choosinga =1, it
follows that {xk | k € Z+} = {yk | k € Z+}. The equality is satisfied only in the case when x = y. Thus, the Hv-ring (Z, P1x, P2x) is
reduced. Example 4.5. Let (R, P1x, P2x) be a commutative Hv- ring with P - hyperoperations such that (R, *) is a group and
let P1 be a subgroup of (R, +) and P2 = R. Then the Hv-ring (R, P1x, P2x) is not reduced. It is easy to check that the
hyperstructure (R, P1x, P2x) is an Hv-ring with P -hyper- operations. Let us prove its non-reducibility. Indeed, following the

procedure explained in Proposition 4.

4, we conclude thatx ~eP1x yifandonlyifx-y |E|
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€ P1. Hence,
for any two distinct elements x,y € R,suchthat x-y €P1,there is |E|

x"Pelx = yPe1x 2 {x, y}. Taking P2 = R we easily get that xP2«a = yP2xa, for all a € R, and if x belongs to aP2xb, obviously
also y belongs to it. Therefore, for an arbitrary element x in R, there is x"eP2x = R. Combining the two results, we get x ~e y,
whenever x - y € P1, meaning that the considered Hv-ring is not reduced. Example 4.6. Let (R, P1x, P2x) be a commutative

Hv-ring with P -hyperoperations, such

that(R,+, -)isafield and let K bea subfield ofR 130

. If P1 = P2 =K, then the Hv- ring (R, P1*, P2x) is not reduced. CHAPTER 4. REDUCIBILITY IN HYPERRINGS 71 Let x and y be
arbitrary elements from R. Analogously to Example 4.5, x ~eP1xy if and only if x - y € P1. Let us suppose that the equality
xP2xa = yP2+xa is satisfied for all a € R, i.e., xaK = yaK for any a € R. This is equivalent to xK = yK, which is satisfied for any x,
y € K. It is obvious that x ~eP1xy, for arbitrary x, y € K. Merging both conclusions, we get that the hyperring (R, P1x, P2x) is
not reduced, since any two elements x and y in K are essentially indistinguishable. In the latest part of this subsection, we
consider the reducibility in hyperrings con- taining Corsini hypergroups. Proposition 4.5. Let (H, ») be a Corsini hypergroup

and (H, x) be a B-hypergroup,

i,e,xxy={x,y}for all x,yeH .Then the hyperring(H,~*°)is a

reduced hyperring. Proof. Based on Al-Tahan and Davvaz [2], it is known that, if (H, °) is a Corsini hy- pergroup and (H, ) is a
B-hypergroup, then the structure (H, , °) is a commutative hyperring. Kankaras has proved in [44] that any B~ hypergroup is

a reduced hyper- group, which easily gives that the hyperring (H, *, °) is reduced, too. Example 4.7. Endow the set R = {

X, y, z} with the hyperoperations @ and © given by the followingtables: ® xyzx x,y x,y |97

yx,yx ,yR z RR zOxyzxxx ,y X ,Z Yy X Y VYyy, z z X ,Z Yyzz 48

The hypergroup (R, @) is a Corsini hypergroup [2] and (R, ©®) is a B-hypergroup. Here, x ®
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a=y@ aforanya €R. Thus,x ~@oy Also, x and vy 22

appear in the same hyperproducts, which gives x ~@i y. Considering the second hyperoperation, it easily follows that x"©e
={x} for any x € R. Hence, (R, @, ©) is a reduced hyperring. Remark 4.2. If we take that (R, @) is the hypergroup defined in
the Example 4.7 and (R, ©®) be a total hypergroup, then both hypergroups are Corsini hypergroups, but the hyperring (R, &,
©) is not a reduced hyperring since x"e = ye = {x, y}. Remark 4.3. Let (R, @) be an arbitrary hypergroup and (R, ®) be a total
hypergroup. The algebraic hyperstructure (R, @, ©) is a general hyperring and its reducibility de- pends on the reducibility of
a (R, ). It (R, @) is a reduced hypergroup, then the hyperring (R, @, ®) is reduced, too, otherwise, (R, @, ®) is not reduced.
CHAPTER 4. REDUCIBILITY IN HYPERRINGS 72 4.1.2 Reducibility in complete hyperrings Before we introduce the definition
of the complete hyperring, let us first recall the procedure of the construction of a complete hypergroup. Theorem 4.1. [19]

Any complete hypergroup may be formed as the union H = Ag

of its subsets, whereg U€eG 1) (G,:) isagroup .2) Thefamily {Ag,| g€ G}isa partitionof | 55

G

forany (g1,92) € G2,g1#9g2 ,thereis Ag1NAg2 =0.3) If (a,b)e Agl1xAg2thena-b 58

= Ag1g2. Definition 4.3. [34] Let (H, @, ©®) be a hyperring. If (H, @) is a complete

hypergroup, then we say that His @ - complete. If (H, ®) is acomplete semihypergroup, then |E|

wesay that His

©O-complete and if both (H, @) and (H, ©) are complete, then we say that H is a complete hyperring. Based on the
construction of complete hypergroups, De Salvo [34] proposed a method to obtain complete hyperring starting with rings.

Let us recall here this construction: Let (R, +, -) be a ring, and {A(g)}ge

R be a family of non-empty sets, suchthat: 1 .vg,ge R ,g#g> A (g NA@Q)=0 2 69
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.g €/ R-R=|A(g)l = 1. Set HR = geR A(g) and define two hyperoperations @ and © on HR in the following way: For any a,b
€ HR, there exist g,g' €

Rsuchthata €A(g), b €A(g). Then setU a@®db=A (g+d)a® b 47

= A(gg'). Moreover, it was proved that: Lemma 4.1. [34] For all g, g' € R, Yu € A(g), YV € A(g') we have: u @ v = A(g + g') = A(g)
@ A(g) u O v=A(gg) = A(g) © A(g") CHAPTER 4. REDUCIBILITY IN HYPERRINGS 73 In [9] Corsini proved that (H, @) and
(H, ®) are, respectively, a complete commu- tative hypergroup and a complete semihypergroup. Remark 4.4. All complete

hyperrings can be constructed by the above described procedure, since it is known that any complete semihypergroup

(hypergroup)
canbe constructed astheunionof disjunctsets A(g),ge G

.[13] Theorem 4.2. [34] HR is a complete A- hyperring. Remark 4.5. The hyperstructure HR is a general hyperring in the
sense of Definition 1.24, which is also complete. Notice than any complete (semi)hypergroup is not reduced, but, as we
showed in Ex- ample 4.2, the non-reducibility of both, multiplicative and additive part of a hyperring does not imply the non-
reducibility of a hyperring. For that reason, we need to prove that if two elements x and y from the hyperring R are
operationally equivalent (in- separable) with respect to the hyperoperation @, the same elements are operationally
equivalent (inseparability) with respect to the hyperoperation ©. Theorem 4.3. Any complete hyperring (HR, &, ©) is not
reduced. Proof. Let (HR, @, ®) be a complete hyperring. Thereby the hypergroup (HR, @) and the semihypergroup (HR, ©)

are both complete, so both are not reduced. Thence, we conclude that there exist a # b € HR such that a ~@e b. Now

itis enough to prove thata ~@e bimpliesa ~(Oe bforab 52

€ HR, because in this case de = 4@e N adPe 2 {a, b}, which shows that (HR, @, ®) is not reduced. First we will prove that the
operational equivalence relation with respect to the hyperoperation @ implies the operational equivalence relation with
respect to ©. Let a, b be elements from HR such that a @ c = b & c, for all ¢ € HR. It follows that there exist ga, gb, gc € R
such that a € A(ga), b € A(gb) and ¢ € A(gc). According to Lemma 4.1, we have a @ ¢ = A(ga + gc) and b @ ¢ = A(gb + gc),
which leads to the equality A(ga + gc) = A(gb + gc), equivalently with ga + gb = ga + gc in the group (R; +). Therefore ga = gb,
that implies that ga - gc = gb - gc. Therefore,a © ¢ = A(ga - gc) = A(gb - gc) = A(gb) ® A(gc) =b © c. Similarly,c P a=cPh b
impliesthatc ©a=c@®b.

This meansthata ~@o bimpliesa ~Oo bfor all a,b 112
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€ HR. Next we will show that the indistinguishability relation with respect to @ implies the indistinguishability relation with
respect to ©. Let us suppose a ~@i b. This means that a and b appear in the same hyperproducts d®e, for d, e € HR. Thus
a € A(gd)®A(ge) == b € A(gd)PA(ge), with gd, ge € R such CHAPTER 4. REDUCIBILITY IN HYPERRINGS 74 that d € A(gd),
e € A(ge). It follows that a € A(gd + ge) = b € A(gd + ge), meaning that a, b € A(g), with g € R. If we consider nowa ek © |,
then a € A(gk - gl), where k € A(gk), | € A(gl). Since a and b are in the same Ag, it follows that b € A(gk-gl) = k©®I, equivalently,
bek ® I Similarly,ifb ek ® Ithena ek ® |. Hence, a ~Qi b. Example 4.8. Let the hyperring H=({a, b, ¢, d, e}, ®, ®) is

defined as follows: @ a b

cdeaab,cb,cdebb,cddeach,cddeaddeeab,ceeaabcd® abcdeaaaaaabab,c |35

b,cdecab,ch,cdedaddadeaeedb,c Thehyperring (H, &, ©) isacommutative complete

hyperring

[32]. Since the rows corresponding to the elements b and c are exactly the same in both tables, we conclude that b ~@o ¢
and b ~(o c, which further gives b ~o ¢, i.e., "bo = ¢o = {b, c}. Besides, elements b and c appear together in (H, P), as well
asin (H, ®), whence there is b ~i ¢, thus "bi = &i = {b, c}. Hence, "be = ¢e = {b, c} which implies that the given hyperring is not
reduced. 4.1.3 Reducibility in (H, R)- hyperrings (H, R)- hyperrings were introduced by Mario de Salvo in [34], with the
intention of generalizing the construction of (H, G)- hypergroups described in [33]. In the following we present their

construction. Let (H, ¢, o) be a hyperring and {Ai}ie

R be a family of non-empty sets such that: 1. (R, +,-)isaring.2 .AOR=H. 3.For any i#j 69

€ R, Ai N Aj = @. Set K = Ai and define on set K hyperoperations as: ieR U

foranyx,ye H,x® y=xcy and xQy

=H (4.5) (4.6) CHAPTER 4. REDUCIBILITY IN HYPERRINGS 75 For any x € Ai and y € Aj such that Ai x Aj # H x H, define x @
y=Akifi+j=k (47)x ©y=Amifi-j=m. (4.8) The structure (K, @, ©) is a general hyperring, called an (H, R)-hyperring.
Moreover, if w is the heart of the hypergroup (K, @), then w =Hand H © K=K © H = K[34]. In the following we will better
describe the operational equivalence and the insepa- rability in an (H, R)-hyperring. Lemma 4.2. Let (K, @, ®) be an (H, R)-
hyperring, where K = Aj, with (R, +, *) ai€eRring and (H, -, o) a hyperring. U 1. Two elements x and y in AOR = H are
operationally equivalent with respect to the hyperoperation @ if and only if they are operationally equivalent with respect to

the hyperoperation - on H. 2. Two elements x and y in K\ AOR are operationally equivalent with respect to the hyperoperation
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@ if and only if they belong to the same subset Ai c K. 3. Two elements x and y in K are inseparable with respect to the

hyperoperation @ if and only if they belong to the same subset Ai c K. Proof. 1.

Letx,ybein AOR= Hsuchthatx @a= vy 22

@ a, for all a € K. If a € Aia, with ia # OR, then the equality always holds. If a € AOR, thenx @ a=y @ awheneverxca=y-a

and thus the result is proved. 2.

Letx and ybein K\ H,suchthatx €Aixand vy 22

€ Aiy, with ix, iy e Rand considerx @ a=y @ a, foralla e K. If a € AOR,

thenx@® a =Aix andy@® a =Aiy, thereforexandy 63

are operationally equivalent if and only if ix = iy. If a € K\ AOR, for example a € Aia, then x @ a =y @ a is equivalent with ix +

ia = iy + ia, meaning again ix = iy. 3. Let us consider x ~@i y, which is to say x € a @ b if and only if

yeadb .If ab €AORthen a@ b=acb andtherefore x ~@i y whenever x,y 28

€ac b cAOR If a

€ Aia and b € Aib with Aia x Aib # H x H, then a @ b = Aia+ib = Ai and therefore x ~@iy whenever x, y € Ai, withi € R.
Combining the two cases, we get that x and y are inseparable if and only if they are in the same subset Ai. CHAPTER 4.
REDUCIBILITY IN HYPERRINGS 76 Lemma 4.3. Let (K, @, ®) be an (H, R)-hyperring, where K = Ai, with (R, +, ) an i€R integral
domain and (H, ¢, o) a hyperring. Two elements x andUy in K are essentially indistinguishable with respect to the

hyperoperation © if and only if they belong to the same subset Ai c K.
Proof. The proof is similar tothe one of Lemma4. 2.The

only difference here is in the case of the relation "~0", where the condition regarding R to be an integral domain is
fundamental. Proposition 4.6. Let (K, @, ©®) be an (H, R)-hyperring, where K = Ai, with i€R (R, +, ) an integral domain and (H,
o, o) a hyperring. Then the hyperringU(K, @, ©®) is not reduced if and only if there exists i € R, i # OR, with |Ai| 2 2, or the
hypergroup (H, ) is not reduced. Proof. Let us suppose that the hyperring (K, @, ®) is not reduced.
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Then there exist two elementsxandyin K suchthatx ~e y ,ie, x ~@eyand x
~0Oe 'y

. Based on Lemma 4.2 and and Lemma 4.3, if x and y belong to the same subset Ai, with i # OR, we conclude that |Ai| = 2.
Otherwise, if all sets Ai, i # OR are singletons, then x, y € AOR = H, which implies that x ~c0 y and x ~-i y, i.e., the structure (H,
°) is a not reduced hypergroup. Conversely, suppose there exists i € R \ {OR} such that |Ai| 2 2. Then there exist two elements
x and y in the set Ai, implying that x ~@e y and x ~QOey. In other words, x ~e y, signifying that the (H, R)-hyperring (K, &, ©)
is not reduced. Assuming that (H, ) is not reduced, let x and y be two elements such that x ~ce y. According with Lemma 4.2
and and Lemma 4.3, we further conclude that x ~@e y. Due to the definition of the hyperoperation ©, for any x,y € H, it

easily follows that x ~Oe y. Hence, x ~e y, i.e., (K, @, ©) is not a reduced hyperring. Corollary 4.2.

If(H, ®, ®)isa notreduced hyperring, thenthe (H,R )-hyperring (K, ®, ®) is notreduced, | 129

too

. In the following, we will give an example of an (H, R)-hyperring and show its non- reducibility. Example 4.9. Let endow the

set R = {0, a, b, c} with the following operations CHAPTER 4. REDUCIBILITY IN HYPERRINGS 77 +
OabcOOabcaaOcbbbcOaccbaO -0 abc00000a0 0O aab0 0 bbcO O cc

It easily follows that (R, +, ) is a ring. Furthermore, let (H, ¢, o) be a hyperring given by the tables -

cdocdcec ¢, dec ¢, d d ¢d ¢, d d ¢ ¢ d 40

The structure (H, °, o) is a general hyperring [34].

Itiseasyto check that(H,c)isa reduced hypergroup and 118

thus, the hyperring (H, ¢, o) is reduced, too. We will endow the set K = {c, d,

al,a2,a3,a4,a5,a6 },where A0 =H Aa={ al,a2 },Ab={ a3,a4,a5 },Ac={ a6 101
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}, with an (H, R)-hyperstructure by defining the hyperaddition x @ y = x - y if both x, y belong to H, otherwise, let x @ y = Ak,

with x € Ai,y € Ajand k =i + ). Besides,
definex®y =H,where x,y €H andx®y =Akwith x €Ai vy

€ Ajand k =i - j. Then the structure (K, @, ©®) is an (H, R)-hyperring. Let us prove that a1l ~e a2, i.e.,

al@dx=a2d xforallx €K.Indeed, ifx €Hal® x =Aat0=a2@d x .If x €Aa 71

al ®d x

=Aa+ta=A0=a2 @ x=A0. Forx € Ab, a1 @ x = Aatb = Ac = a2 @ x. Finally, a1 @ x = a2 @ x = Aa+c = Ab for x € Ac. Due to

the commutativity of the ring R, x @

al=x®@ a2for any x €K Similarly, al®Ox=za2@®x andx® al=x® a2 forany x 71

€K. Thus, a1l ~o0 a2 .Since x @HycH if

both x, y € H = A0 = {c, d}, we conclude that the elements a1 and a2 don’t appear in such hyperproducts. All other
hyperproducts x @ y are equal to some sets Ak, where k € {a, b, ¢}, with Aa, Ab and Ac being disjoint sets. Hence, a1 and a2
appear in the hyperproducts which are equal to Aa, so they always appear together. Analogously, a1 and a2 appear in the
same hyperproducts x © y. Hence, a1 ~i a2. Similarly one proves that 43e = 44e = 45e = {a3, a4, a5}. Thereby we conclude
that the (H, R)- hyperring (K, @, ©) is not reduced. Chapter 5 Conclusions This thesis deals with the study of reducibility in
different algebraic hyperstructures. The motivation for our study was given by Jantosciak, who noticed that in a hyper- group
elements can play the same role with respect to the hyperoperation. He defined certain equivalence relations which are the
basis for the definition of reducibility. The equivalence relations are called: the operational equivalence, inseparability and

essen- tial indistinguishability. Jantosciak gave the definition of a reduced hypergroup, saying that the hypergroup is

reduced if the equivalence class of each element with respect to the relation "essential 51

indistinguishability” is

one-element set. In the dissertation, we have extended the classical notion of reducibility to the fuzzy case, by defining new
concepts: fuzzy reduced hypergroup and reduced fuzzy hypergroup. We can consider the reducibility on a crisp hypergroup

equipped with a fuzzy set or in a fuzzy hyper- group. In the first case we examine a
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fuzzy reduced hypergroup, i.e., crisp hypergroup that is fuzzy reduced with respect to the

corresponding fuzzy set

. In the second case, using fuzzy hyperproducts, we get reduced fuzzy hypergroup, in other words fuzzy hypergroup that is
reduced. We have developed the first case and studied the fuzzy reducibility in hypergroups. In order to extend the concept

of the reducibility to the fuzzy case, we have introduced, similarly to the crisp case,

equivalence relations called: the fuzzy operationally equivalence, the fuzzy inseparabilityand | 22

the fuzzy essentially indistinguishability

, taking into consideration the fact that now we are working with fuzzy sets. A crisp hypergroup equipped with a fuzzy set is
called a fuzzy reduced hy- pergroup if and only if each element in the hypergroup has singleton equivalence class with
respect to the relation fuzzy essential indistinguishability. Moreover, we have extended the reducibility concept to hyperrings,
by defining equiv- alence relations with respect to the both hyperoperations in a general hyperring. Anal- ogously to the
hypergroups, we have introduced the definition of a reduced hyperring. 78 79 CHAPTER 5. CONCLUSIONS In this Phd thesis
we have investigated the reducibility (in both, crisp and fuzzy case) for many classes of hypergroups and the reducibility in
hyperrings. After the preliminaries chapter which contains the basic hyperstructure theory necessary for our study, in the
second chapter we have presented our results related to the reducibility in hypergroups. In the third chapter we have studied
the fuzzy case of the reducibility, i.e., we have studied the fuzzy reducibility in hypergroups. The fourth chapter deals with a
hyperring reducibility. After we have extended the concept of the reducibility to the hyperrings (in the crisp case), we have
investigated the reducibility property in certain classes of general hyperrings. The main results obtained in the dissertation
are related to the hypergroups re- ducibility. Regarding the crisp case, we have proved that complete hypergroups are not
reduced, while the hypergroups with partial scalar identities are reduced. More- over, arbitrary canonical hypergroups is a
reduced hypergroup. Also, we have found the necessary and sufficient condition for Corsini hypergroups to be reduced. We
have concluded that the reducibility of cyclic hypergroups strictly depends of their cardi- nality and of the number of
generators, too. When it comes to the fuzzy reducibility, the complete hypergroups are not reduced, as well as in the crisp
case, while i.p.s. hypergroups are not fuzzy reduced. We have proved that Corsini hypergroups are not fuzzy reduced. We
have to emphasize that in all cases the fuzzy reducibility has been investigated with respect to the grade fuzzy set p. As for
the hyperrings, the reducibil- ity have been studied only in the crisp case. Using the result about non-reducibility of complete
hypergroups, we have got the same co”nclusion for the complete hyperrings. Besides, we have determined conditions under
which the (H, R)- hyperring is reduced. Many of the results presented here can be found in the articles Fuzzy reduced hy-
pergroups and Reducibility in Corsini hypergroups, published in the journals "Mathe- matics” and "Analele Stiintifice
Universitatii Ovidius Constanta, Seria Matematica”, respectively. The idea concerning our study, which will be the topic of our

further research, is the second extension of the reducibility concept to the fuzzy case. Our goal is to examine the reducibility
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in fuzzy hyperstructures, especially in hypergroups. In the following we give the examples of some fuzzy hypergroups which

are reduced. Example 5.1.
Let H be anon-empty setande:HxH —F( H ) where a

o b =x{a,b}. (H, °) is a reduced fuzzy hypergroup. In [59] can be found the proof that the structure (H, °) is a fuzzy hypergroup.

Let a, b € H be the elements

suchthata ~o b ,ie,( acx )r)=( bex )r) for al x ,re H

.80 CHA?TER 5. CONCLUSIONS If we take that x = a then we obtain that (a - a)(r) = (b - a)(r) for all r € H. Since (a - a)(r) =

x{ata = ( O;r#a1;r=a(5.1) then (a-a)(a) = 1. But, (a - a)(

a) = (b - a)( ka )=x{ ba}a ) sox{b, a}(a )=1.Also,( a-ca)b )=(b- a)b )=x{ ba}| 64
(b

) =1, which implies that xa(b) = 1, meaning that b = a. Thus, we obtain that a ~o if and only if a = b. Hence, foralla € H, do =

{a} and thereby &e = {a} which gives that (H, °) is a reduced fuzzy hypergroup. Example 5.2.

Let (H, -) be a group with identity e , and the hyperoperation-: HxH 84

— F (H) is given with a - b = xab. Then the hypergroup (H, ) is a reduced fuzzy hypergroup. Let us suppose

thata ~o b,i.e ,(@a> x )N)=(b- x )r) for all x ,reH. By 124

taking that x = e, we get (a - ) = xae = xa. Now, 1 = (a > e)(a) = (b > €)(a) = xb(a), thus a = b. Hence, (H, °) is a reduced fuzzy
hypergroup. Based on the previous examples, we aim to conduct our study about the reducibility of fuzzy hyperstructures
and to find some general results. Also, we intend to extend the reducibility in hyperrings to the fuzzy case, studying the fuzzy
reducibility for the wide classes of general hyperrings. References [1] Al-Tahan, M., Davvaz, B.: On some properties of single
power cyclic hypergroups and regular relations. J. Algebra Appl. 16(11), 175-214 (2017) [2] Al Tahan, M., Davvaz, B.: On
Corsini hypergroups and their productional hyper- groups. Korean J. Math. 27, 63—80 (2019) [3] Antampoufis, N., Hoskova-

Mayerova, S.: A brief survey on the two different ap- proaches of fundamental equivalence relations on hyperstructures.
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