
22/09/2021, 14:36 Similarity Report

https://app.ithenticate.com/en_us/report/76397904/similarity 1/103

92

110

paper text:

UNIVERSITY OF MONTENEGRO FACULTY OF NATURAL SCIENCES Milica Kankaraš Reducibility in algebraic hyp erstructures

PHD THESIS Podgorica, 2021. UNIVERZITET CRNE GORE PRIRODNO-MATEMATIČKI FAKULTET Milica Kankaraš

Reducibilnost u algebarskim strukturama

DOKTORSKA DISERTACIJA Podgorica , 2021. Podaci i informacije o doktorandu Ime i prezime :

Milica Kankaraš Datum i mjesto rod¯enja: 04. 04 . 1988. godine

, Nikšić, Crna Gora Naziv završenog postdiplomskog studijskog programa i godina završetka: Matema- tika, 2012. Podaci i

informacije o mentoru Ime i prezime: Irina Elena Cristea Titula: doktor matematičkih nauka Zvanje: vanredni profesor Naziv

univerziteta i organizacione jedinice: Univerzitet Nova Gorica, Centar za Informacione tehnologije i primijenjenu Matematiku

Članovi komisije: Datum odbrane: 2

Acknowledgements I wish to express my deepest gratitude to prof. dr . Irina Cristea for

her great profes- sional help, but also for her support in moments when not everything went smoothly. I had the privilege to

work with someone who is proven in the world of science and to learn a lot from her. She was encouraging my research all

the time and allowed me to grow as a research scientist with her great support, insights and instructions during my work on

articles and thesis. I still have to learn a lot, but she has a greatest contribution for the basis of my scienti�c knowledge.

Also, I would like to thank to her for a lot of patience whenever needed. Zahvaljujem se profesoru Dušanu Kilibardi koji me je

svojim entuzijazmom i ljubavlju prema matematici usmjerio ka ovom pozivu. Zahvaljujem se profesorici Sanji Jančić

Rašović koja je zaslužna za početak moje saradnje sa profesoricom Irinom. Zahvalju- jem se profesorici Sanji na korisnim

savjetima i podršci tokom studija. Zahvaljujem se profesoru Vladimiru Božoviću na pomoći i razumijevanju u ključnim

trenucima kada su moje doktorske studije u potpunosti promijenile svoj tok. Zahvaljujem se Nikoli, Dušici i Goranu na

pruženim savjetima i podršci. Ogromnu zahvalnost za razumijevanje i podršku dugujem svojim prijateljima: Jeleni, Branki,

Sneži, And¯eli, And¯elki i Saški. Zahvaljujem se svojoj porodici na neizmjernoj podršci: ocu Mitru, majki Slavki i ses- trama

Jeleni i And¯eli. Veliko hvala Kalini i Aleksi za inspiraciju! PODACI O DOKTORSKOJ DISERTACIJI Naziv doktorskih studija:

Matematika, Prirodno-matematički fakultet, Uni- verzitet Crne Gore Naslov disertacije: Reducibilnost u algebarskim

Reducibility in algebraic hyperstructures
By: Milica Kankaraš

As of: Sep 22, 2021 10:41:44 AM 
38,749 words - 405 matches - 131 sources

Similarity Index

18%

Mode: Similarity Report

https://app.ithenticate.com/en_us/report/76397904/similarity?dn=520cb580c2aefb2050f2bc9fc33b98a9c45243d8e1a75b442882106429a8e427acce9b41ee4a0187c2096f973079ef2d9f53df13e8eefa396b332235fc1fff1b&node=2209&source=1623805620&dsc=1&id=366
https://app.ithenticate.com/en_us/report/76397904/similarity?id=384&dsc=1&node=3791&source=3769223770&dn=5fd55c3b958b79fbd372a19c139b6d7fdd6c1303bdb3ad16970f94a084d58f9195d08c598be77ee242b976467f8fdb75e8146e4ae66a3de7936de927bbbc80fa


22/09/2021, 14:36 Similarity Report

https://app.ithenticate.com/en_us/report/76397904/similarity 2/103

1

81

4

hiperstrukturama Rezime: Cilj ove disertacije je ekstenzija koncepta reducibilnosti u hipergrupama na fazi slučaj,

de�nisanjem fazi reducibilne hipergrupe tj. klasične hipergrupe obogaćene sa fazi skupom koja je reducibilna. Osim toga,

namjeravamo da proširimo koncept reducibilnosti na hiperprstene, takod¯e, u klasičnom slučaju. Koristeći ove koncepte,

naš cilj je da proučavamo svojstvo reducibilnosti (u klasičnom i fazi slučaju) u algebarskim hiperstrukturama, posebno u

hipergrupama i hiperprstenima. Ključne riječi: Reducibilnost, hiperstrukture, relacije ekvivalencije, fundamen- talne relacije,

fazi reducibilnost Naučna oblast: Algebra Uža naučna oblast: Hiperkompoziciona algebra UDK bro j: 519.21 INFORMATION

ON THE PHD THESIS Name of the doctoral program: Mathematics, Faculty of Sciences and Mathematics, University of

Montenegro Thesis title: Reducibility in algebraic hyperstructures Summary: The goal of this dissertation is to extend the

concept of the reducibil- ity in a hypergroup to the fuzzy case, by de�ning a fuzzy reduced hypergroup, i.e.,

crisp hypergroup endowed with a fuzzy set which is reduced . Moreover, we intend to

extend the concept of reducibility to the hyperrings, also, in the crisp case. Using these concepts, we aim to study the

reducibility and the fuzzy reducibility in algebraic hyperstructures, especially in hypergroups and hyperrings. Key words:

Reducibility, hyperstructures, equivalence relations, fundamental rela- tions, fuzzy reducibility Scienti�c �eld: Algebra

Scienti�c sub�eld: Hypercompositional algebra UDC: 519.21 Intro duction The theory of hypercompositional structures

(called also

the theory of hyperstructures) was introduced in 1934 by F. Marty , when he gave the

de�nition of a hypergroup and presented some of its properties and applications to algebraic functions, rational frac- tions

and non-commutative groups. Hyperstructures represent an independent line of research, but they are also a tool of

investigation in many other �elds like: Geometry, Graphs and Hypergraphs, Topology, Cryptography, Code Theory, Automata

Theory, Probability, Theory of Fuzzy Sets. We may say that the algebraic hypergroups are the most natural generalization of

the classical groups: the binary operation of groups is extended to a binary multivalued operation, called hyperoperation or

hyperproduct, that associates with any couple of elements of a given set, a non-empty subset of it. In 1934 F. Marty gave the

�rst example of a hypergroup, which was the motivation for introducing this concept. The quotient structure G/H, where

G is a group and H is a subgroup of it

is not a group, but a hypergroup. In a special case, when H is a normal subgroup, the corresponding quotient becomes a

group, which is again a hyper- group. Analogously to the notion of a hypergroup, the other generalizations of algebraic

structures have been arised subsequently. The hyperrings are natural generalizations of rings, where one operation in the

ring becomes a hyperoperation. Hyper�eld is a hyper- structure which generalizes the notion of a �eld. Similarly, the notions
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of hyperlattices, hypermodules, etc are introduced. Besides, in [68], T. Vougiouklis introduced the new class of

hyperstructures, so called Hv− structures. We may say that Hv− structures generalize the well-known algebraic structures,

where the associative and distributive laws are replaced with their weak versions. These algebraic hyperstructures are the

sub- ject of interest for many researchers nowadays. For a detailed historical development of algebraic hyperstructures we

refer to [32]. The connections between fuzzy sets and algebraic structures were mostly considered by Iranian

mathematicians, where they observed that the composition of the elements from H does not give a subset, but a fuzzy set

on H. Unlike in an ordinary set, where we have exactly two possibilities:

an element belongs to the set, or it does not belong to the set , in the fuzzy set

every element has a certain degree of membership. Fuzzy sets were i introduced by Zadeh in [70], where he

introduced the concept of fuzzy set regarding it as the extension of the notion of the set

. In the fuzzy

set theory, the membership function takes the values from the segment [0, 1], while in the classical set theory the

characteristic function can take only two values, 0 and 1. Actually, the fuzzy set is an ordered pair containing the subset of

universe set, and the membership function which maps elements to the segment [0, 1]. However, we usually use term fuzzy

set when we refer to the membership function. The

fuzzy sets and algebraic structures have been �rstly connected in 1971 , when A. Rosenfeld

gave the de�nition of fuzzy subgroup of a group

. After twenty-eight years, B. Davvaz extended this de�nition, introducing the

fuzzy subhypergroup of a (crisp) hypergroup, which is a fuzzy algebraic hyperstructure. The

study of the fuzzy

hyper- structures started only a few years ago, with a paper about fuzzy hypergroups. Then,

in 2009 , V. Leoreanu -Fotea and B. Davvaz introduced the notions of fuzzy

hyperrings and fuzzy
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hypermodules. Very important connection between fuzzy sets and hyper- groups was established by Corsini, in [16], by

de�ning a hyperoperation as a mean of fuzzy subsets, obtaining a join space. The other connection, which is very signi�cant

for our research is established via the grade fuzzy set µ, introduced also by Corsini [16]. Besides, the grade fuzzy set is used

for the de�nition of a fuzzy grade, which

represents the number of non-isomorphic join spaces and fuzzy˜sets associated with

a given hy- pergroupoid. The theory of hypergroups associated with fuzzy sets represents a new research direction which

preoccupies researchers in the last two decades. Untill now one distinguishes three principal approaches:

the study of new crisp hyperoperations ob- tained by means of fuzzy sets; the study of fuzzy

subhypergroups ( fuzzy sets whose level sets are crisp hypergroups); the

fuzzy hypergroups, i.e., structures endowed with fuzzy hyperoperations. The overview of this theory can be found in the

monograph ”Fuzzy algebraic hyperstructures: an introduction” written by Davvaz and Cristea [29]. On of the most important

concepts in hyperstructure theory are certain relations, being called fundamental relations. These

equivalences play a crucial role in obtaining quotient structures . We can divide fundamental

relations

into two groups: the �rst group is contained of the relations α, β, γ which are de�ned on proper hyperstructures such that the

obtained quotient structures (hyperstructures modulo relation) are clas- sical algebraic structures. The relation α is de�ned

on a hyperring, while the other two relations (β, γ) are de�ned on a semihypergroup. Consequently, the resulting quotient

structures are ring and semigroup. Moreover, semihypergroup modulo relation γ gives a commutative semigroup. The

fundamental relations are the smallest equivalence relations such that the quo- tient structures de�ned on the support set

of a hyperstructure becomes a classical structures. These relations represent the link between the classical algebraic

structures ii and algebraic hyperstructures, and besides, it could be noted that the classical algebraic structures

impersonate special cases of algebraic hyperstructures. The second group of fundamental relations consists relations

introduced by Jantosciak in [42]. He noticed that sometimes a

hyperproduct on given set does not make a distinction between a pair of elements of the
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set. In other words, the elements play exchangeable roles with respect to the hyperoperation. It inspired Jantosciak to de�ne

three relation with the aim to identify the elements with the same behaviour. [42]

Two elements x,y in a hypergroup (H,◦) are called: operationally equivalent

, if their hyperproducts with all elements in H are the same:

x◦a = y◦a, and a◦x = a◦y, for any a in H; inseparable

, if x belongs to the same hyperproducts a◦b as y, for all a,b in H; essentially indistinguishable, if they are operationally

equivalent and inseparable. With the help of these three relations, Jantosciak introduced the concept of re- ducibility. He

de�ned a

reduced hypergroup as a hypergroup where the equivalence class of each element with respect

to the essentially indistinguishable relation is a

sin- gleton [42]. Moreover, he proved that the quotient hypergroup obtained by factorizing a hypergroup modulo the essential

indistinguishable relation always gives a reduced hypergroup, which he called a reduced form. Motivated by this property,

the same au- thor proposed that the study of reducibility can be splited in two directions: the

study of reduced hypergroups, and the study of all hypergroups having the same reduced form

[42] . The study of the reducibility will be also developed in the PhD thesis to the fuzzy case in one direction. We will study

indistinguishability

between the images of the elements of a classical hypergroup through a fuzzy set

. The second direction is studying the indistinguishability between the elements of the fuzzy hypergroup.

In particular, we introduce the notion of reduced fuzzy hypergroup , which is a fuzzy hy-

pergroup which is reduced, and the notion of fuzzy reduced hypergroup , which is a hypergroup
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endowed with a fuzzy set which is reduced. In order to

de�ne the concept of a fuzzy reduced hypergroup, we introduce equivalences: fuzzy operation equivalence, fuzzy

inseparability and fuzzy essential indistinguishability. Further, a fuzzy

reduced hypergroup is de�ned as a hypergroup where the equivalence class of each element

with respect to the

fuzzy essential indistinguishability is a singleton [22]. In the preliminary chapter we present basic de�nitions and notions

related to the hypergroups, hyperrings and fuzzy sets. In the �rst part of the chapter we give the de�nition of a hypergroup,

after which we de�ne all particular types of hypergroups which are investigated further in the thesis. Therefter, we give the

de�nition of a funda- mental relation, and introduce the relations β∗ and γ∗, which provide that factorizing a hypergroup

(semihypergroup) by them gives a group (semigroup). Further in the chap- ter we de�ne all three types of hyperrings. We

recall �rst the hyperring containing an iii additive hyperoperation and a multiplicative operation, afterwards we present the

hy- perring with an additive operation and a multiplicative hyperoperation, and at the end we give the de�nition of a general

hyperring, where, both, addition and multiplication are hyperoperations. We present important classes of hyperrings in order

to study their reducibility later in the thesis. At the end of the chapter we illustrate the de�nition of the fuzzy set and explain

in detail its connection with algebraic hyperstructures. We explain here the well known fuzzy set µ, which is used in our

study of fuzzy reducibility. Also, we describe a procedure of construction

of the sequence of join spaces and fuzzy sets associated with a given hypergrou˜poid. In the

same section we recall the de�nition of the

fuzzy hyperoperation and fuzzy hypersemigroup. The second chapter deals with the reducibility property in hypergroups.

First, we present the motivation and expose early ideas related to this concept, as it is presented in the paper of Jantosciak

[42], which was the major inspiration for the thesis. In the �rst part of the chapter, we present some results related to the

reducibility in hyper- groups associated with binary relations [23]. Then we focus on the study of reducibility for several types

of hypergroups. In this chapter we present results which are the subject of the article Fuzzy reduced hypergroup, published

in Mathematics, 2020. by Kankaraš and Cristea, and the article Reducibility in Corsini hypergroups, by Kankaravs Then we

focus on the study of reducibility for several types of hypergroups. In this chapter we present results which are the subject

of the article Fuzzy reduced hypergroup, published in Mathematics, 2020. by Kankaraš and Cristea, and the article

Reducibility in Corsini hypergroups, by Kankaravs in Analele Stiinti�ce Universitatii Ovidius Constanta, Seria Matematica in

2021. We prove that any canonical hypergroup is reduced, and as the consequence, we get that any hypergroup contained of

partial scalar identities (or i.p.s hypergroup) is reduced, too. The properties of i.p.s. hypergroups presented in this chapter

are important for the further study of their fuzzy reducibilility. Further in the chapter we study reducibility for some particular
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classes of cyclic hypergroups, and we show that their reducibility depends on many conditions. Also, we study reducibility

for a very important class of hypergroups, called complete hypergroups, and conclude that any proper complete hypergroup

is not reduced. We later use this result for the study of reducibility in complete hyperrings. In the last section of Chapter 2

we give a neccesary and su�cient condition for the Corsini hypergroup to be reduced. As a con- sequence of this statement,

we get that the well-known B-hypergroup, which is a special case of the Corsini hypergroup, is a reduced hypergroup. Also,

we determine whether the direct products of hypergroups containing Corsini hypergroups, are reduced or not. The third

chapter deals with the fuzzy reducibility in hypergroups, i.e., it contains the study of reducibility in crisp hypergroups

endowed with a fuzzy set. In the thesis, the fuzzy reducibility is studied with respect to the grade fuzzy set µ. In the �rst part

of iv ˜ the chapter, we are introduced to the concept of fuzzy reducibility, which represents the one direction how the

reducibility concept can be extended to the fuzzy case. Therefter, we investigate the fuzzy reducibility for several types of

hypergroups. The chapter contains results published in the articles Fuzzy reduced hypergroups and Reducibility in Corsini

hypergroups. We prove that any total hypergroup is not reduced, neither fuzzy- reduced. Also, we prove that any proper

complete hypergroup is not fuzzy reduced, same as it is the hypergroup with partial scalar identities. Later on, we examine

the reducibilility and the fuzzy reducibility for a speci�c type of non-complete 1− hypergroups de�ned by Corsini and Cristea

in [17], and we prove that it is not reduced, nor fuzzy reduced. In the last section we prove that Corsini hypergroup is not

fuzzy reduced with respect to the grade fuzzy set µ. At the end of the section, we consider the direct product of Corsini

hypergroups and prove that the resulting productional hypergroup is not fuzzy reduced. The chapter˜concludes with a brief

review of reduced fuzzy hypergroups. This is the second direction of the fuzzy�cation of the reducibility concept, which will

be the subject of our research in the future. The reducibility in hyperrings is the topic of the fourth chapter. At the begin- ning

of the chapter we introduce new equivalence relations and extend the reducibility concept to the hyperrings. In this case, we

introduce equivalence relations with re- spect to the both, additive and multiplicative hyperoperation. We determine how the

reducibility in hyperrings depends on the reducibility in hypergroupoids of which it is composed. Further, we examine the

reducibility for the speci�c types of general hyperrings. In particular, we prove that any complete hyperring is not reduced.

We determine conditions such that the (H, R)− hyperring is reduced. Also, we present some properties of the reducibility in

some particular types of hyperrings, as Hv− rings with P − hyperoperations, hyperrings of formal series and others. The last

chapter contains some new research ideas concerning this study. Some aims of our further research are related to the study

of the reducibility in fuzzy hy- perstructures, especially in fuzzy hypergroups. Also, we intend to extend the fuzzy reducibility

concept for the hyperrings and investigate the fuzzy reducibiity for certain types of general hyperrings. Podgorica, Februar

2021. Milica Kankaraš v Izvo d iz teze Teoriju hiperkompozicionalnih struktura (koja se još naziva i teorijom hiperstruktura)

uveo je 1934. francuski matematičar F. Marty, kada je de�nisao hipergrupu i prikazao neka njena svojstva i primjene u

oblastima algebarskih funkcija i ne-komutativnih grupa. Hiperstrukture predstavljaju nezavisnu oblast istraživanja, a takod¯e

mogu da služe i kao ”alat” za istraživanje u drugim oblastima kao što su: Geometrija, Grafovi i Hipergrafovi, Topologija,

Kriptogra�ja, Teorija kodiranja, Teorija automata, Vjerovatnoća, Teorija fazi skupova. Možemo reći da su algebarske

hipergrupe prirodno uopštenje klasičnih grupa: binarna operacija grupe se proširuje na binarnu multivrijed- nosnu operaciju,

nazvanu hiperoperacijom ili hiperproizvodom, koja svakom paru ele- menata zadatog skupa pridružuje njegov neprazni

podskup. F. Marty je 1934. godine dao prvi primjer hipegrupe, što je ujedno bila motivacija za uvod¯enje ovog koncepta. Ako

je G grupa, a H njena podgrupa tada količnička (faktor) struktura H/G u opštem slučaju nije grupa, nego hipergrupa. U
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specijalnom slučaju, kada je H normalna pod- grupa, odgovarajuća količnička struktura je grupa, a grupa je ujedno i

hipergrupa. Za neprazan skup H, neka je P∗(H) familija nepraznih podskupova skupa H. Binarna hiperoperacija, koju još

nazivamo i hiperproizvodom je preslikavanje ◦ : H × H → P∗(H), a ured¯eni par (H, ◦) se naziva hipergrupoidom. Važno je

naglasiti da je u hipergrupoidu hiperproizvod x◦y dva proizvoljna elementa x i y iz H neprazan podskup skupa H, dok je u

klasičnim algebarskim strukturama, rezultat binarne operacije izmed¯u dva elementa samo jedan element inicijalnog skupa

(koji se još naziva i nosač). Ako je hiperoperacija asocijativna, tj. važi (

a◦b)◦c = a◦(b◦c ), za sve elemente a, b, c ∈ H

, tada se hiperkompozicionalna struktura (H, ◦) naziva semihipergrupom. Semihipergrupa postaje hipergrupa ako važi i

reproducibilnost : x ◦ H = H ◦ x = H za sve x ∈ H. Hiperoperacija ◦ se proširuje na neprazne skupove A, B skupa H i za x ∈ H,

važi [32]: A ◦

B = a ◦ b A ◦ x = A ◦ {x } x ◦ B = {x} ◦ B. a∈A⋃ ,b∈B

vi Dakle, jednakost (a ◦ b) ◦

c = a ◦ (b ◦ c ) implicira da u◦c = a◦v. u⋃∈a◦b v⋃∈b◦c

Analogno pojmu hipergrupe, uskoro su se pojavile i ostale generalizacije algebarskih struktura. Hiperprsteni su

generalizacije struktura prstena, gdje se jedna od operacija u prstenu zamijeni hiperoperacijom. Hiperpolje uopštava pojam

polja. Slično su uvedeni i pojmovi hiperrešetki, hipermodula. Osim toga, T. Vougiouklis je u [68], uveo novu klasu

hiperstruktura, takozvanih Hv− struktura. Hv− strukture su generalizacije poz- natih algebarskih struktura, gdje su

asocijativni i distributivni zakoni zamijenjeni nji- hovim ”slabijim” verzijama. Ove algebarske strukture su predmet

interesovanja velikog broja istraživača danas. Za detaljan istorijski razvoj teorije algebarskih hiperstruktura, čitaocima

preporučujemo knjigu [32]. Vezama izmed¯u fazi skupova i algebarskih struktura su se pretežno bavili iranski matematičari,

koji su posmatrali kompozicije elemenata iz skupa H koje kao rezultat ne daju podskup skupa H, već fazi skup na H. Za

razliku od klasičnog skupa, gdje element pripada ili ne pripada skupu, fazi skup dozvoljava da element ima odred¯eni stepen

pripadnosti skupu. Pojam fazi skupa je uveo Zadeh, u [70], gdje je de�nisao koncept fazi skupa kao proširenje pojma skupa.

U teoriji fazi skupova, funkcija pripadnosti uzima vrijednosti sa segmenta [0, 1], dok u klasičnoj teoriji skupova

karakteristična funkcija uzima samo vrijednosti 0 ili 1. Preciznije, fazi skup se de�niše kao ured¯eni par koji sadrži podskup

univerzalnog skupa, i funkciju pripadnosti koja preslikava element iz tog skupa na segment [0, 1]. Med¯utim, često

upotrebljavamo termin fazi skup kada govorimo o funkciji pripadnosti. De�nicija 0.1. [32] Neka je X skup. Fazi podskup A

skupa X se karakteriše funkcijom pripadnosti µA : X → [0, 1] koja svakoj tački x ∈ X pridružuje ocjenu ili stepen pripadnosti
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µA(x) ∈ [0, 1]. Prve veze izmedju fazi skupova i algebarskih struktura uspostavio je A. Rosenfeld 1971. godine, kada je

de�nisao pojam fazi podgrupe grupe. 28 godina kasnije, B. Davvaz je proširio ovu de�niciju na slučaj algebarskih

hiperstruktura, uvodeći koncept fazi podhipergrupe (obične) hipergrupe. Proučavanje fazi hiperstruktura je započelo samo

par godina prije, člankom o fazi hipergrupama. 2009. godine V. Leoreanu-Fotea i B. Davvaz uvode pojmove fazi hiperprstena

i fazi hipermodula. Veoma značajnu vezu izmed¯u fazi skupova i hipergrupa uspostavio je Corsini, u [16], gdje je de�nisao

hiperoperaciju kao sredinu fazi podskupova, dobivši tako pridruženi prostor. Druga konekcija, koja je od velikog značaja za

naše istraživanje, uspostavljena je uz pomoć vii grade fazi skupa (grade fuzzy set) µ, kog je takod¯e uveo Corsini [16]. Grade

fazi skup se koristi za de�nisanje fazi grade-a, koji predstavlja broj neizomorfnih pridruženih prostora i fazi skupova

povezanih˜ sa zadatim hipergrupoidom. Teorija hipergrupa povezanih sa fazi skupovima predstavlja novi pravac u

istraživanju u teoriji hiperstruk- tura koji je doživio ekspanziju posljednjih 20 godina. Razlikujemo tri osnovna pristupa u

ovom istraživanju: Izučavanje ”običnih” hiperoperacija dobijenih pomoću sredina fazi skupova; Izučavanje fazi

podhipergrupa (fazi skupovi čiji su nivo skupovi ”obične” hipergrupe); Izučavanje fazi hipergrupa, tj. struktura obogaćenih sa

fazi hiperoperaci- jama. Monogra�ja ”Fuzzy algebraic hyperstructures: an introduction” čiji su autori Davvaz i Cristea [29],

sadrži pregled ove teorije. U teoriji hiperstruktura odred¯ene ekvivalencije igraju ključnu ulogu u dobijanju količničkih

struktura, a te relacije nazivamo fundamentalnim relacijama. Fundamen- talne relacije mogu da se podijele u dvije grupe:

prva grupa sadrži relacije α, β, γ de�nisane na hiperprstenu (prva) i na semihipergrupi (druge dvije), takve da dobi- jena

količnička struktura predstavlja prsten, semigrupu i komutativnu semigrupu (polu- grupu), respektivno. Fundamentalne

relacije su najmanje relacije ekvivalencije takve da količničke strukture koje dobijamo faktorisanjem hiperstruktura po ovim

relaci- jama postaju klasične strukture. Ove relacije predstavljaju ”most” izmed¯u klasičnih algebarskih struktura i

hiperstruktura, a osim toga, primijećujemo da sada klasične strukture možemo da posmatramo kao specijalne slučajeve

algebarskih hiperstruktura. Da bismo uveli preciznu de�niciju fundamentalnih relacija potrebno je de�nisati regularne

relacije, kao i jako (strogo) regularne relacije. De�nicija 0.2. [13] Neka je (H, ◦) hipergrupoid, a, b ∈ H i ρ je relacija

ekvivalencije na H. Tada je relacija ρ lijevo regularna ako:

aρb ⇒ (∀u ∈ H, ∀x ∈ u ◦ a , ∃y ∈ u ◦ b : xρy i ∀u ∈ H, ∀ y ′ ∈ u ◦ b , ∃x′ ∈ u ◦ a : x

′ρy′) Relacija ρ je desno regularna ako:

aρb ⇒ (∀u ∈ H, ∀x ∈ a ◦ u, ∃y ∈ b ◦ u : xρy i ∀u ∈ H, ∀ y′ ∈ b ◦ u, ∃x′ ∈ a ◦ u : x′ρy

′) Relacija ρ je regularna ako je lijevo i desno regularna. (1) (2) viii De�nicija 0.3. [13] Neka je (H, ◦) hipergrupoid, a, b ∈ H i ρ je

relacija ekvivalencije na H. Tada je relacija ρ jako lijevo regularna ako:

aρb ⇒ ∀u ∈ H, ∀x ∈ u ◦ a, ∀y ∈ u ◦ b : xρy
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. Relacija ρ je jako desno regularna ako:

aρb ⇒ ∀u ∈ H, ∀x ∈ a ◦ u, ∀y ∈ b ◦ u : xρy

. Relacija ρ je jako regularna ako je jako lijevo i jako desno regularna. Tvrd¯enje 0.1. [13] Ukoliko je (H, ◦) hipergrupa i R je

relacije ekvivalencije na H, tada je R regularna ako i samo oko je (H/R, ⊗) hipergrupa, gdje je: x¯ ⊗ ȳ = {z¯ : z ∈ x ◦ y}.

Tvrd¯enje 0.2. [32] Ako je (H, ◦) hipergrupa, a R relacija ekvivalencije na H, tada je R jako regularna ako i samo ako je (H/R,

⊗) grupa. Jedna od najpoznatijih i najznačajnih fundamentalnih relacija u teoriji hiperstruk- tura je relacija β. De�nicija 0.4.

[45] Neka je (H, ◦) semihipergrupa i n ≥ 1, n ∈ N. De�nišimo relaciju βn na sljedeći način: n xβny ako postoje a1, a2, . . . , an

tako da {x, y} ⊆ ai ∏i=1 i neka β = ∪n≥1βn, gdje je β1 = {(x, x)|x ∈ H} dijagonalna relacija na H. Relacija β je re�eksivna i

simetrična. Označimo sa β∗ tranzitivno zatvorenje relacije β. Teorema 0.1. [45] β∗ je najmanja jako regularna relacija

ekvivalencije na H u smislu inkluzije. Teorema 0.2. [45] Neka je (H,◦) semihipergrupa (hipergrupa), tada je relacija β∗

najmanja relacija ekvivalencije takva da je količnički skup H/β∗ semigrupa (grupa). Relacija β∗ se naziva fundamentalnom

relacijom na H, a količnički skup H/β∗ se naziva fundamentalnom semigrupom (grupom). Važno je naglasiti da se u

hipergrupi ix fundamentalna relacija β poklapa sa relacijom β∗ [32]. Dakle, količnički skup dobijen faktorisanjem hipergrupe

(sa odgovarajućom operacijom) po relaciji β je grupa. U poglavlju Preliminaries se mogu naći de�nicije drugih značajnih

fundamentalnih relacija. Drugu grupa relacija koje se takod¯e nazivaju fundamentalnim čine relacije koje je uveo Jantosciak

[42] da bi de�nisao pojam reducibilne hipergrupe. Jantosciak je primijetio da hiperproizvod na zadatom skupu nekada ne

pravi razliku izmed¯u para elemenata u skupu, tj., elementi nekada igraju istu ulogu u odnosu na zadatu hiperoperaciju.

Jantosciak je, motivisan primijećenim ponašanjem elemenata de�nisao odred¯ene ekvivalencije u cilju identi�kovanja

elemenata sa istim ponašanjem. [42] Dva elementa x, y u hipergrupi (H, ◦) su: operaciono ekvivalentna, ako su njihovi

hiperproizvodi sa svim elementima u H isti:

x ◦ a = y ◦ a , i a ◦ x = a ◦ y , za sve a u H ; nerazdvojiva, ako x

pripada istim hiperproizvodima a ◦ b kao y, za sve a, b in H; esencijalno nerazlikujuća, ako su operaciono ekvivalentni i

nerazdvojivi. De�nicija 0.5. [42] Reducibilna hipergrupa je hipergrupa u kojoj je klasa ekvivalencije svakog elementa u

odnosu na relaciju esencijalno nerazlikujući ∼e jednoelementni skup, tj., za sve elemente x ∈ H , važi xˆe = {x}. Osim gore

navedene de�nicije, isti autor je dokazao da je količnička hipergrupa, do- bijena faktorisanjem hipergrupe po relaciji

esencijalno nerazlikujući uvijek reducibilna i nazvao ju je reducubilna formom. Motivisan ovim svojstvom, pomenuti autor je

predložio da istraživanje reducibilnosti može dalje da se razvija u dva smjera: izučavanje reducibilnih grupa i izučavanje svih

hipergrupa koje imaju istu reducibilnu formu. U daljem tekstu dajemo primjer reducibilne hipergrupe. Primjer 0.6. Neka je (H,

◦) hipergrupa, gdje je hiperoperacija ” ◦ ” de�nisana sa sljedećom tabelom: ◦ a b c d a a a a,
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b, c a, b, d b a a a, b , c a, b , d (3) c a, b, c a, b, c a, b, c c, d d a, b, d a, b, d c, d

a, b, d Lako je primijetiti da a ∼o b, jer su vrste (i kolone) koje odgovaraju elementima a i b potpuno iste, otuda: âo = ˆbo = {a,

b}, dok je ĉo = {c} i dˆo = {d}. S druge strane, klasa ekvivalencije svakog elementa skupa H u odnosu na relaciju ∼i je

jednoelementni skup, kao i u odnosu na relaciju ∼e . Posljedično, hipergrupa (H, ◦) je reducibilna. x Izučavanje redicibilnosti

će u mojoj disertaciji biti prošireno na fazi slučaj u jednom pravcu. Posmatraćemo esencijalno nerazlikovanje izmed¯u slika

elemenata u klasičnoj hipergrupoj ”kroz” fazi skup. Drugi pravac je izučavanje esencijalnog nerazlikovanja izmed¯u

elemenata fazi hipergupe. U cilju izučavanja reducibilnosti proširene na ”fazi slučaj”, uvodimo pojam reducibilne fazi

hipergrupe, tj. fazi hipergrupe koja je re- ducibilna, kao i pojam fazi reducibilne hipergrupe, tj. hipergrupe obogaćene sa fazi

skupom (na kojoj je de�san fazi skup) koja je reducibilna. Da bismo de�nisali kon- cept fazi reducibilne hipegrupe, uvodimo

nove ekvivalencije po ugledu na one koje je de�nisao Jantosciak: fazi operaciona ekvivalentnost,fazi nerazlikovanje i fazi

esencijalno nerazlikovanje. De�nicija 0.7. [22] U hipergrupi (H, ◦) na kojoj je zadat fazi skup µ, de�nišemo sljedeće

ekvivalencije: 1. x i y su fazi operaciono ekvivalentni i pišemo x ∼fo y ako, za sve a ∈ H, µ(x◦a) = µ(y ◦ a) i µ(a ◦ x) = µ(a ◦ y); 2.

x i y su fazi nerazdvojivi i pišemo x ∼

� y ako µ(x) ∈ µ(a◦b) ⇐⇒ µ(y) ∈ µ(a◦b ), za a,b ∈ H ; 3. x i y

su fazi esencijalno nerazlikujući i pišemo x ∼fe y, ako su oni fazi operaciono ekvivalentni i fazi nerazdvojivi. [22] Hipergrupa

(H, ◦) je fazi reducibilna hipergrupa ako je klasa ekvivalencije svakog elementa u odnosu na relaciju fazi esencijalno

nerazlikovanje jednoelementni skup. Važnu klasa hiperstruktura koju ćemo posmatrati u disertaciji čine strukture hiper-

prstena. Hiperprsteni su hiperkompozicionalne strukture na kom su zadate dvije (hiper) operacije (tako da nisu obje

operacije), sa sličnim svojstvima koje imaju operacije u prstenu. Postoje različiti tipovi hiperprstena u zavisnosti od toga

kako su zadati adi- tivni i multiplikativni dio, tj., da li su oni de�nisani kao operacije ili hiperoperacije. Hiperprsten može da se

de�niše pomoću dvije hiperoperacije, ili sa jednom operacijom i jednom hiperoperacijom. Razlikujemo tri tipa hiperprstena:

aditivni, multiplikativni i generalni. Aditivni hiperprsten je hiperstruktura na kojoj su zadate aditivna hiper- operacija i

multiplikativna operacija, gdje je multiplikativna operacija distributivna u odnosu na aditivnu hiperoperaciju. Najpoznatiji

aditivni hiperprsten je de�nisao Kras- ner 1983. godine [46]. Multiplikativni hiperprsten je hiperprsten na kome su zadate

aditivna operacija i multiplikativna hiperoperacija, gdje je multiplikativna hiperop- eracija distributivna u odnosu na aditivnu

operaciju. Najširu klasu hiperprstena čine generalni hiperprsteni. Generalni hiperprsteni su hiperstrukture na kojima su

zadate dvije hiperoperacije, povezane distributivnim svojstvom. xi De�nicija 0.8. [51] Hiperkompozicionalna struktura (R, ⊕,

⊙) je hiperringoid ako 1. (R, ⊕) je hipergrupa. 2. (R, ⊙) je semigrupa. 3. Operacija ”⊙” je distributivna s obje strane u

odnosu na hiperoperaciju ”⊕.” Ako su i sabiranje i množenje hiperoperacije, tada hiperringoid postaje generalni hiperprsten.

De�nicija 0.9. [66] Ured¯ena trojka (R, ⊕, ⊙) je generalni hiperprsten ako: 1. (R, ⊕) je hipergrupa. 2. (R, ⊙) je

semihipergrupa. 3. Množenje ⊙ je distributivno u odnosu na ⊕, tj., za sve a,

https://app.ithenticate.com/en_us/report/76397904/similarity?dn=21ea59e04d8eb9de1f29877d7a6d1c777816c4e5f291749bbb3dffb9bac0d619ad4a63402d38ab35bc31a8fbf4e4c26ebf57fd0f55f2fb42b7bd705d10bbab40&source=587761717&node=3796&dsc=1&id=178
https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=11&dn=67feea6175794e638cd9d769b0d95caeba1f357259cc67123a536c59a01b75010028c36f61a117f6de5c547dc0a93c71d629110b7866827f890593a39fd8a281&source=1247276255&node=3265


22/09/2021, 14:36 Similarity Report

https://app.ithenticate.com/en_us/report/76397904/similarity 12/103

8b, c ∈ R a ⊙ ( b ⊕  c) = a ⊙  b ⊕  a ⊙  c i ( a ⊕  b) ⊙  c = a ⊙  c ⊕  b ⊙  c

. U poglavlju Preliminaries prezentujemo osnovne de�nicije i pojmove povezane sa hipergrupama, hiperprstenima i fazi

skupovima. U prvom dijelu ovog poglavlja da- jemo de�niciju hipergrupe, nakon čega de�nišemo sve tipove hipergrupa koje

su pred- met istraživanja dalje u tezi. Nakon toga, uvodimo de�niciju fundamentalne relacije i uvodimo relacije β∗ i γ∗, koje

omogućavaju da faktorisanje hipergrupe (semihipergrupe) po datim relacijama daje grupu (semigrupu). Dalje u ovom

poglavlju de�nišemo sva tri tipa hiperprstena. Na početku se podsjećamo de�nicije hiperprstena koji sadrži adi- tivnu

hiperoperaciju i multiplikativnu operaciju, a nakon toga predstavljamo prsten sa aditivnom operacijom i multiplikativnom

hiperoperacijom, a zatim uvodimo de�niciju generalnog hiperprstena, gdje su i sabiranje i množenje hiperoperacije. Osim

toga, pred- stavljamo važne klase hiperprstena s ciljem da izučavamo njihovu reducibilnost kasnije u tezi. Na kraju poglavlja

uvodimo de�niciju fazi skupa i detaljno objašnjavamo nje- govu vezu sa algebarskim hiperstrukturama. Takod¯e, u ovom

poglavlju izučavamo bitna svojstva poznatog fazi skupa µ (grade fazi skup), koji koristimo dalje u proučavanju fazi

redicibilnosti. Takod¯e, opisujemo proceduru konstrukcije niza pridruženih prostora i fazi skupova povezanih sa za˜datim

hipergrupoidom. U istoj sekciji uvodimo de�nicije fazi hiperoperacije i fazi hipersemigrupe. Drugo poglavlje se bavi sa

ispitivanjem reducibilnosti u hipergrupama. U pr- vom dijelu ovog poglavlja izlažemo motivaciju i rane ideje koje su povezane

s ovim konceptom, kao što je prikazano u članku [42], koji je predstavljao glavnu inspiraciju za pisanje ove teze. U prvom

dijelu poglavlja, prezentujemo neke rezultate o re- ducibilnosti hipergrupa povezanih sa binarnim relacijama [23]. Zatim se

fokusiramo xii na istraživanje reducibilnosti za više različitih tipova hipergrupa. U ovom poglavlju predstavljamo rezultate

koji su objavljeni u člancima Fuzzy reduced hypergroup, koji su 2020. godine objavile Kankaraš i Cristea u Mathematics, i

članka Reducibility in Corsini hypergroups, koji je objavila Kankaraš u Analele Stiinti�ce Universitatii Ovid- ius Constanta,

Seria Matematica 2021. godine. Dokazujemo da je proizvoljna kanonska hipergrupa reducibilna, i kao posljedicu dobijamo

da je proizvoljna hipergrupa sa par- cijalnim skalarnim identitetima (ili i.p.s. hipergrupa) takod¯e reducibilna. Svojstva i.p.s.

hipergrupe prezentovana u ovom poglavlju su značajna za dalje istraživanje fazi reducibilnosti ovih hipergrupa. Dalje u ovom

poglavlju izučavamo reducibilnost za odred¯ene klase cikličnih hipergrupa, i pokazujemo da njihova reducibilnost zavisi od

više uslova. Takod¯e, izučavamo reducibilnost jako značajne klase hipergrupa, tzv. kompletnih grupa i zaključujemo da

svaka prava kompletna hipergupa nije reducibilna. Ovaj rezultat koristimo kasnije pri izučavanju reducibilnosti kompletnih

hiperprstena. U posljednjoj sekciji drugog poglavlja dajemo neophodan i dovoljan uslov da Korsini- jeva hipergrupa (Corsini

hypergroup) bude reducibilna. Kao posljedicu ovog tvrd¯enja, zaključujemo da je dobro poznata B-hipergrupa, koja je

specijalan slučaj Korsinijeve hipegrupe, reducibilna hipergrupa. Takod¯e, ispitujemo da li su direktni proizvodi Ko- rsinijevih

hipergrupa reducibilni. Treće poglavlje se bavi fazi reducibilnošću u hipergrupama, tj. ispitivanjem re- ducibilnosti u ”običnim

hipergrupama” na kojima je zadat fazi skup. U prvom di- jelu poglavlja, uvodimo koncept fazi reducibilnosti, koji predstavlja

jedan od pravaca kako koncept reducibilnosti može da se proširi na fazi slučaj. Kasnije istražujemo fazi reducibilnost za više

klasa hipergrupa. Poglavlje sadrži rezultate objavljene u člancima Fuzzy reduced hypergroups i Reducibility in Corsini

hypergroups. Dokazu- jemo da proizvoljna totalna hipergrupa nije reducibilna, niti fazi reducibilna. Takod¯e, dokazujemo da

nijedna prava kompletna hipergrupa nije fazi reducibilna, a nakon toga isto pokazujemo i za hipergrupu sa parcijalnim

skalarnim identitima (i.p.s. hiper- grupa). Nakon toga, ispitujemo reducibilnost i fazi reducibilnost za posebnu klasu ne-
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kompletnih 1− hipergrupa koju su de�nisali Corsini i Cristea u [17], i pokazujemo da navedena hipergrupa nije reducibilna,

niti fazi reducibilna. U posljednjoj sekciji dokazujemo da Korsinijeva hipergrupa nije fazi reducibilna u odnosu na grade fazi

skup µ. Na kraju sekcije, posmatramo direktni proizvod Korsinijevih hipergrupa i pokazu- jemo da rezultujuća hipergrupa nije

fazi reducibilna. Poglavlje završavamo sa kratkim p˜regledom fazi hipergrupa. Ovo je drugi pravac ”fuzi�kacije” koncepta

reducibilnosti, koji će biti predmet našeg istraživanja u budućnosti. Reducibilnost u hiperprstenima je tema četvrtog

poglavlja ove disertacije. Lako je primijetiti da su u semigrupi (grupi), ekvivalencije ∼o and ∼i ekvivalentne relaciji xiii

jednakosti, što znači da x ∼o y ⇐⇒ x ∼i y ⇐⇒ x = y, pa nam izučavanje reducibil- nosti u hiperprstenima sa jednom

hiperoperacijom i jednom operacijom nije od značaja. Preciznije, nećemo se baviti izučavanjem reducibilnosti u aditivnom i

multiplikativnom prstenu. Dakle, izučavaćemo reducibilnost samo u generalnim hiperprstenima, gdje su i sabiranje i

množenje hiperoperacije. Za elemente x ∈ R, označimo sa xˆ⊕r i xˆ⊕r njihove klase ekvivalencije u odnosu na

hiperoperacije ⊕ i ⊙, respektivno, gdje r ∈ {o, i, e} predstavlja tip ekvivalencije koji razmatramo. De�nicija 0.10. [21] Kažemo

da su dva elementa x i y u hiperprstenu (R, ⊕, ⊙) op- eraciono ekvivalentna, nerazdvojiva ili esencijalno nerazlikujuća ako

imaju isto svojstvo u odnosu na obje hiperoperacije, tj. 1. x ∼o y ako x ⊕ a =

y ⊕  a, a ⊕  x = a ⊕  y i a ⊙  x = a ⊙  y, x ⊙ a = y ⊙  a , za sve a ∈ R. 2. x ∼i y ako

x ∈ a ⊕ b ⇐⇒ y ∈ a ⊕  b i x

∈ c ⊙ d ⇐⇒ y ∈ c ⊙ d, za sve a ∈ R. 3. Osim toga, x ∼e y ako x ∼o y i x ∼i y. Slično kao u hipergrupama, uvodimo de�niciju

reducibilnog hiperprstena, koristeći gore de�nisane relacije. De�nicija 0.11. [21] Hiperprsten R je reducibilni hiperprsten ako

je klasa ekvivalencije svakog elementa x ∈ R u odnosu na relaciju esencijalno nerazlikujući ∼e jednoelementni skup, tj., xˆe =

{x} za sve x ∈ R. Klasa ekvivalencije elementa x in R u odnosu na relaciju esencijalno nerazlikujući ∼e se dobija kao xˆe =

xˆ⊕e ∩ xˆ⊙e = (xˆ⊕o ∩ xˆ⊕i) ∩ (xˆ⊙o ∩ xˆ⊙i). Lako se primjećuje da, ako je makar jedan od hipergrupoida (R, ⊕) or (R,

⊙) reducibilan, tada je i hiperprsten (R, ⊕, ⊙) takod¯e reducibilan. Obrnuto, ako je (R, ⊕, ⊙) reducibilan hiperprsten, tada

hipergrupoidi (R, ⊕) i (R, ⊙) mogu a i ne moraju da budu reducibilni. Odred¯ujemo kako reducibilnost u hiperprstenima

zavisi od reducibilnosti u hiper- grupoidima od kojih je sačinjen. Dalje, ispitujemo reducibilnost u speci�čnim tipovima

generalnih prstena. Posebno, dokazujemo da kompletni hiperprsteni nisu reducibilni. Nakon toga odred¯ujemo uslove koji

impliciraju reducibilnost (H, R)− hiperprstena. Takod¯e, prezentujemo neka zanimljiva svojstva reducibilnosti u odred¯enim

tipovima hiperprstena, kao što su Hv− prsteni sa P − hiperoperacijama, △− prsteni, hiper- prsteni formalnih redova i drugi. xiv

U Posljednjem poglavlju su prezentovane nove ideje koje su povezene sa našim istraživanjem. Jedan od ciljeva našeg daljeg

istraživanja je izučavanje reducibilnosti u fazi hiperstrukturama, posebno u fazi hipergrupama. De�nition 0.12. [59] Neka je S

neprazan skup. Fazi hiperoperacija na S je preslika- vanje ◦ : S × S → F(S), gdje je F(S) skup svih fazi podskupova skupa S.

Struktura (S,◦) je fazi hipergrupoid. De�nicija 0.13. [59] Fazi hipergrupoid (S, ◦) je fazi hipersemigrupa ako

za sve a, b, c ∈ S, ( a ◦ b) ◦ c = a ◦ (b ◦ c
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) i za svaki fazi podskup µ na S važi (a ◦ µ)(r) = ∨t∈S((

a ◦ t)(r) ∧  µ(t )), ako ⎧ 0 , inače ⎨ ⎩ ( µ ◦ a)( r) = ∨ t∈S(µ(t) ∧  (t ◦ a)(r ), ako ⎧ 0 , inače

⎨ za sve r u S. ⎩ µ

≠∅ µ≠∅ (4) (5) De�nicija 0.14. [59] Fazi hipersemigrupa (S,◦) je fazi hipergrupa ako je x◦S = S◦x = χS, za sve x u S, gdje je χS

karakteristična funkcija skupa S,tj., χS (x) = ⎧0, if x ∈/ S. 1, if x ∈ S (6) ⎨ ⎩ Da bi de�nisali reducibilnu fazi hipergrupu,

uvodimo nove relacije ekvivalencije na fazi hipergrupi, tj. na hipergrupi na kojoj je zadata fazi hiperoperacija. Relacije imaju

ista imena kao u slučaju ”obične” hipergrupe: operaciona ekvivalentnost, nerazdvo- jivost i esencijalno nerazlikovanje. [22]

Dva elementa x, y u hipergrupi (H, ◦) su: 1. operaciono ekvivalentna ili o-ekvivalentna, i pišemo x ∼

o y , ako ( x ◦ a )(r) = ( y ◦ a )(r), i ( a ◦ x )(r) = ( a ◦ y )(r), za sve a , r ∈ H; 2

. nerazdvojiva ili i-ekvivalentna, i pišemo x ∼i y, ako za sve

a, b ∈ H, x ∈ supp( a ◦ b) ⇐⇒ y ∈ supp( a ◦ b ), tj., ( a ◦ b)(x ) ≠ 0 ⇐⇒ (a ◦ b)( y) ≠ 0

; 3. esencijalno nerazlikujući ili e-ekvivalentni, i pišemo x ∼e y, ako su operaciono ekvivalentni i nerazlikujući. xv De�nicija

0.15. [22] (H,◦) je reducibilna fazi hipergrupa ako i samo ako za sve x ∈ H važi xˆfe = {x}. U posljednjem poglavlju se nalaze

primjeri reducibilnih fazi hipergrupa koji su mo- tivacija za dalji nastavak istraživanja ovog svojstva. Osim toga,

namjeravamo da u budućnosti proširimo koncept fazi reducibilnosti na hiperprstene i istražujemo fazi re- ducibilnost u

odred¯enim tipovima generalnih hiperprstena. Podgorica, 2021. Milica Kankaraš xvi Abstract This thesis deals with the

reducibility property in algebraic hypercompositional struc- tures. The concept of reducibility was introduced by Jantosciak,

when he de�ned certain equivalences in order to identify elements which have the same role with respect to the

hyperoperation. He de�ned the operational equivalence, inseparability and essential in- distinguishability in a hypergroup

and called these relations fundamental. Besides, he gave a de�nion of a

reduced hypergroup as a hypergroup where the equivalence class of any element with

respect to the relation ”essential indistinguishability” is a singleton . Based on the

relations de�ned by Jantosciak, we introduce new equivalence relations
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on a crisp hypergroup endowed with a fuzzy set and call them the fuzzy

operational equivalence, fuzzy inseparability and fuzzy essential indistinguishability, i.e., we extend the reducibility concept

to the fuzzy case. We de�ne a fuzzy reduced hypergroup as a hypergroup where every element has a singleton equivalence

class with respect to the fuzzy essential indistinguishability. Further more, the extension can go to another di- rection, which

leads to the study of the reducibility in fuzzy hyperstructures, which are hyperstructures endowed with fuzzy

hyperoperations. The fuzzy reducibility strictly depends on the given fuzzy set, but in our thesis we will only consider the

fuzzy set µ de�ned by Corsini and called grade fuzzy set. In the second part of the thesis, the concept of the reducibility is

extended to general hyperrings. The equivalence relations a˜re de�ned with respect to the both, additive and multiplicative

hyperoperations. Af- ter presenting some general properties and examples of reduced hyperrings, our study focuses on

particular types of hyperrings. They are complete hyperrings, (H, R)− hy- perrings, △− hyperrings and the hyperring of formal

series. The thesis ends with a conclusive part containing also some ideas of future works. xvii Contents Introduction i Izvod

iz teze vi Izvod iz teze vi Abstract xvii 1 Preliminaries 1 1.1 Hypergroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1.1

Corsini hypergroups . . . . . . . . . . . . . . . . . . . . . . . . 5 1.1.2 Fundamental relations in hypergroups . . . . . . . . . . . . . . . 6 1.1.3

Complete hypergroups . . . . . . . . . . . . . . . . . . . . . . . 10 1.2 Hyperrings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.2.1

Fundamental relations in hyperrings . . . . . . . . . . . . . . . . 18 1.3 Fuzzy sets and connections with hyperstructures . . . . . . . . . . .

. . 19 1.3.1 Construction of join spaces using fuzzy sets . . . . . . . . . . . 21 2 Reducibility in hypergroups 25 2.1 Reducibility in

hypergroups . . . . . . . . . . . . . . . . . . . . . . . . 25 2.2 Reducibility of hypergroups connected with the binary relations . . . . 29 2.3

Reducibility in canonical hypergroups . . . . . . . . . . . . . . . . . . . 33 2.4 Reducibility in some cyclic hypergroups . . . . . . . . . . . . . . .

. . . 36 2.5 Reducibility in complete hypergroups . . . . . . . . . . . . . . . . . . . 39 2.6 The reducibility in Corsini hypergroups . . . . . . . .

. . . . . . . . . . 41 3 Fuzzy reducibility in hypergroups 44 3.1 Fuzzy reducibility in i.p.s. hypergroups . . . . . . . . . . . . . . . . . . 48 3.2

Fuzzy reducibility in non-complete 1-hypergroups . . . . . . . . . . . . 49 3.3 Fuzzy reducibility in Corsini hypergroups . . . . . . . . . . .

. . . . . . 54 3.4 Reduced fuzzy hypergroups . . . . . . . . . . . . . . . . . . . . . . . . 63 4 Reducibility in hyperrings 4.1 Reducibility in

hyperrings . . . . . . . . . . . . . . . . . . . . . . . . . 4.1.1 Some properties of the reducibility in hyperrings . . . . . . . . . 4.1.2 Reducibility in

complete hyperrings . . . . . . . . . . . . . . . . 65 65 67 72 xviii 4.1.3 Reducibility in (H, R)− hyperrings . . . . . . . . . . . . . . . . 74 5

Conclusions 78 References Biografy 81 86 xix Chapter 1 Preliminaries This chapter gathers together the basic notions and

results related to hypergroups and hyperrings. For a detailed overview we referee the readers to the fundamental books [13,

32]. 1.1 Hypergroups For a

non-empty set H , we denote by P∗(H) the family of all non-empty subsets of H. A binary

hyperoperation , called also a

hyperproduct, is an application ◦ :
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H×H → P∗( H ) and the pair (H, ◦) is called a hypergroupoid. It is

important to stress that in a hypergroupoid the hyperproduct x ◦ y between two arbitrary elements x and y in H is a non-

empty subset of H, while in classical algebraic structures, the result of a binary operation between two elements is just one

element of the initial set (called the support set). If the

associativity is also valid, i.e., (a◦b)◦c = a◦(b◦c), for all a, b, c ∈ H

, then the hypercompositional structure (H, ◦) is a semihypergroup that becomes a hypergroup when also the reproducibility

property holds: x ◦ H = H ◦ x = H for all x ∈ H. The hyperoperation ◦ is extended also to

non-empty subsets A, B of H and for x ∈ H

, there is [32]

A ◦ B = a ◦ b A ◦ x = A ◦ {x} x ◦ B = {x} ◦ B. a∈A⋃ ,b∈B So the associative property (a

◦ b) ◦ c = a ◦ (b ◦ c ) means that u◦ c = a ◦v. u⋃∈a◦ b v⋃∈b◦ c

1 CHAPTER 1. PRELIMINARIES 2 If the hyperoperation ◦ satis�es just the reproducibility, then (H, ◦) is called a quasi-

hypergroup [32]. A

hypergroupoid (H, ◦) which is both a semihypergroup and a quasihypergroup is called a hypergroup

[32]. For the representation of

a certain �nite hypergroup H we often use the Cayley table. The Cayley table describes the hyperoperation action on every

pair of elements in H. In the following example, we represent the hypergroupoid (H, ◦) with the Cayley table and show that

the given hypergroupoid is a hypergroup. Example 1.1. On the set H = {a, b, c, d} de�ne the hyperoperation ◦

by the following Cayley table: ◦ a b c d a a a a, b, c a, b, d b a a a, b, c a, b, d (1.1)

c a, b, c a, b, c a, b, c c, d d a, b, d a, b, d c, d a, b

https://app.ithenticate.com/en_us/report/76397904/similarity?dn=4379eae81e3b8d8669e13a52f5f3b8c85906c5f994e81a3455555f6c09e196622ae07d24ff46df8cafe39e258c4f7fd78b07a867765c209315e290c815a5860a&source=234725938&node=3791&dsc=1&id=102
https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=125&dn=24762c884602e79e705ac4d0a19e6a1d1e2475fcc7f59131fb23a680d0dd76eb083003bc4a7c420d46931d5fd9f4ecc20fe57e3dc37734bbd184613e8f39f73e&node=3788&source=4290981911
https://app.ithenticate.com/en_us/report/76397904/similarity?node=2909&source=2139275736&dn=75088f872640089397fd39eb746e687113d5c99a3ab3535b8e6d0561899ed0f096dad23fc91495fbb2f543324eb2867bd369cb628572ea79e50dd961e28b0550&id=258&dsc=1
https://app.ithenticate.com/en_us/report/76397904/similarity?id=349&dsc=1&node=2909&source=1640425606&dn=588990444560126468f2ac61eda47141a373d9944e72d7a503a1e5d43e45d500ea5f0580ad35ad4fe0cd7065fb47d7dd1eb400529b809b98d3d19e06c45df12e
https://app.ithenticate.com/en_us/report/76397904/similarity?source=41031891&node=37&dn=8bef7c5492d12cca072dfa7769e5cfa0e02b214f0f660284ff35e4ec59bb9b277a980e7c6bb1658bb743b34a64adc832eef5b389e3dcf49ffb5a58aef1e9a1d4&id=298&dsc=1
https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=15&dn=68e440fc2a4995959e87c6eb94f78d00240a1f11da81b67835eaa757287d6c914a9dd8ba384b8e7689c4e5c95c7c8bb002e6150d4e8bb475ec17b9d2967025a5&node=3265&source=1247276255


22/09/2021, 14:36 Similarity Report

https://app.ithenticate.com/en_us/report/76397904/similarity 17/103

5

79

1

90

122

21

, d Let us �rst check whether the reproduction axiom is valid, i.e., whether the hyperprod- uct of any element x with the set H

gives the whole set H. The hyperproduct a ◦ H is equal to a ◦ x = a ◦ a ∪ a ◦

b ∪  a ◦ c ∪  a ◦ d = {a} ∪  {a } ∪ {a, b , c} ∪ { a, b , d} = { a, b, c

, dx⋃}∈H= H. Due to the commutativity (the table is symmetrical about the main diagonal), the hyperproduct H ◦ a is equal to

a ◦ H, which means that a ◦ H = H ◦ a = H. Similarly it can be proved that

b ◦ H = c ◦ H = d ◦ H = H and H ◦ b = H ◦ c = H ◦ d = H

. The veri�cation of the associativity property sometimes can be very demanding, because in general, it requires n3 checks,

where |H | = n. Let us show the identity (

b◦c)◦d = b◦(c◦d ). Since b◦ c = {a, b, c

}, then the hyperproduct (

b ◦ c) ◦ d is equal to {a, b, c} ◦ d , which is further equal to a ◦ d ∪  b

◦

d ∪  c ◦ d = H. Similarly, b ◦ (c ◦ d) = b ◦ {c , d} = b ◦ c ∪  b

◦ d = H. All other checkings of the associativity identities can be done in a similar way. Since the hypergroupoid (H, ◦)

satis�es both, the associativity and the reproducibility, then it is a hypergroup. Remark 1.1. Notice that a hypergroup H

such that |x ◦ y | = 1, for any x, y ∈ H is a group , while every group is

a hypergroup. Some well known examples of hypergroups are listed below. Example 1.2. [32]

https://app.ithenticate.com/en_us/report/76397904/similarity?dn=abb0b8a3c73424d793516d55af04cfc593002633d8ca8076e76f1bcba4350cb7e55acedd08c5c6b55e98304ef6ab0ea564edf0c9d4405ea97777faa1877aaba2&node=3796&source=587761717&dsc=1&id=179
https://app.ithenticate.com/en_us/report/76397904/similarity?id=348&dsc=1&node=304&source=2965759596&dn=e5422b09c29a4b3aab869c164d95c940770715104f846a99c43bd59f8e7b6b24abc78783881466ae927b302bddbf9ede645cb1ae19e61ba548efc4eadebbc513
https://app.ithenticate.com/en_us/report/76397904/similarity?id=16&dsc=1&source=1247276255&node=3265&dn=a2f1da6d68d53c15a1c3af4781b2d96a906ccf62d8d6c6c7897e9d0822179a51ec9461f890985aa22553f8c1a6271ecbd3efae9a0b63d03d66a2207a9a5c31a4
https://app.ithenticate.com/en_us/report/76397904/similarity?id=364&dsc=1&source=3958647474&node=2909&dn=019bc72e1cebf12f581c2490584c2a7441869cf88a231ad4bc25019908b71d92246734892cbb6b675dc4010a9b63ab78ef101f20bb88ef9b964a30ee225210f4
https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=396&dn=168759ed2ff5a4ca660c0be3f390499a2a3f3a8bfc99847ba46705c820096d1f4f0f3f637c7f269faaa836be28f48b226d5c1b9aa2830bc09afb3c4dfacd5e6f&source=421371277&node=43
https://app.ithenticate.com/en_us/report/76397904/similarity?dn=5caf3927f396890b854383b31e2dc63c1eb7dc30c9fcdc37ccc55d193dc32398f2bbce7e408fa64fcfa3280065c7c0e7852bfc0087af717d727d4dcfa2bd0018&node=3796&source=587761239&dsc=1&id=190


22/09/2021, 14:36 Similarity Report

https://app.ithenticate.com/en_us/report/76397904/similarity 18/103

2

94

54

2

45

2

63

Let (G, ·) be a group , N be a normal subgroup of G , and for all x, y ∈ G

, the hyperoperation is given with x ◦ y = xyH. Then (G, ◦) is a hypergroup. CHAPTER 1. PRELIMINARIES 3 Example 1.3. [32]

Let the hyperoperation ” ◦ ”

be de�ned on the set of real numbers as follows: x ◦ x = x for all x ∈ R and x

◦ y

is the open interval between x and y . The hyperstructure (H, ◦) is a hypergroup

. De�nition 1.1. [13]

If H is a non-empty set and for all x, y ∈ H it holds that x◦y = H, then the hypergroup ( H, ◦) is

called a total hypergroup

. Analogously to subgroups and semigroups in classical algebra theory, in hypercom- positional algebra we introduce

subsemihypergroups and subhypergroups. De�nition 1.2. [13] A

non-empty subset K of a semihypergroup (H, ◦) is called a subsemihypergroup if it is a

semihypergroup. In other words, a non-empty set K of a semihypergroup (H, ◦) is a

subsemihypergroup if K ◦ K ⊆  K. A

non-empty subset L of a hypergroup (H, ◦) is called a subhypergroup if it is a hypergroup

. De�nition 1.3. [13] A subhypergroup K

of a hypergroup ( H, ◦) is said to be conjugable if for all x ∈ H there exists y ∈ H such that x

◦ y ⊆ K. The set H itself is a subhypergroup of
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H. We call all other subhypergroups as proper subhypergroups. Example 1.4. [35] If Z is the set of integers and the

hyperproduct on the set Z × Z is

de�ned as (a, b) ◦ (c, d) = {(a, b + d), ( c , b + d )}, then the

hyperstructure (Z × Z, ◦) is a hypergroup, while the hyperstructure (Z × {0}, ◦) is a subhypergroup of (H, ◦). De�nition 1.4. [13]

Let (H, ◦) be a hypergroupoid. An element e is called a left identity if for any a ∈ H , a ∈ e ◦

a. Similarly, an element e is called a right identity if for any a ∈ H , a ∈ a ◦ e . An

element e

is called an identity (or unit) if it is both, a left and a right identity , i.e., if for any a

∈ H, a ∈ a ◦ e ∩ e ◦ a

. De�nition 1.5. [13]

Let (H, ◦) be a hypergroup endowed with at least an identity. An element a′ ∈ H is called a left

inverse of a if there exists an identity e ∈ H such that e ∈ a′ ◦ a . An element a ′ ∈ H is called a

right inverse of a

if there exists an identity e ∈ H such that e ∈ a ◦ a ′. An element a

′ ∈

H is called an inverse of a if it is both, a left and a right identity

,
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i.e., there exists an identity e such that e ∈ a ◦ a ′ ∩ a′ ◦ a

. De�nition 1.6. [13] A

hypergroup (H,◦) is called a regular hypergroup if it has at least one identity and all elements from

H have at least one inverse

. Since the �rst papers on hypergroups, the homomorphisms between hyperstructures have been studied. The �rst

construction of a homomorphism was given by Corsini in CHAPTER 1. PRELIMINARIES 4 [6]. Later, in 1991, Jantosciak gave

the de�nitions for the various types of homomor- phisms [41]. We will present some of important de�nitions of

homomorphism which are widely used in the study of hyperstructures. De�nition 1.7. [32]

Let (H1, ◦) and (H2, ⋆) be two hypergroupoids. A mapping f : H1 → H2 is

called 1. A homomorphism if for all x, y ∈ H f (x ◦ y) ⊆  f (x) ◦ f (y). 2. A good homomorphism if for all x, y

∈ H f ( x ◦ y) = f (x) ◦ f (y). 3. A very good homomorphism if it is good and for all x, y ∈ H we have f

(x/y) = f (x)/f (y ) and f ( x \ y) = f (x) \ f (y) where x/y = {z ∈ H : x ∈ z ◦ y} and x \ y = {u ∈ H : y ∈ x ◦ u

}. There are many classes of hypergroups in hypergroup theory. We will mention some of them, which are relevant for our

research. One of the most important classes of hypergroups are join spaces. Join spaces are introduced in [55] by

Prenowitz. They are particular type of hypergroups, used in Graph theory, Geometry, Binary relations and other areas.

Jantosciak and Prenowitz [56, 57] have given an algebraic interpretation of linear, spherical and projective geometry using

”join” hyperoperation. In the linear geometry, the ”join” hyperoperation assigns to two distinct points a segment, in the

projective geometry it assigns to them a line, while in the spherical geometry, the ”join” hyperoperation assigns to two

distinct points a minor arc of great circle throught these points. Besides, join spaces can be used to characterize lattices,

median algebras, graphs and so on. Let a, b are elements from (H, ◦), and denote a/

b = {x ∈ H : a ∈ x ◦ b }. The set a/ b is called the quotient of a and b or

the extension of a from b [32]. De�nition 1.8. [32] A
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commutative hypergroup (H,◦) is called a join space if for all a,b,c,d from H , there is a/b ∩

c/d ≠ ∅ → a ◦ d ∩ b ◦ c ≠ ∅ The particular type of join

hypergroup having a scalar identity is called a canonical hypergroup. It was introduced by Krasner, who introduced them as

an additive part of hyperrings and hyper�elds. However, they were named after Mittas in [53], who has been later studied

them in depth. CHAPTER 1. PRELIMINARIES 5 De�nition 1.9. [32] We say that (H, ◦) is a canonical hypergroup if 1.

It is a commutative 2. It has a scalar identity (scalar unit ) i.e., there exists e ∈ H such

that for all x ∈ H there is x ◦ e = e ◦ x = x. 3. Every element has a unique inverse , i.e., for

all x ∈ H, there exists a unique x−1 ∈ H, such that e ∈ x ◦ x−1

∩

x−1 ◦ x. 4 . It is reversible , which means that for any triple ( x, y, z

) ∈ H3 holds (a) if y ∈ a ◦ x, then there exists a′ inverse

of a such that x ∈ a′ ◦ y . (b) if y ∈ x ◦ a, then there exists a′′ inverse of a such that x ∈ y ◦ a

′′. Remark 1

.2. [32] The identity of a canonical hypergroup is unique. Let (H, +) be a canonical hypergroup and N be an arbitrary

canonical subhyper- group of H and set H/

N = {x + N, x ∈ H}. Let us de�ne the hyperoperation +′ on H/ N as follows (x + N ) +′ (y +

N ) = {t + N |t ∈ x + y

}. Proposition 1.1. [60] For every canonical hypergroup H, if N is an arbitrary canonical subhypergroup of it, then the

hypergroup (H/N,+′) is a canonical, too. 1.1.1 Corsini hypergroups Let us present now a new class of hypergroups, called

Corsini hypergroups. We will observe in depth the reducibility property for Corsini hypergroups in the third chapter. In the

�rst studies concerning the relationship between hypergroups and hypergraphs, Corsini de�ned the following
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hypergroupoid. De�nition 1.10. [29] Let Γ = (H; {Ai}i) be a hypergraph, i.e., for any i, Ai ∈ P(H) \ ∅; i A(i) = H for any x ∈ H. Set

E(x) = x∈Ai Ai. The hypergroupoid HΓ = (H, ◦) wh⋃ere

the hyperoperation ◦ is de�ned by: ⋃ ∀( x, y ) ∈ H2, x ◦ y = E( x ) ∪ E( y

) is called a hypergraph hypergroupoid. De�nition 1.11. [15] The hypergroupoid HΓ

satis�es for each (x, y ) ∈ H2, the following conditions : CHAPTER 1. PRELIMINARIES 6 1. x◦y =

x◦x∪y ◦y , 2. x ∈ x ◦ x, 3. y ∈ x ◦ x

if and only if x ∈ y ◦ y. Theorem 1.1. [15] A hypergroupoid (H,◦) satisfying the conditions in

De�nition 3 .4 is a hypergroup if and only if also the following condition is valid: ∀(a, c) ∈ H 2 c

◦ c ◦ c \ c ◦ c ⊆  a ◦ a ◦ a

. This hypergroup was studied also in [2], where the authors named it ”Corsini hy- pergroup” and investigated also its

properties connected with the Cartesian product. Here we recall one result, that we will need in our research. Theorem 1.2.

[2] Let (H, ◦1) and (H, ◦2) be two Corsini hypergroups. Then the direct product of hypergroups (H × H, ◦1 × ◦2) is a Corsini

hypergroup if and only if (H, ◦1) or (H, ◦2) (or both) is a total hypergroup. Note that, for two given hypergroups de�ned on the

same support set H, the hyper- operation ⊗ = ◦1 × ◦2 is de�ned as (

x1, x2) ⊗  (y1, y2) = (x1 ◦1 y1, x2 ◦2 y2), x1, x2, y1, y2

∈ H. The structure (H × H, ⊗) is called the direct product of hypergroups. Let us de�ne a particular type of Corsini

hypergroup, studied for its important properties in the theory of automata and languages [51], which is called B-hypergroup

by G. Massouros. The name of this hypergroup was given due to the binary result that the hyperoperation gives. It was also

investigated in connection with forti�ed join spaces [50] or breakable semihypergroups [40]. De�nition 1.12. [51] Let H be

any non-empty set. For any (x, y) ∈ H2, de�ne ⋆ as follows x ⋆ y = {x, y}. Then the hypergroup (H,⋆) is called a B-hypergroup.

Proposition 1.2. [2] Any B-hypergroup (H, ⋆) is a Corsini hypergroup. 1.1.2 Fundamental relations in hypergroups In the

following we introduce one of the key concepts in the hypercompositional algebra. We de�ne fundamental relations, which

play the role of connection between the classical and the hypercompositional algebra. CHAPTER 1. PRELIMINARIES 7 As we

have already explained in the introductory part, the algebraic hypergroups are the most natural generalization of the

classical groups: the binary operation of groups is extended to a hyperoperation, where the composition of two elements of
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a given set gives a non-empty subset of it. The �rst example of such hyperoperation was given by Marty [48], when he

noticed that

if G is a group, and H is its subgroup, then the quotient G/H is a hypergroup. The

quotient G/H forms a group only in the case when H is a normal subgroup. In classical algebra, quotient sets are important

because they provide a tool for obtaining a stricter structure from the initial one. In the hyperalgebra, quotients sets are very

important because they connect classical algebraic structures with algebraic hyperstructures. Connection between

semihypergroups (hypergroups) and semigroups (groups) can be established via speci�c equivalence relations. These

relations play a role analogous to the congruences in the classical algebra. If we start with a (semi) hypergroup, using this

equivalence relation and a corresponding operation we get a (semi) group structure on the quotient set. To be more precize,

equivalence relation de�ned on a hyperstructure such that the quotient set (hyperstructure modulo this equivalence relation

) is a classical structure having the same behaviour, is called a fundamental relation. Besides, the fundamental relation

is the smallest equivalence relation such that the described quotient set is a classical structure.

The

corresponding quotient sets are called fundamental structures. Using fundamental relations, algebraic hyperstructures can

use a plenty of tools used in a classical algebra. In order to give a strict de�nition for these relation, let us �rst de�ne a

strongly regular relation. De�nition 1.13. [13]

Let (H, ◦) be a hypergroupoid, a, b ∈ H and ρ be an equivalence relation on H. Then ρ is regular to the

left if

:

aρb ⇒ (∀u ∈ H, ∀x ∈ u ◦ a, ∃y ∈ u ◦ b : xρy

and (1.2) ∀u ∈ H, ∀y′ ∈ u ◦ b, ∃x′ ∈ u ◦ a : x′ρy′) The relation ρ is regular to the right if: aρb ⇒ (∀

u ∈ H , ∀x ∈ a ◦ u , ∃y ∈ b ◦ u : xρy and (1.3) ∀ u ∈ H, ∀y′ ∈ b ◦ u, ∃ x′ ∈ a ◦ u :

x′ρy′) The
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relation

ρ is regular if it is regular to the left and to the right. CHAPTER 1. PRELIMINARIES 8 De�nition 1

.14. [13]

Let (H, ◦) be a hypergroupoid, a, b ∈ H and ρ be an equivalence relation on H. Then ρ is strongly regular

to the left if

:

aρb ⇒ ∀u ∈ H, ∀x ∈ u ◦ a, ∀y ∈ u ◦ b : xρy. The

relation ρ is strongly regular to the right if:

aρb ⇒ ∀u ∈ H, ∀x ∈ a ◦ u, ∀y ∈ b ◦ u : xρy. The relation ρ is strong

regular if it is strongly regular to the left and to the right

. Given a semigroup H and a regular relation R, the quotient H/R is a semihyper- group. Besides, with a properly de�ned

hyperoperation on the structure H/R, if the relation R is a stongly regular relation, then the quotient H/R is a semigroup.

Theorem 1.3. [32]

Let (H, ◦) be a semigroup and R be an equivalence relation on H. 1. If R is regular, then

the quotient H /R is a semihypergroup with respect to the following hyperoperation x¯ ⊗  ȳ = {z¯ : z

∈ x ◦ y}. 2. If the above hyperoperation is well de�ned on H /R, then the relation R is regular. Corollary

1. 1 . [13] If (H, ◦) is a hypergroup and R is an equivalence relation on H, then R is regular if and only if

(H /R, ⊗) is a hypergroup . The following theorem

states that a semihypergroup H factorized by a strongly regular relation R is a semigroup. Theorem 1.4. [13]
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Let (H, ◦) be a semihypergroup and R be an equivalence relation on H. 1. If R is strongly regular,

then the quotient H /R is a semigroup with respect to the following operation x¯ ⊗  ȳ = {z¯ : z ∈ x

◦ y}. 2. If the above operation is well de�ned on H /R, then the relation R is strongly regular. Corollary 1.

2 . [32] If (H, ◦) is a hypergroup and R is an equivalence relation on H, then R is strongly regular if

and only if (H /R, ⊗) is a group

. Strictly speaking, the fundamental relation is the smallest strongly regular equiva- lence relation, such that the

corresponding hyperstructure factorized by this relation CHAPTER 1. PRELIMINARIES 9 becomes a classical structure. Until

now, for semi (hypergroups), two fundamental re- lations are de�ned, by Koskas [45] and Freni [39]. Later, this concept has

been studied by Corsini, Vougiouklis, Davvaz, Loreanu-Fotea, Migliorato and many others. In 1970, Koskas connected

classical structures with hyperstructures using a relation β. He no- ticed a similar behaviour of elements belonging to the

same hyperproducts and using that, he de�ned a relation β which was re�exive and symmetric. After that, he denoted by β∗

its transitive closure in order to de�ne equivalence relation and to partition the quotient set into equivalence classes. In the

following we give the de�nition for the β relation. De�nition 1.15. [45] Let (H, ◦) be a semihypergroup and n ≥ 1, n ∈ N.

We de�ne the βn relation as follows n xβny if there exist a1, a2, . . . , an

such that {x, y} ⊆ ai ∏

i=1 and let β = ∪n≥1βn, where β1 = {(x, x)|x

∈

H} is the diagonal relation on H. The relation β is re�exive and symmetric [45]. We will denote

with

β∗ the transitive closure of β. Theorem 1.5. [45] β∗ is the smallest strongly regular equivalence

relation on H with respect to the inclusion. Theorem 1.6. [45] Let (H,◦) be a semihypergroup

(hypergroup), then the relation β∗ is the smallest equivalence relation such that the quotient H/β∗ is a semigroup

(group
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). As we have already mentioned,

the relation β∗ is called the fundamental relation on H and the quotient H/β∗ is called the

fundamental semigroup ( group

). It is important to emphasize that in hypergroups, the fundamental relation β coincides with the β∗ relation [32]. Thus, the

quotient set obtained by factorizing a hypergroup by the equivalence β is a group. Another fundamental relation, denoted γ,

was de�ned on a semihypergroup by Freni. He denoted by γ∗ its transitive closure, and he set

γ = n≥1 γn, where γ1 is the diagonal relation and for, n ≥ 1, γn is the relation de�ned as

fo⋃llows [39]: n n xγny ⇔ ∃(z1, z2, · · · , zn) ∈ Hn : ∃δ ∈ Sn : x ∈ zi, y ∈ zδ(i). ∏i=1 ∏i=1 CHAPTER 1. PRELIMINARIES 10 γ is

symmetric and re�exive. Theorem 1.7. [39]

Let H be a semihypergroup. The relation γ∗ is the smallest strongly regular equivalence relation

such that the quotient H /γ∗ is a commutative semigroup

. 1.1.3 Complete hypergroups Using fundamental relations, we de�ne wide and very important class of hypergroups, called

complete hypergroups. The de�nition of a complete hypergroup is based on the notion of complete part, introduced by

Koskas in [45]. The complete part is used for the purpose of character- ization of the equivalence class of an element under

the relation β∗. More precizely, a non-empty set A of a semihypergroup (H, ◦) is called a

complete part of H, if for any natural number n and any elements a1, a2, . . . , an in H, the

following implication holds [45]: n n A ∩ ai ≠ ∅ ⇒ ai ⊆  A. ∏i=1 ∏i=1

We may say, as it was mentioned in the overview paper written by Antampou�s et al [3], that a complete part A absorbs all

hyperproducts of the elements of H having non-empty intersection with A.

The intersection of all complete parts of H containing the subset A is called the complete

closure of A in H and denoted by C (A
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) [45]. The complete parts were later studied by Corsini [8] and Sureau [64]. De Salvo stud- ied some of their properties in

[37]. Migliorato also introduced a notion of a n−complete part, which is the generalization of complete parts [52]. For a given

semihypergroup H and a strongly regular relation R on H, the equiva- lence class of any element x from H is a complete part

of H [32]. Theorem 1.8. [32] Let (H, ◦) be a semihypergroup. The following conditions are equiv- alent:

1. ∀x,y∈H ∀a∈x◦y C(a)=x◦y. 2. ∀x, y ∈ H C(x ◦ y) = x ◦ y

. De�nition 1.16. [32] A semihypergroup

is complete if it satis�es one of the above equivalent conditions

. A hypergroup is complete if it is a complete semihypergroup. Let us de�ne the notion of the heart of hypergroup, which is

directly connected with fundamental relations. CHAPTER 1. PRELIMINARIES 11 De�nition 1.17. [32]

Let (H, ◦) be a hypergroup and consider the canonical projection ϕH : H → H/β∗. The heart of the

hypergroup H is the set ωH = {x ∈ H|ϕH(x) = 1}, where 1 is the identity of the group (H/β

∗, ⊗). As we explained before,

β∗ is the smallest strongly regular equivalence relation such that the quotient H/β ∗ represents a

group

and the operation ⊗ is given with β∗(

x) ⊗  β∗(y) = β∗(z), z ∈ x ◦ y , with x, y

∈ H. From the above de�nition, it is clear that the heart contains

all elements x for which the equivalence class β∗(x) is the identity in H/β∗. The
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heart of a hypergroup was studied in depth by Loreanu in her Phd thesis, and together with Corsini in [18]. Theorem 1.9. [32]

The heart wH is a

complete part of H . Moreover, the heart of a hypergroup is the smallest complete part of

hypergroup H , which is

also a subhypergroup of H[32]. Since it is satis�ed that β∗(x) = ωH ◦ x = x ◦ ωH, we may say that the heart gives us an

information about the partition set corresponding to the element x under the relation β∗. The heart ωH of a complete

hypergroup (H, ◦) has an interesting property: it contains all identities of H. Theorem 1.10. [13]

Let (H, ◦) be a complete hypergroup. 1 . The heart ωH is the set of two-sided identities of H . 2. H

is regular and reversible

. As we can see in [13, 19, 30], in practice, it is more convinient to use the following characterization of the complete

hypergroups. Theorem 1.11. [13]

Any complete hypergroup may be constructed as the union H

= Ag

of its subsets, where g ⋃∈G 1) (G, ·) is a group . 2) The family {Ag, | g ∈ G} is a partition of

G

, i.e.,

for any (g1, g2) ∈ G2, g1 ≠ g2 , there is Ag1 ∩ Ag2 = ∅. CHAPTER 1. PRELIMINARIES 12 3) If

(a, b) ∈ Ag1 × Ag2, then a ◦ b

= Ag1g2. Above theorem clearly shows that any group is a complete hypergroup, too. How- ever, in the thesis, we will

consider only proper complete hypergroups, so complete hypergroups that are not groups. Example 1.5. [19] Let (H,◦) be the

hypergroup represented by the following commu- tative Cayley table: ◦ e
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a1 a2 a3 e e a1, a2, a3 a1, a2, a3 a1, a2, a3 a1 e e e (1.4) a2 e e a3 e

The hypergroup (H, ◦) is complete, where the group G = (Z2, +), and the partition set contains A0 = {e}, A1 = {a1, a2, a3}. It is

clear that all conditions in Theorem 1.11 are ful�lled. The complete hypergroups have been studied for their general

properties [37], or in connection with their fuzzy grade [19, 26], or for their commutativity degree [61]. 1.2 Hyperrings

Hyperrings are hypercompositional structures endowed with two (hyper)operations, and denoted additively and the other

one multiplicatively (but not both operations), with similar properties of the operations on rings. There are different types of

hyperring structures depending on how the addition and multiplication are de�ned, i.e., if they are de�ned as operations or

hyperoperations. There are different concept of the hyperring structures in the hyperstructure theory. The hyperrings can be

de�ned with the help of two hyperoperations, or with the one hyperoperation and the one operation. We differ between three

types of hyperrings: additive, multiplicative and general hyperring. The additive hyperring is a hyperstructure endowed with

an additive hyperoperation and multiplicative operation, where the multiplicative operation is distributive with respect to the

additive hyperoperation. The most known additive hyperring was introduced by Krasner in 1983 [46], and it was named after

the author. Later, Krasner also studied quotient hyperrings and hyper�elds. This type of hyperring has been widely studied

CHAPTER 1. PRELIMINARIES 13 by many authors, as Massouros, Loreanu-Fotea, Davvaz, Mittas, Vougiouklis, Spartalis and

others. The other two types of hyperrings are multiplicative and general hyperring. De�nition 1.18. [46] A Krasner hyperring

is an algebraic structure (R, +, ·) such that the additive part (

R, +) is a canonical hypergroup , the multiplicative part ( R, ·) is a semigroup having zero as a

bilaterally absorbing element, i.e., x · 0 = 0 · x

= 0 for all x ∈ H, and the

multiplication ”·” is distributive with respect to the hyperoperation ”+”. A Krasner hyperring is

commutative if (R, ·) is a commutative semigroup. A Krasner hyperring is a hyperring with unit

if the semigroup (R, ·) has a unit [46]. Example 1.6. [4] On the set R = {0, a, b, c}, de�ne an hyperoperation + and a mul-

tiplication · by the following tables: +

0 a b c 0 0 a b c a 0 a, b a, c b b b a, c 0 , b a b c b a 0 · 0 a b c 0 0 0 0 0 a 0 a

b c b 0 b b 0 c 0 c 0 c The structure ( R, +, ·) is a Krasner hyperring
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. Example 1.7. [32] If (H, ≤, +) is a totally ordered group and the hyperaddition is given with

x ⊕  x = {t ∈ H|t ≤ x }, ∀x ∈ H, x ⊕ y = {max{ x, y}}, ∀x, y ∈ H, x ≠ y , then the structure ( H

, ⊕) de�nes a canonical hypergroup.

If (H, +, ·) is a totally ordered ring, then (H, ⊕ , ·) is a Krasner hyperring

. De�nition 1.19. [34] A

commutative Krasner hyperring with unit is called a Krasner hyper�eld if R \ {0} is a group

. Example 1.8. [5] On the set F = {0, 1} de�ne an additive hyperoperation ”+” and a multiplicative operation ”·” by the following

tables: + 0 1 · 0 1 0 0 1 0 0 0 1 1 0, 1 1 0 1 The hyperstructure (F, +, ·) is a Krasner hyper�eld. CHAPTER 1. PRELIMINARIES 14

An important example of a Krasner hyper�eld can be found in [46], where the author presented the way to construct Krasner

hyper�elds using a �eld. Example 1.9. [46] Let (F,+,·) be a

�eld, G be a subgroup of (F \{0},·) and let H = F/G = {aG|a ∈ F } where the hyperaddition

and the multiplication are given withtheformulas: aG⊕bG={cG|c∈aG+bG}, aG ⊙  bG = abG. Then

the hyperstructure (H, ⊕, ⊙) is a

hyper�eld. De�nition 1.20. [32] A

subhyperring of a Krasner hyperring ( R, +, ·) is a non-empty subset A of R which forms a Krasner

hyperring

. De�nition 1.21. [32]

Let (R, +, ·) be a hyperring, and A be a subhyperring of R . We say that A
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is a left (right) hyperideal of R if r · a ∈ A (a · r ∈ A) for all r ∈ R , with a ∈ A. A is a hyperideal of R if

it is both, left and right hyperideal

. In practice, sometimes it is more suitable to use the following characterization. Lemma 1.1. [32] Let A be a non-empty set

of the

hyperring (R , +, ·). A is a left (right) hyperideal of the hyperring if and only if 1 . For any a, b

∈ A , it holds that a − b ∈ A. 2 . If a ∈ R, r ∈ R then r · a ∈ A (a · r ∈ A

). Example 1.10. [5] Let (R, +, ·) be the hyperring from Example 1.6. The hyperideals of the hyperring R are the sets: {0}, {0, b},

{0, c}, {0, b, c} and R. The another type of hyperring, equipped with an additive operation and a multi- plicative hyperoperation

was introduced by R. Rota in [58]. This type of hyperring is called a multiplicative hyperring. More exactly, the

structure (R, +, ·) is a multiplicative hyperring if: (R, +) is an Abelian group

, (

R, ·) is a semihypergroup , and the operation · is weakly distributive with re- spect to

the hyperoperation +, i.e., a(b + c ) ⊆ ab + ac and ( b + c)a

⊆ ba + ca for

all a, b , c ∈ R [5]. Example 1 .11. [32] Let K be a �eld and V be a

vector space over K. Let < a, b > be a subspace generated by the set {a, b}, where a, b ∈ V. Then, if we de�ne

for all a, b ∈ V, a ◦ b =< a, b > . CHAPTER 1. PRELIMINARIES 15 Then the hyperstructure (V, +, ◦)

is a multiplicative hyperring

. Example 1.12. [32] Let (R, +, ·) be a ring and I
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be an ideal of it . If we de�ne the hyperoperation on R as ∀ a, b ∈ R a ⋆  b = ab + I, then the

hyperstructure ( R, +, ⋆) is a multiplicative hyperring

. De�nition 1.22. [32]

Let (R, +, ·) be a multiplicative hyperring and H be a non-empty subset of R. We say that H is a

subhyperring of (R, +, ·) if (H, +, ·) is a multiplicative hyperring

itself. Similarly to the Krasner hyperring, a

non-empty subset A of a multiplicative hyper- ring R is a left (right) hyperideal if for all a, b

∈ A there is a − b ∈ A and if a, r ∈ R it implies that r · a ∈ A(a · r ∈ A

). If the hyperideal is both, left and right, it is called a hyperideal [32]. Example 1.13. [27] Let (ZA, +, ◦) be a multiplicative

hyperring where ZA = Z, and the hypermultiplication is given with x ◦ y = {x · a · y|a ∈ A}, where A = {2, 4}. Then the set 12Z =

{12n : n ∈ N} is a hyperideal of the hyperring (ZA, +, ◦). The widest class of hyperrings is the class of general hyperrings.

These are hyper- structures endowed with two hyperoperations, connected by the distributibivity prop- erty. The general

hyperring was �rstly introduced by Corsini [7], who used it for de�ning and studied feeble hypermodules. Many authors gave

a de�nition of a general hyperring, but the most general one was by Spartalis in 1989 [62]. In order to de�ne general

hyperrings let us �rst de�ne the hyperringoid. De�nition 1.23. [51] A hypercompositional structure (

R, ⊕ , ⊙) is called a hyperringoid if 1. (R, ⊕) is a hypergroup. 2. (R, ⊙) is a semigroup. 3

. The operation ”⊙” distributes on both sides over the hyperoperation ”⊕.” This algebraic hyperstructure was �rst introduced

by Massouros and Mittas [51] in the study on languages and automata. If we request that both addition and multipli- cation

are hyperoperations, then the hyperringoid becomes a general hyperring. De�nition 1.24. [66] A

triple (R, ⊕ , ⊙) is a general hyperring if: 1. (R, ⊕) is a hypergroup . CHAPTER 1. PRELIMINARIES

16 2. (R, ⊙) is a semihypergroup. 3

. The
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multiplication ⊙  is distributive with respect to the addition ⊕ , i.e ., for all a, b, c ∈ R a ⊙  (b ⊕

c) = a ⊙  b ⊕  a ⊙  c and (a ⊕ b) ⊙  c = a ⊙ c ⊕ b ⊙  c

. In the following H∗ denotes the set H \ {ω}, where ω is the heart of the additive part of a hyperring. In any case, H denotes

hypergroups and R hyperrings. De�nition 1.25. [32] A commutative general hyperring (H,⊕,⊙) is called a hyper�eld if H∗ ≠ ∅

and (H∗,⊙) is a hypergroup. Example 1.14. [34] The hyperstructure (H, ⊕, ⊙), where

H = {a, b, c, d } is a hyper- �eld. ⊕ a b c d a a a, b c, d c, d b a, b a, b c, d c, d c c, d c, d a,

b a, b d c, d c, d a, b a

, b ⊙ a

b c d a a, b a, b a, b a, b b a, b a, b a, b a, b c a, b a, b c , d c, d d a, b a, b c, d c, d

De�nition 1.26. [32]

Let (H, ⊕ , ⊙) be a general hyperring and let K be a non-empty subset of it. We say that K

is a subhyperring of H if it satis�es the following

conditions: 1. (K, ⊕)

is a subgroup of (H , ⊕). 2. (K, ⊙) is a subsemihypergroup of (H , ⊙)((K∗, ⊙) is a

subsemihypergroup of (H

∗, ⊙)). De�nition 1.27. [32]

Let (H, ⊕ , ⊙) be a general hyperring and let I be a non-empty subset of it. We say that I

is a left(right) hyperideal of H, if it satis�es the following
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conditions : 1. ( I , ⊕) is a subhypergroup of ( H, ⊕). 2 . For al l x ∈ I , a ∈ H, a ⊙ x

⊆ I ( x ⊙  a

⊆ I ).

I is a hyperideal if it is a left and right hyperideal

. Every hyperring has two trivial hyperideals, the heart of an additive part of a hy- perring ω and a hyperring H. Example 1.15.

Notice that the subset {a, b} is a hyperideal of the hyper�eld presented in Example 1.14. CHAPTER 1. PRELIMINARIES 17

De�nition 1.28. [32] Let R1 and R2 be two general

hyperrings. A mapping φ from (R1, +, ·) to (R2, ⊕, ⊙) is said to be a good (strong)

homomorphism if for all a, b ∈ R1 1. φ(a + b) = φ(a) ⊕  φ(b ). 2. φ

(a · b) = φ(a) ⊙ φ(b). 3. φ(0) = 0. The Hv− structures were introduced by Vougiouklis at the 4th AHA Congress in 1990 [68],

as hypercompositional structures with weak associative hyperoperations. De�nition 1.29. [32] The

hyperstructure (H, ·) is an Hv -semigroup if x · (y · z) ∩ (x · y) · z ≠ ∅ for all x, y, z ∈ H

. If also

the reproduction axiom is valid, i.e., a · H = H · a = H

, then (H, ·) is an Hv−group. De�nition 1.30. [32] A

multi-valued system (R, ⊕ , ⊙) is an Hv − ring if: 1. (R, ⊕) is an Hv − group. 2. (R, ⊙) is an Hv −

semigroup. 3

. The multiplication ⊙ weakly distributes
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with respect to the addition ⊕ , i.e ., for all a, b, c ∈ R, (a ⊙  (b ⊕  c)) ∩ a ⊙  b ⊕  a ⊙  c ≠ ∅ and ((a ⊕

b) ⊙  c) ∩ a ⊙ c ⊕ b ⊙  c

≠ ∅. It is important to recall here that the

quotient of a group with respect to any of its subgroups is a hypergroup , while the quotient of

a group by any

equivalence relation gives birth to an Hv−group [49]. A recently published overview of the theory of weak- hyperstructures is

covered in [69]. In the following we will recall the construction of three types of hyperrings, that we will study in the fourth

chapter. The �rst one leads to an Hv− ring obtained from a ring. This structure was principally studied by Spartalis and

Vougiouklis [63], in connection with homomorphisms and numeration.

Let (R,+,·) be a ring and P1 and P2 be non-empty subsets of R

. The hyperopera- tions: xP1∗

y = x+y +P1 and xP2∗ y = x·y ·P2 for all x,y ∈ R are called the

P− hyperoperations [67]. Let Z(R) be the center of the multiplicative group (R,·). Theorem 1.12. [63]

Let (R, +, ·) be a ring and P1 and P2 be non-empty subsets of R

. If 0 ∈ P1 and Z(R) ∩ P2 ≠ ∅, then (R, P1∗, P2∗) is an Hv− ring, called the Hv − ring with the P − hyperoperations. CHAPTER 1.

PRELIMINARIES 18 We �nish this section by recalling the construction of the hyperring of the formal series [31, 43]. Based

on this, the structure of the set of polynomials over hyperring was studied.

Let (R, +, ·) be a general commutative hyperring . [31] A formal power series with coe�cients in

R is an in�nite sequence
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(a0, a1, a2, . . . , an, . . .) of elements ai in R. The set of all such power series is denoted by R[[x]]. We say that two power

series (a0,

a1, a2, . . . , an , . . .) and (b0, b1, b2, . . . , bn , . . .) are equal if and only if

ai = bi for all indices i. Let de�ne on R[[x]] the addition by (

a0, a1, a2, . . . , an, . . .) ⊕  (b0, b1, b2, . . . , bn, . . .) = {(c0, c1, c2, . . . , cn , . . .), ck ∈ ak + bk} and

the multiplication by

(

a0, a1, a2, . . . , an, . . .) ⊙  (b0, b1, b2, . . . , bn, · · · ) = {(c0, c1, c2, . . . , cn

, . . .), ck ∈ ai · bi} i+∑j=k The structure (R[[x]], ⊕, ⊙) is a general hyperring. It is worth to recall that the set of the polynomials

R[x] with coe�cients in R is a superring, with the same hyper- operations ⊕ and ⊙ de�ned above. This means that (R[x], ⊕)

is a canonical hyper- group, (R[x], ⊙) is a semihypergroup with 0 a bilaterally absorbing element and the multiplication is

weakly distributive on the left side with respect to the addition, i.e., f ⊙ (

g ⊕  h) ⊆  f ⊙  g ⊕  f ⊙  h , for f, g, h ∈ R[ x

]. 1.2.1 Fundamental relations in hyperrings Similar as for hypergroups, Vougiouklis intoduced the α∗− relation, which is the

small- est equivalence relation such that the quotient set (the hyperring modulo the relation) is a ring, and he was the �rst

one who named such a relation fundamental. He also investigated its relationship with the β∗− relation. CHAPTER 1.

PRELIMINARIES 19 De�nition 1.31. [32] Let (R, +, ·) be a general semihyperring (hyperring). We de�ne α as follows: a α b iff

{a,

b} ⊂  u where u is a sum of �nite products of elements from R . This is a

re�exive and symmetric relation, but generally not transitive [32]. The transitive closure α∗ of the relation α is called the

fundamental relation on
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R. Let us denote by U the set of all the �nite sums of products of elements of R

, and with α∗(a) the fundamental class of a. Then [32] a α b iff ∃

z1, . . . , zn ∈ R with z1 = a, zn+1 = b and u1 , u2, . . . , un ∈ U such that {zi, zi+1} ⊂  ui, for i = 1, . . . , n

. Theorem 1.13. [32] Let (R, +, ·) be a hyperring. Then the relation α∗ is the smallest equivalence relation de�ned on

R such that R/α∗ is a ring . The quotient R/α∗ is called the fundamental ring

. 1.3 Fuzzy sets and connections with hyperstruc- tures

Fuzzy sets have been introduced by L.A. Zadeh in 1965

[70] and they represent the ex- tension of the classical notion of a set. Any fuzzy set is characterized by a membership

function which assigns to every element a degree of membership. In the classical set theory

an element belongs or does not belong to the set

, which means that the mem- bership function is a binary function. More exactly, it is the characteristic function of the given

set, so it maps every element to 0 or 1, depending if the element doesn’t belong or belongs to the set. In the fuzzy set theory,

the membership function maps every element to a number from the interval [0, 1]. De�nition 1.32. [32]

Let X be a set. A fuzzy subset A of X is characterized by a membership function µA : X → [0, 1] which

associates with each point x ∈ X its grade or degree of membership µA(x) ∈ [0, 1

]. Example 1.16. [38] On the set X of real numbers, consider one initial point a and one �nal point c, while b represents one

intermediate point, i.e., a < b < c. The membership CHAPTER 1. PRELIMINARIES 20 function µA(x) is de�ned as follows: 0,

µA(x) = ⎧ xb−−aa , ⎪⎨ cc−−xb ,
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0, if x ≤ a if a ≤x≤ b if b≤x≤c ( 1 .5) if x

≥ c The membership function can be rep⎪⎩resented as in Figure 1.1. Because its triangular form, the fuzzy set (X, µA(x)) is

known as the triangular fuzzy number. Figure 1.1: Triangular fuzzy number Example 1.17. On the set X = N, let A = ”the set of

natural numbers closed to 10”. This fuzzy set can be represented by its membership function µA : X → [0, 1], µA(10) = 1,

µA(9) = µA(11) = 0.9, µA(7) = µA(12) = 0.8 and so on. De�nition 1.33. [59]De�ne the following operations:

Let A, B be fuzzy subsets of X. A ⊆  B

⇔ µA(x) ≤ µB(x), ∀x ∈ X. A = B ⇔

µA(x ) = µB( x), ∀x ∈ X. C = A ∪  B ⇔ µC( x ) = max{ µA(x), µB(x)}, ∀x ∈ X . C = A ∩

B ⇔ µC( x ) = min{ µA(x), µB(x)}, ∀x ∈ X . µAC = 1 − µA( x). The

connections between hyperstructures and fuzzy sets can be approached in three ways. First, we can de�ne crisp

hyperoperations trought fuzzy sets, as it was done by Corsini in [14]. The second approach are fuzzy hyperalgebras, which

can be considered as the extensions of the concept of fuzzy algebraic structures. For example, let the hypergroup (

H, ◦) be a crisp hypergroup, and µ be a fuzzy subset on it. We say that

the fuzzy set µ

is a fuzzy subhypergroup of (H, ◦) if every level set of the fuzzy set µ is a subhypergroup of (H

, ◦) [29]. Recall that if µ is a fuzzy subset of a set H, then the level set of µ, noted with µt de�nes as: µt = {x ∈ H|µ(x) ≥ t},

where t belongs to [0, 1]. In [28], where Davvaz introduced the concept of fuzzy subhypergroups, he also introduced the

concept of the fuzzy Hv−subgroup of an Hv−group. CHAPTER 1. PRELIMINARIES 21 The third approach refers to fuzzy

hyperstructures. They were studied by Corsini, Zahedi, Davvaz and many others. Here, the

fuzzy hyperoperation associates to every pair of elements a fuzzy set , instead of
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the non-empty subset. 1.3.1 Construction of join spaces using fuzzy sets Let us explain in more detail the �rst approach

involving the very important connection between fuzzy sets and hyperstructures given by Corsini in [14]. With any fuzzy

subset de�ned on a non-empty set H, he associates a join spaces. Theorem 1.14. [14]

Let µ : H → [0, 1] be a fuzzy subset of

H, where H is a nonempty set. De�ning

x ◦ y = {z ∈ H : µ(x) ∧  µ(y) ≤ µ(z) ≤ µ(x) ∨  µ(y

)} (1.6) The hypergroup (H, ◦) is a join space. Conversely, Corsini de�ned a

fuzzy subset associated with a hypergroupoid (H , ◦) as follows [16]: µ(u ) = q( u ) A( u ) ,

where A(u) = ( x,y)∈Q(u

) |x1◦

y|,Q(u) =˜{(x,y ) ∈ H2 : u ∈ x ◦ y },q( u ) = |Q( u )|. For Q(u ) = ∅, by defa∑ult we

take µ(u) = 0. We can interpret µ as

the average of the reciprocals of the sizes of the hyperproducts x ◦ y containing u

[29]. By associating a fuzzy set to the hypergroupoid˜ as in formula 1.6, we obtain˜the join space (1H, ◦1). µ Using formula

1.6 once again, from (1H, ◦1) we get the associated join space (2H, ◦1) and obtain˜ a new membership function µ1. By this

procedure we get a sequence of join spaces ((iH, ◦i), µi)i≥1 associated with H. ˜ The

length of˜ the sequence of join spaces associated with H , i.e., the

number of non-isomorphic join spaces in sequence is called the fuzzy grade of the hypergroupoid H
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, and the fuzzy set µ is called the grade fuzzy set [29]. De�nition 1.34. [13˜] A

hypergroupoid H has the fuzzy grade m , m ∈ N \ 0, and write f.g.(H) = m if, for any i, 0

≤ i ≤ m, the join spaces iH and i+1H associated with H are not isomorphic (where 0H = H) and for

any s, s ≥ m

,s H is isomorphic with mH. Let us show the above described procedure for a concrete hypergroup and calculate its fuzzy

grade. CHAPTER 1. PRELIMINARIES 22 Example 1.18. Let the

hypergroupoid H = {a, b, c } be given with the following table: ◦ a b c a a, b b b, c b a a, b

b, c (1.7) c a, c b b

The values of the elements a, b, c through the grade fuzzy set µ are: µ(a) = , µ(b) = , µ(c) = 5 5 1 8 7 2 . ˜ This gives the �rst

join space˜ represent˜ed

by the˜table ◦1 a b c a a a, b a, c b a, b b H (1.8) c a, c

H c Now, we calculate using formula 1.6 µ1(a) = ,µ1(b) = 21,µ1(c) = 15 2 11 8 3 and the second associated ˜join space i˜s

represente˜d

by the table : ◦2 a b c a a H a, c b H b b, c c a , c b, c c

(1.9) From here, we get µ3(a) = µ3(b) = µ3(c) = 8 . 15 It is clear now that the associ˜ated join˜ space h˜as the table: ◦4 a b c

a H H H b H H H (1.10) c H H H Easily, one notices that any associated join space sH, s ≥ 4 is the same as 3H, so the fuzzy

grade of the given hypergroup is 3, because the number of non-isomorphic join CHAPTER 1. PRELIMINARIES 23 spaces

associated with H is 3. Let us now de�ne a fuzzy hyperstructure, i.e., the hyperstructure endowed with a fuzzy

hyperoperation. In [59], Sen and Ameri gave the de�nition of a fuzzy semihyper- group. De�nition 1.35. [59] Let S be a non-

empty set. A fuzzy hyperoperation on S is a

mapping ◦ : S × S → F(S), where F(S) is the set of all fuzzy subsets of S . The

structure (S,◦) is called a
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fuzzy hypergroupoid. Theorem 1.15. [59] A fuzzy

hypergroupoid (S, ◦) is called a fuzzy hypersemigroup if for all a, b, c ∈ S (a ◦ b) ◦ c = a ◦ (b ◦ c ) and

for any fuzzy subset µ of S there is for all r in S. ( a ◦ µ)(r) = ∨ t∈S((a ◦ t)(r) ∧  µ(t )), if µ ≠ ∅

⎧0, otherwise ⎨ ⎩ (µ ◦ a)(r) = ∨ t∈S (µ( t ) ∧ (t ◦ a)(r ), if µ

≠ ∅ ⎧0, otherwise ⎨ ⎩ (1.11) (1.12) De�nition 1.36. [59] A fuzzy

hypersemigroup (S,◦) is called a fuzzy hypergroup if x ◦ S = S ◦ x = χS, for all x

in S, where χS is the

characteristic function of the set S,i.e., 1 ,if x ∈ S χS (x) = ⎧0 , if x

∈/ S. (1.13) ⎨ Example 1.19. [59] Let S = {a, b} and⎩de�ne the fuzzy hyperoperation as: (a◦a)(a) =

0.1, (a◦a)(b) = 0.2 , (a◦ b)(a ) = 0.2, ( a◦b)(b ) = 0.2, ( b◦a )(a) = 0 .3, (b◦ a)(b ) =

0.3, ( a ◦ b)(b

) = 0.2, (b ◦ b)(a) = 0.7, (b ◦ b)(b) = 0.8. Let us check whether the hyperproduct (a ◦ b) ◦ b is equal to a ◦ (b ◦ b). We can easily

notice that ((a ◦ b) ◦ b)(a) = 0.3, while ((a ◦ b) ◦ b)(b) = 0.2. Here, (

a ◦ a) ◦ a = ∨r ∈S(( a ◦ a)(r ) ∧ (r ◦ a)(a)) = ((a ◦ a)(a) ∧  (a ◦ a )(a)) ∨ ((a ◦ a)( b

) ∧ (b ◦ a)(a)) = 0.1 ∨ 0.2 = 0.2. Similarly, a ◦ (a ◦ a) = ∨

r∈S((a ◦ r)( a) ∧  (a ◦ a)(a)) = ((a ◦ a)(a) ∧  (a ◦ b )(a)) ∨ (( a ◦ b)( a

) ∧ (a ◦ a)(a)) = 0.2 CHAPTER 1. PRELIMINARIES 24 The all other identities can be proved in the similar way. The structure

(S, ◦) is a fuzzy hypersemigroup. Chapter 2 Reducibility in hyp ergroups This chapter deals with the reducibility property in
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hypergroups. We introduce the concept of the reducibility and examine the reducibility in certain types of hypergroups. 2.1

Reducibility in hypergroups The concept of reducibility was introduced by James Jantosciak in 1990 at the Fourth

International AHA Congress [42]. He noticed that it may happen that the hyperoper- ation does not distinguish between two

elements, i.e., that two elements have the same role with respect to the hyperoperation. He de�ned three equivalence

relations in order to claster elements with the same behaviour and called them fundamental. The fundamental relations

de�ned by Jantosciak [42] on an arbitrary hypergroup are operational equivalence, inseparability and essential

indistinguishability. De�nition 2.1. [42]

Two elements x,y in a hypergroup (H,◦) are called: 1. operationally equivalent or by short o-equivalent,

and write x ∼o y, if x◦a = y◦a, and a ◦ x = a ◦ y, for any a ∈ H; 2. inseparable or by short i-equivalent, and write

x ∼i y, if, for all a, b ∈ H, x ∈ a ◦ b ⇐⇒ y ∈ a ◦ b; 3. essentially indistinguishable or by short e-equivalent

,

and write x ∼e y, if they are operationally equivalent and inseparable

. Remark 2.1. Although they have the same name, the fundamental relations de�ned by Jantosciak must not be confused

with the fundamental relations de�ned in the previous 25 CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 26 section, which

are also called fundamental and connect classical algebraic structures with hyperstructures. De�nition 2.2. [42] A

reduced hypergroup has the equivalence class of each element with respect to the essentially

indistinguishable relation ∼e a singleton

, i.e., for any x ∈ H, there is xˆe = {x}. As we can see from the previous de�nition, if the equivalence class of any element x ∈

H contains no elements except x, the hypergroup is called reduced. Otherwise, we call it a non-reduced hypergoup.

Regarding the de�nition of a reduced hypergroup, we have to take care that xˆe = {x} does not mean that the equivalent

classes with respect to both, the operational equivalence and the inseparability are singleton. Moreover, it can happen that

neither these two equivalence classes is singleton. Let us suppose that, for example, xˆo = {x, y} and xˆi = {y, z}. From here, it

follows that xˆe = xˆo ∩ xˆi = {x}. However, if the hypergroup H is not reduced, so there exist two elements which belong to

the same equivalence class, i.e., xˆe = ŷe = {x, y}, then it neccesarily implies that xˆo = ŷo = xˆi = ŷi ⊇ {x, y}. In the same paper,

Jantosciak de�ned a reduced form of a hypergroup, i.e., he found a manner how to construct a new reduced hypergroup

from the given one. Proposition 2.1. [42]
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For any hypergroup (H, ·), the quotient (H/ ∼e, ⋆) is a reduced hypergroup and it is called a

reduced form of the hypergroup H . The quotient hypergroup H

/ ∼e contains equivalence classes xˆe with x ∈ H where xˆe ⋆ ŷe = {ẑe : z ∈ xy}. Proposition 2.2. [42] Let f be a mapping from

H onto a reduced hypergroup

K, such that x · y = f −1(f ( x)f (y)), for all x, y ∈ H

. Then K ∼= H/ ∼e . The above proposition characterizes a reduced form H/ ∼e as the reduced hyper- group from which is

possible to reconstruct the hypergroup H. According to this, as Jantosciak explained in [42], we can split the study of

hypergroups

into two parts, the study of reduced hypergroups and the study of hypergroups with the same

reduced form

. The following proposition shows that a

hyperoperation on H may be reconstructed from the hyperoperation on H/ ∼e via the canonical

mapping f : H → H/ ∼e where x · y = f −1(f (x)f (y

)). Also, the proposition enables us

to determine all hypergroups having the hypergroup H as their reduced form

[42]. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 27 Proposition 2.3. [42]

Let H be a hypergroup and K be a set . Let f be a mapping from K onto H

,
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such that x · y = f −1(f ( x )f ( y)), for all x, y ∈ H . Then K is a hypergroup and the

hypergroup H

is reduced if and only if K/∼e =∼ H. The following example explains the role of these

fundamental relations

. Example 2.1. [42] De�ne on the set H = Z × Z∗, where Z is the set of integers and Z∗ = Z \ {0}, the equivalence ∼ that assigns

equivalent fractions in the same class: (x, y) ∼ (u, v) if and only if xv = yu, for (x, y), (u, v) ∈ H. Endow H with a hypercom-

positional structure, considering the hyperproduct (w, x) ◦ (y, z) = (wz + xy,̂ xz)∼. It can be proved that the equivalence class

of the element (x, y) ∈ H with respect to all three fundamental relations is equal to the equivalence class of (x, y) with

respect to the equivalence ∼ . The equivalence class of an ordered pair (x, y) contains all order pairs (u, v), such that the

fractions uv are equal to xy . Therefore, H

is not a reduced hypergroup , but its reduced form is isomorphic with Q, the set of rationals

[22]. In the following we give an example of a non-reduced hypergroup and its reduced form. Example 2.2. Let (H, ◦) be a

hypergroup, where the hyperoperation ” ◦ ” is de�ned

by the following table: ◦ e a b c e e a b, c b, c a a b, c e e (2.1) b b, c e a a c b, c e a

a Since the rows corresponding to the elements b and c are exactly the same, then b ∼o c. Since it is obvious that the

elements b and c occur together in each hyperproduct, we conclude that bˆi = ĉi = {b, c}, which �nally gives that ˆbe = ĉe =

{b, c}. However, êe = {e} and âe = {a}. Since there exists an element such that its equivalence class is not a singleton, the

hypergroup is not reduced. Let us construct the reduced form of the hypergroup H. According to Proposition 2.1, the

obtained hypergroup will be reduced. For ease of presentation we will illustrate a reduced form via Cayley table, too. K êe âe

ˆbe êe êe âe ˆbe âe âe ˆbe êe (2.2) ˆbe bˆe êe êe CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 28 It is easy to check that

the hyperstructure (K, ⋆), where K = H/ ∼e, is associative and that the reproducibility is satis�ed. Thus, (H/ ∼e, ⋆) is a

hypergroup and it is obviously reduced. As it is stated in Proposition 2.3, we can reconstruct a hyperoperation on H via the

mapping f : H → H/ ∼e . Indeed, f−1(f(a)⋆f(b)) = f−1(âe⋆ˆbe) = f−1(êe) = e = a◦b. Similarly we can verify the statement for all

other hyperproducts x◦y, where x,y ∈ H. In the following we give an example of a reduced hypergroup. Example 2.3. Let (H, ◦)

be a hypergroup, where the hyperoperation ” ◦ ” is de�ned
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by the following table. ◦ a b c d a a a a, b, c a, b, d b a a a, b, c a, b, d (2.3) c a, b,

c a, b, c a, b, c c, d d a, b, d a, b, d c, d a, b , d One easily notices that a

∼o b, because the lines (and columns) corresponding to a and b are exactly the same, thereby: âo = ˆbo = {a, b}, while ĉo =

{c} and dˆo = {d}. But, on the other side, each element in H has equivalence class containing exactly one element with

respect to the relation ∼i, as well as with respect to the relation ∼e, by consequence (H, ◦) is reduced. Here, a reduced form

H/ ∼e is isomorphic to the hypergroup H. In [24] Cristea et al. discussed about the regularity of the fundamental relations,

proving that the operational equivalence and essential indistinguishability are regu- lar, while the inseparability is not regular.

Also, they proved that in general none of them is strongly regular. This means that the corresponding quotients modulo

these equivalences are not classical structures, but hyperstructures. If we consider Example 2.3, we can easily show that

the relation ∼o is a regular relation, but not a strongly regular relation. Since a ∼o b, then the regularity of the relation ∼o

would imply that for every u ∈ H and

for every x ∈ u ◦ a there exists y ∈ u ◦ b such that x ∼o y, and for every x ∈ a

◦ u there exists

y ∈ b ◦ u such that x ∼o y . Obviosly, for any u ∈ H , if x ∈ u ◦ a then x ∈ u ◦ b, and

it holds that

x ∼o x. Due to the commutativity of the hypergroup, the right regularity also easily follows. However, the operational

equivalence is not strongly regular. If we assume strongly regularity of the relation ∼o is , then a ∼o b implies that: ∀x ∈ a ◦

u, ∀y ∈ b ◦ u there CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 29 is x ∼o y . Taking that x = a

, u = c and y = c , if follows that a ∼o c, which is

not satis�ed. Example 2.4.

Let H = {a, b, c} be the following hypergroup: ◦ a b c a a a, b , c a, b , c b a, b , c b ,

c b, c (2.4) c a, b, c a, b, c a, b, c Notice that the elements b and
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c are essentialy indistinguishable, i.e., b ∼i c. If

we suppose that the relation ∼i is regular , we get: From c ∼ i b it

follows that for all u ∈ H and

for all x ∈ c ◦ u there exists y ∈ b ◦ u such that x ∼i y . Taking that u = b

, then for the element a which belongs to c ◦ b, there does not exist an element y in b ◦ b, such that a ∼i y. Since b ◦ b = {b, c},

indeed a ≁i b and a ≁i c. Thus, the relation ∼i is not a regular relation. Let us show, at the end, that in general, the relation ∼e

is not a strongly regular relation. Example 2.5.

Let H = {a, b, c} be the following hypergroup: ◦ a b c a a , b a, b H b a , b a, b H (2.5) c H

H c

Is it easy to see that the relation ∼e is regular. Notice that the elements a and b are the only elements in the hypergroup such

that a ∼e b. Strongly regularity would imply that: For all

u ∈ H and ∀ x ∈ a ◦ u, ∀y ∈ b ◦ u : x ∼e y . Taking that u = c , the element a belongs to a ◦

c

, the element c belongs to b ◦ c, but a ≁e c. Thus, the relation ∼e is not strongly regular. 2.2 Reducibility of hypergroups

connected with the binary relations In this section we present some results proved by Cristea and Stefanescu in [23]. They

associated different hypergroupoids with binary relations de�ned on a set H. Also, they investigated the reducibility in

hypergroups associated with the binary relation. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 30 The authors gave

necessary and su�cient conditions for hypergroupoids in order to be reduced hypergroups. Further, they gave conditions

such that hypergroups associated with the intersection, union and composition of relations are reduced. Rosenberg

has associated a partial hypergroupoid Hρ = ( H, ◦) with a binary relation ρ de�ned on a set H,

where for any x, y ∈ H , as [58] x ◦ x = Lx = {z ∈ H : ( x, z ) ∈ ρ}, x

◦ y = Lx ∪ Ly.
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Let ρ be a binary relation de�ned on a non-empty set H

. Denote by Lρx the set containing all elements z such that xρz, i.e., Lρx = {z ∈ H : (x, z) ∈ ρ}. Similarly, Rxρ = {z ∈ H : (z, x) ∈

ρ}. If ρ and δ are two different binary relations on H, then: Lρx∩δ = {z ∈ H : (z, x) ∈ ρ ∩ δ} = Lρx ∩ Lδx Rxρ∩δ = {z ∈ H : (z, x) ∈

ρ ∩ δ} = Rρx ∩ Rxδ Lxρ∪δ = {z ∈ H : (z, x) ∈ ρ ∪ δ} = Lρx ∪ Lδx Rρx∪δ = {z ∈ H : (z, x) ∈ ρ ∪ δ} = Rρx ∪ Rxδ Lxρδ = {z ∈ H : (x,

z) ∈ ρδ} = {z ∈ Lδt : t ∈ Lρx} Rxρδ = {z ∈ H : (z, x) ∈ ρδ} = {z ∈ Rρt : t ∈ Rδx} If, for any x ∈ H, Lρx = Lδx then ρ = δ. Proposition

2.4. [23] The hypergroupoid Hρ is reduced iff for all x ∈ H such that x ≠ y either Lx ≠ Ly or Rx ≠ Ry. Let Hρ be a hypergroup

associated with the binary relation ρ de�ned on H. Proposition 2.5. [23] If

ρ is an equivalence on H, then the hypergroupoid Hρ is a reduced hypergroup if and only if ρ =

△ H

= {(x,x) : x ∈ H}. Example 2.6. Let H = Z and the relation ρ is given on the set H with: xρy iff x ≡ y (mod5).

It is easy to check that the previous relation is an equivalence relation

. But, according to Theorem 2.5, the hypergroup Hρ associated with this relation is not reduced if ρ ≠ {(x, x) : x ∈ H}. Indeed, if

we set 5 ◦ a = 10 ◦ a, where a ∈ H then L5 ∪ La = L10 ∪ La which is obviously satis�ed because the elements 5 and 10

belong to the same equivalence class with respect to the relation ρ, having the same remainder after CHAPTER 2.

REDUCIBILITY IN HYPERGROUPS 31 dividing by 5. Similarly, the equality a ◦ 5 = a ◦ 10 is satis�ed for any a ∈ H. Also, the

elements 5 and 10 appear in the same hyperproducts because if 5 ∈ a ◦ b = La ∪ Lb, i.e., 5ρa or 5ρb, then certainly 10ρa or

10ρb, which means that 10 ∈ a ◦ b. We conclude that the hypergroup H associated with the relation ρ is not reduced. If we

choose the relation ”is equal to” instead of the above de�ned equivalence relation, then it can be easily checked that the

given hypergroup is reduced. Proposition 2.6. [23] If ρ is a non-symmetric quasiorder on H, then the hypergroup (Hρ, ◦)

is reduced if and only if for any x ≠ y

, Lx ≠ Ly. Example 2.7. Let ≤ be a quasiorder relation on H = R. Then, according to the de�nition of a hypergroup (Hρ, ◦), the

hyperproduct x ◦ x = Lx = {z ∈ H : xρz} = {z ∈ H : x ≤ z}, i.e., the hyperproduct x ◦ x contains all elements greater or equal to x.

Here, for any two different elements x and y, the sets Lx and Ly are different, as well. Proposition 2.6 states that such

hypergroup (Hρ, ◦) is a reduced hypergroup. Let us prove it on this particular example. Let us assume that
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x ◦ a = y ◦ a, for all a ∈ H. If equality holds for any a

, then it is obviosly satis�ed for any a ∈ H, such that a < x < y. Since x ◦ y = Lx ∪ Ly, then the equality x ◦ a = y ◦ a gives that Lx

= Ly which further implies that x = y.

Thus, x ◦ a = y ◦ a for any a implies that x = y

, i.e., xˆo = x for any x ∈ R. Hence, xˆe = x for any x ∈ H, which �nally gives that (Hρ, ◦) is a reduced hypergroup. Proposition

2.7. [23] If ρ is a re�exive, symmetric, non-transitive relation on H, such that ρ2 = H × H, then the hypergroup (Hρ, ◦) is

reduced

if and only if Lx ≠ Ly for all x, y ∈ H such that x ≠ y

. Proposition 2.8. [23] Let ρ and δ be two quasiorder relations on H. If the hypergroups Hρ and Hδ are reduced then the

hypergroup Hρ∩δ is reduced, too. Proposition 2.9. [23] Let ρ and δ be two binary relations

on H with full domain and full range such that

ρ2 = ρ,δ2 = δ and ρδ = δρ. If the hypergroup Hρδ is reduced then Hρ and Hδ are both reduced. In the following we present

the new results related to the reducibility in hypergroups. Proposition 2.10. Any subhypergroup (K, ◦) of a reduced

hypergroup (H, ◦) is a re- duced hypergroup. Proof. Let a be the element from the set

K. Since

K is a subhypergroup, then K ⊆ H. Then the element a belongs to the set H, as well, and since (H,◦) is a reduced hypergroup,

then âe = {a} i.e., (K,◦) is a reduced hypergroup, too. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 32 Remark 2.2. A

subhypergroup of a non-reduced hypergroup can be reduced or not. Example 2.8. Let the hypergroup (H, ◦) be given

by the following table ◦ a b x y a a b x, y x, y b b a x , y x , y x x , y x ,

y a , b a , b y x, y x , y a, b a, b
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The hypergroup (H, ◦) is non-reduced since x ◦ c = y ◦ c for any c ∈ H and x and y appear in the same hyperproducts. Thus, x

∼e y and consequently, (H, ◦) is not a reduced hypergroup. Let us note with K the subset {a, b} of the set H. Since (K, ◦) is a

hypergroup itself and K ⊂ H, then the hyperstructure (K, ◦) is a subhypergroup of a

hypergroup (H, ◦). It is easy to see that (K, ◦) is a

reduced hypergroup. In the following we show the interesting property of the reducibility, saying that the surjective

homomorphism preserves reducibility. Proposition 2.11. Let φ be a surjective homomorphism from the hypergroup (R,+) to

the hypergroup (T,⊕). If two elements are essential indistinguishable with respect to the hyperoperation +, then the images

of the same elements through φ are in the essential indistinguishable relation with respect to the hyperoperation ⊕. Proof.

Let x and y be elements from R such that x + a = y + a, where a ∈ R. This gives that {φ(l)|l ∈ x + a} = {φ(k)|k ∈ y + a}, so φ(x +

a) = φ(y + a). From here,

φ(x) ⊕  φ(a) = φ (y) ⊕ φ( a ). Denote φ(a ) = b and φ(x ) = x1, φ

(y) = y1. Thus, x1⊕b = y1⊕b. If the equality x+a = y+a holds for every a ∈ H then the last equality holds for all b ∈ T since

{φ(a)|a ∈ R} = T. Assuming a + x = y + x for all a ∈ R, similarly φ(a)⊕φ(x) = φ(a)⊕φ(y) for all a ∈ R. Hence, if x ∼+o y then

φ(x) ∼⊕o φ(y). Let

x ∼+i y , i.e., x ∈ a+b if and only if y ∈ a+b

for all a, b ∈ R. From this equivalence we get that φ(x) ∈ {φ(l)|l ∈ a +

b} if and only if φ (y) ∈ { φ (k)|k ∈ a + b }, so φ (x) ∈ φ( a + b

) if and only if φ(y) ∈ φ(a + b). Since φ is a homomorphism, φ(x) ∈

φ(a) ⊕  φ(b ) if and only if φ (y) ∈ φ(a) ⊕  φ(b ). Let φ (x) = x1, φ (y) = y1 and

φ

(a) = a1, φ(b) = b1. Since the mapping is surjective, a1 ⊕ b1 covers the whole set T. Hence, x1 ∈ a1 ⊕ b1 is equivalent with

y1 ∈ a1 ⊕ b1, for all a1, b1 ∈ T. Here, x ∼+i y implies φ(x) ∼⊕i φ(y). The de�nition of the essential indistinguishability
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relation, together with the above implications give the proof of the claim. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 33

2.3 Reducibility in canonical

hypergroups In this section we study the reducibility of canonical hypergroups . After we

investigate the reducibility for an arbitrary canonical hypergroup,

we introduce a special class of canonical hypergroups , so called i.p.s. hypergroups

. We present here some important properties of these hypergroups, neccesary for the study of their fuzzy reducibility.

Theorem 2.1. Any canonical hypergroup is a reduced hypergroup. Proof. Since any canonical hypergroup

has a scalar identity 0 such that 0◦x = x ◦0 = x for any x ∈ H

, then if we set a ◦ x = a ◦ y for any a ∈ H, by taking a = 0 we get: 0 ◦ x = 0 ◦ y, which implies that x = y. Thus, xˆo = {x} for all x ∈

H, so obviously xˆe = {x} for any x ∈ H. Hence, H is a reduced hypergroup. Remark 2.3. In the previous theorem, since an

arbitrary element has singleton equiva- lence class with respect to the operational equivalence, then obviosly, it has a

singleton equivalence class with respect to the essential indistinguishability, but even more, it holds that xˆi = {x} for all x ∈

H, since two elements does not appear in the same hyperproducts a ◦ b, where a, b ∈ H. Since x ∈ x ◦ 0, the element y

belongs to the same hyperproduct just if y = x, i.e.,

x ∈ a ◦ b if and only if y ∈ a ◦ b holds only if x = y

. Example 2.9. Let S = {−1, 0, 1}, and the hyperoperation ◦ is given by the following table ◦ −1

0 1 −1 − 1 −1 H 0 − 1 0 1 1 H 1 1 The hypergroup ( H

, ◦) is a canonical hypergroup. Indeed, 0 is a scalar identity, since for all x ∈ H, x ◦ 0 = 0 ◦ x = x. Also, since 0 ∈ 0 ◦ 0 then 0−1 =

0. Similarly, 0 ∈ 1 ◦ (−1) and 0 ∈ −1 ◦ 1, and consequently, 1−1 = −1 and (−1)−1 = 1. Thus, every element has a unique inverse.

At the and, let us check the last condition of De�nition 1.9. If 0 ∈ 1 ◦ (−1), then −1 belongs to the sets 1−1 ◦ 0 and 0 ◦ (−1)−1.

Similarly, the condition can be checked for the other hyperproducts. Since the rows in the table are distinct, we conclude that
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xˆo = {x}, for x ∈ {−1, 0, 1}. Hence xˆe = {x}, for any x in H, which gives that the given hypergroup is reduced. The following

proposition states that the canonical hypergroup modulo canonical subhypergroup is a reduced

hypergroup . CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 34 Proposition 2. 12. Let (H, +) be a

canonical hypergroup and N be

an arbitrary canon- ical subhypergroup of H.

Then the quotient H \ N is a reduced hypergroup . Proof. The Proposition is the direct

consequence of

Proposition 1.1 and Theorem 2.1. Now we will introduce a class of canonical hypergroups, called

i.p.s. hypergroups. An i.p.s. hypergroup is a canonical hypergroup with partial scalar identities

[12]. Its name, given by Corsini [12] comes from the Italian language, and the abbreviation ”i.p.s.” is derived from the ”identità

parziale scalare”, which translated into English, means partial scalar identity. We have to keep in mind that the notion of a

partial scalar identity and the

notion of a identity in a hypergroup (H , ◦) must not be confused. Recall that an element x ∈

H is called a scalar, if |x ◦ y| = |y ◦ x| = 1, for any y ∈ H. An element e ∈ H is called partial identity

of H if it is a left identity (i.e., there exists x ∈ H such that x ∈ e◦x) or a right identity (i.e., there exists y ∈ H such that y ∈ y◦e)

[12]. Denote the set of all partial identities of H by Ip. Besides, for a given element x ∈ H, a partial identity of x is an element u

∈ H such that x ∈ x ◦ u ∪ u ◦ x. The element u ∈ H is a partial scalar identity of x if x ∈ x ◦ u implies that x = x ◦ u and whenever

x ∈ u ◦ x it follows that x = u ◦ x. For any element x, Ip (x) denotes the set of all partial identities of x, Ips (x) denotes the

set of all partial scalar identities of x, while Sc( H ) denotes the set of all scalars of H. It is

easy to see that

the intersection of the sets Ip(x) and Sc(H) gives the set Ips(x). Remark 2.4. Regarding the expression ”partial identity” we

have to pay attention on the term ”partial”, that does not mean ”left or right” (identity). An element u is a partial identity is
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equivalent with the fact that u behaves partially as an identity with respect to an element x. Thus, u is not a left/right (i.e.,

partial) identity for the hypergroup H. Besides, an i.p.s. hypergroup is a commutative hypergroup, so the concept of partial

intended as left/right element satisfying a property (i.e. left/right unit) has no sense. Therefore, we observe that an element

u has the property of being partial identity for x means that that it has a similar behaviour as an identity but only with respect

to x (and not all the elements), so a partial role of being identity. Let us recall now the de�nition of an i.p.s. hypergroup. All

�nite i.p.s. hypergroups of order less than 9 have been determined by Corsini [10, 11, 12]. De�nition 2.3. [12] A hypergroup

(H,◦) is called i.p.s. hypergroup, if it satis�es the following conditions. 1. It is canonical, i.e., CHAPTER 2. REDUCIBILITY IN

HYPERGROUPS 35 ˆ

it is commutative ; ˆ it has a scalar identity 0 such that 0 ◦ x = x, for any x ∈ H ; ˆ every element x

∈ H has a unique inverse x−1 ∈ H, that is 0 ∈ x ◦ x−1 ; ˆ it is reversible, so y ∈ a ◦ x =⇒ x ∈ a−1 ◦ y, for

any a, x, y ∈ H

. 2. It satis�es the relation: for any a, x ∈ H, if x ∈ a ◦ x, then a ◦ x = x. The most useful properties of i.p.s. hypergroups are

gathered in the following result. Proposition 2.13. [12]

Let (H, ◦) be an i.p.s. hypergroup. 1. For any x ∈ H , the set x ◦ x−1 is a subhypergroup of H . 2. For

any x ∈ H \ {0}, we have: or x ∈ Sc(H

),

or there exists u ∈ Sc(H) \ {0} such that u ∈ x ◦ x−1. Moreover |Sc(H)| ≥ 2. 3. If x ∈ Sc(H), then

Ips(x)

contains just 0. If x ∉ Sc(H), then Ips( x) ⊂  Sc(H) ∩ x ◦ x−1 and therefore |Ips( x)| ≥ 2

. Proposition 2.14. Let (H, ◦) be an i.p.s. hypergroup.

For any scalar u ∈ H and for any element x ∈ H, there exists a unique y ∈ H such that u ∈ x ◦

y
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. Proof. The existence immediately follows from reproducibility. For proving the unicity, assume that there exist y1, y2 ∈ H, y1

≠ y2 such that u ∈ x ◦ y1 ∩ x ◦ y2. Then, by reversibility, it follows that y1, y2 ∈ x−1 ◦ u. Since u is a scalar element, we get |x−1

◦ u| = 1 and then y1 = y2 = x−1 ◦ u. Example 2.10. [12] Let us consider the following i.p.s. hypergroup (H, ◦) . H 0 1 2 3 0 0 1 2

3 1 1 2 0, 3 1 2 2 0, 3 1 2 3 3 1 2 0 Here we can notice that 0 is the only one identity of H. In addition, Sc(H) = {0,3}, and 0 ∈

0◦u only for u = 0, so Ips(0) = {0}. Also, only for u = 0 there is 3 ∈ 3◦u, thus Ips(3) = {0}. (In general, if x ∈ Sc(H) then Ips(x) =

{0}, according with Proposition 3.2.) Similarly, one gets Ip(1) = Ip(2) = {0,3} and since Sc(H) = {0,3}, it follows that Ips(1) =

Ips(2) = {0,3}. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 36 Note that, in an i.p.s. hypergroup, the Jantosciak

fundamental relations have a particular meaning, in the sense that, for any two elements there is a ∼

o b ⇐⇒ a ∼i b ⇐⇒ a ∼e b ⇐⇒ a = b

[22]. By consequence, one obtains the following result. Theorem 2.2. Any i.p.s. hypergroup is reduced. Proof. This is the

direct consequence of the Theorem 2.1. 2.4 Reducibility in some cyclic hypergroups Cyclic hypergroups have been

introduced by De Salvo and Freni [36] and Vougiouklis [65] independently. The notion of cyclicity is well known since it is an

important concept in theory of algebraic structures. The hypergroup is called cyclic if we can obtain whole hypergroup

applying a hyperoperation on a speci�c element which represents a generator of a hypergroup. Corsini did a synthesis of

two approaches in his book [13] and gave de�nitions using unambiguous terminology. After we recall the de�nitions we will

examine reducibility for certain types of cyclic hypergroups and present examples of some (non) reduced cyclic

hypergroups. De�nition 2.4. [13] A semihypergroup is

called cyclic if there exists h ∈ H such that ∀x ∈ H ∃n ∈ N such that x ∈ hn. We call h the s-

generator of H. A hypergroup is called s-cyclic if it is a cyclic semihypergroup

. De�nition 2.5. [65] A hypergroup (H, ◦) is called a

single-power cyclic hypergroup if there exists h ∈ H and s ∈ N such that H = h∪h2∪· · · hs∪· · · and

h ∪h1∪ h2 ∪· · · hm− 1 ⊆ hm for every m ∈ N

. The smallest power s for which formula H = h ∪ h2 ∪ · · · hs ∪ · · · is valid is called a period of h. Proposition 2.15. The only

single-power, non-reduced cyclic hypergroup of order two is the total hypergroup. Proof. Let H be a hypergroup of order two,

where H = {a, b}. If we suppose that

a ◦ x = b ◦ x, and x ◦ a = x ◦ b for all x
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∈ H and if a2 = H then it holds that a ◦ a = b ◦ a = H. Also, b ◦ a = b ◦ b which implies that b ◦ b = H. Similarly, a ◦ b = H. Thus, H

is a total hypergroup. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 37 Example 2.11. Let H be

a hypergroup given by the following table

◦ a b a H b (2.6) b b a The hypergroup (H, ◦) is a single-power cyclic hypergroup and

it is easy to see that it is a reduced hypergroup. Proposition 2.16. Let H be

a commutative single-power cyclic hypergroup of period 2, such that all its elements are generators, with |H| = 3. Then the

hypergroup H is not reduced

only if it is a total hypergroup. Proof. Let H = {a

, b, c} and a2 = b2 = c2 = H. In order to be a non-reduced hyper- group, the equivalence class of at least one element has to

be a non-singleton set. Let us suppose that âe = ˆbe = {a, b}.

This means that a ∼o b, which obviosly implies that a ◦ a = a ◦ b

= H. Due to the commutativity there is b ◦ a = H. In order to make elements a and b be operationally equivalent, it must be

valid that a ◦ c = b ◦ c. Now we will consider all possible options for the hyperproduct a ◦ c = b ◦ c. If a ◦ c = b ◦ c = a, then due

to the associativity it is valid that (a ◦

c) ◦ c = a ◦ ( c ◦ c ). Since a ◦ ( c ◦ c) = a ◦ H = H , then (a ◦ c) ◦ c = a ◦ c

= H which contradicts with the assumption. Similarly, taking that a◦c = b◦

c = b, and using that ( b◦c)◦c = b◦(c◦c) = b

https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=359&dn=40f43b3adbbf40cde713ed0e0822ef502ebb231a62a7ea96f320de49db66e4da679356798c9c94797a81057c90140c87acc76a9d14a45ee3d8e91fbb0f1b944c&node=1393&source=1175612878
https://app.ithenticate.com/en_us/report/76397904/similarity?node=3788&source=268850879&dn=a3850690aa76f75609377bd34be1e52f9d2c751a238e8056a2553103b2728e8254ba5456df91a0df0d2c5cbd03e03073a8e0b68c4866f470220dededdbfe924d&id=222&dsc=1
https://app.ithenticate.com/en_us/report/76397904/similarity?id=387&dsc=1&source=45075155&node=37&dn=84cc2a14eeec86d0caa139545525ef0f1cb12d6a1e1a00db662db9d8b292bf26f27a36b197762ff75551308343eaa76a61e9d956fa7063af7d94cc22c9456659
https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=338&dn=21a5d995f3ca28e82ae71721a0a36d4e5bcb5695e410a6eb5f9b0762a6c981edf8e152e919ae11f457f6683c0c2ece1c874d24932dd56a9a33acf8dbbc653931&node=3793&source=359700555
https://app.ithenticate.com/en_us/report/76397904/similarity?node=304&source=2727403543&dn=b352f6e40887e415409fea51978bfeddbf778389e80879d736a43baa4d814102ddb711fc676c3ecb6fb9d8ca948335a6bba7b463825123f21b22b5f88a9881d3&id=273&dsc=1
https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=148&dn=7e489605b5d73d5e554ad67d5948b6cf020bd7915b4514f7db5b60436c73160c60213ed56241428961261ed64b01e7d0452422ddd7051ad2aaecb697702fc59d&node=2209&source=4139547897
https://app.ithenticate.com/en_us/report/76397904/similarity?source=3330316785&node=3783&dn=5cb988271b171ba05c2e919c14491c323a1ebe142246ffc6f441c9a1942badeeb698b95a252391d8ff41a1c0751cdf20b9db08c1fa3574017ac08388ae19beba&id=317&dsc=1


22/09/2021, 14:36 Similarity Report

https://app.ithenticate.com/en_us/report/76397904/similarity 55/103

50

39

54

51

67

◦H = H we get that a ◦ c = H, which is false. At the end, if a ◦ c = b ◦ c = c, using the associativity rule for b ◦ (b ◦ c), we again

get a contradiction. The only remaining options for this hyperproduct are the sets: {a, b}, {a, c}, {b, c}. We won’t consider the

last two, because then it would hold that a ≁i b, which con- tradicts with the assumption that a ∼e b. Hence, the only

possible option is that a ◦ c = b ◦ c = {a, b}, but such a structure is not a hypergroup since the associativity rule is not

satis�ed. Namely, (a ◦ c) ◦ c = a ◦ (c ◦ c), but the left side of equality is equal to {a, b}, while the right side is equal to H. The

proof is analogous if we assume that a ∼e c or b ∼e c. We conclude that the only hypegroup which satis�es the conditions

of the Proposition and it is non-reduced, is the total hypergroup. Notice that in the case when |H| = 4 the previous

Proposition doesn’t hold. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 38 Example 2.12. Let the hypergroup is given

by the following table. ◦ a b c d a H H d H b H H d H (2.7) c d d H H d

H H H H The hyperstructure given by the above table is a commutative single-power cyclic hy- pergroup. Also, every element

of H is a generator with the period 2. Notice that the elements a and b appear in the same hyperproducts, which gives that a

∼i b. From the table we can see

that a ◦ x = b ◦ x and x ◦ a = x ◦ b , for any x ∈ H. Hence, x

∼o y. Therefore the hypegroup (H, ◦) is not a reduced hypergroup. Now we will present an example of an in�nite single-power

hypergroup and study its reducibility. Example 2.13. Let I be an open interval I = (0, 1) and

let the hyperoperation be given by: a ⋆  b = [a · b

)≤ = {x ∈ I : a · b ≤ x}. In [54] it has been proved that the structure (

I, ⋆) is a single power cyclic hypergroup with an in�nite period for an arbitrary a ∈ I

. Let us prove that the hypergroup is reduced.

Let a and a1 be elements from I such that a ◦ b = a1 ◦ b

for all b in I. Then [a · b)≤ = [a1 · b)≤, i.e., {x : x ≥ ab} = {x : x ≥ a1b}, which is ful�lled just in the case when a · b = a1 · b. Thus, a

= a1. Hence, for all a ∈ I it holds that âo = {a}, and thus âe = {a}, for all a ∈ I. Therefore, (I, ⋆) is a reduced hypergroup. In the
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following, we will show examples of hypergroups which are join spaces and are reduced hypergroups. Example 2.14.

Let ρ be a re�exive and symmetric relation on H . Let us consider the

hyperoperation on H given with: ∀(x, y) ∈ H2, x ◦ x = Lx, x ◦ y = Lx ∪ Ly, where Lx = {z ∈ H : (x, z) ∈ ρ}. In [47], L. Loreanu has

proved that the hyperstructure (H,◦) is a join space. As we have already seen at the beginning of the chapter, this

hyperoperation de�ned above was introduced by Rosenberg. Let the relation ρ be given on the set

H = {x,y,z } with: ρ = {( x ,x),( y ,y),( z,z),(x,z ),(z, x ),(y, z ),(z, y

)}.

It is easy to check that the relation ρ is re�exive and

symmetric. Using the de�nition of the hyperoperation ”◦” we get that x◦

y = x◦z = y◦z = H, while x ◦x = {x, z}, y◦y = CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 39 {

y, z } and z

◦ z = H. The hypergroup (H, ◦) is a reduced hypergroup, since we notice that arbitrary two elements from H are not

operationally equivalent, nor inseparable. Example 2.15.

Let V be a vector space over an ordered �eld F. If a, b ∈ V we can de�ne: a ◦ b = {λa + µb : λ > 0,

µ ≥ 0, λ + µ = 1}, then (V, ◦) is a join space, called an a�ne join space over F

[32]. In the following we prove that (H, ◦) is a reduced hypergroup.

Let a and b be two arbitrary elements from V such that a ∼o b , i.e., a ◦ x

= b ◦ x for all x ∈ V. Using the de�nition of the hyperoperation ” ◦ ”, and taking that x = a we get: a ◦ a = b ◦ a. Thus, {λa + µa : λ

> 0, µ > 0, λ + µ = 1} = {λb + µa : λ > 0, µ > 0, λ + µ = 1}. Since the �rst set contains just the point a, it will be equal to the
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segment [a, b] just in the case when a = b. Thus, a ∼o b implies a = b. From here, âe = {a} for all a ∈ V, i.e., H is a reduced

hypergroup. 2.5 Reducibility in complete hypergroups In this section we recall a very important class of hypergroups, so

called complete hypergroups. We give the de�nition of a complete hypergroup and we also describe a way how to construct

different complete hypergroups. In order to study the reducibility in complete hypergoups, we introduce a certain

equivalence relation in order to identify elements which are in the same equivalence class with respect to the relation ∼e .

Let (H, ◦) be a proper complete hypergroup (i.e. H is not a group). De�ne now on H the equivalence ” ∼ ” by: x ∼ y ⇐⇒ ∃g ∈ G

such that x, y ∈ Ag . (2.8) Proposition 2.17. On a proper complete hypergroup (H, ◦) , the equivalence ∼ in (2.8) is a

representation of the essentially indistinguishability equivalence ∼e . Proof. By Theorem 1.11, one notices

that, for any element x ∈ H, there exists a unique g ∈ G , namely gx, such that

x ∈ Agx. First, suppose that x ∼ y, i.e., there exists gx = gy ∈ G such that x, y ∈ Agx. For any arbitrary element a ∈ H, we can

say that a ∈ Aga, with ga ∈ G, and by the de�nition of the hyperproduct in the complete hypergroup (H, ◦) , there is x ◦ a =

Agxga = Agyga = y ◦ a, (and similarly, a ◦ x = a ◦ y,) implying that x ∼o y (i.e., x and y are operationally equivalent.) Secondly,

for any x ∈ a ◦ b = Agagb ∩ Agx, it follows that gagb = gx; but gx = gy, so y ∈ Agagb = a ◦ b. Thereby, x belongs to the set a ◦ b

if and only if y belongs to the same set, which means that x ∼i y (i.e. x and y are inseparable). We have proved that ∼⊆∼e .

Conversely, let us suppose that x ∼e y. Since x and y are inseparable, i.e.,

x ∈ a ◦ b if CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 40 and only if y ∈ a ◦ b , we may write x,

y

∈ Agagb. Therefore there exists gx = ga · gb ∈ G such that x, y ∈ Agx, so x ∼ y. Example 2.16. Considering Example 1.5, we

notice that the

equivalence classes of the elements of H with respect to the equivalence

∼ de�ned in (2.8) are: ê = {e}, â1 = â2 = â3 = {a1, a2, a3}. If we consider ∼e, we again get the same equivalences classes: êe

= {e}, â1 = {a1, a2, a3} = â2e = â3e. Theorem 2.3.

Any proper complete hypergroup is not reduced. Proof. Let (H, ◦) be a proper complete hypergroup

(meaning that it does not coincides with a group). Then
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there exists at least one element g in G such that |Ag| ≥ 2

. From here we conclude that there exists elements a and b, in H with a ≠ b, such that a ∼ b. Thence, a ∼e b which directly

proves non-reducibility of (H, ◦) . The following example is an example of a complete hypergroup which is generated by the

non-commutative group of quaternions. Example 2.17. Let (H, ◦) be a hypergroup represented by the following Cayley table:

H

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a1 a1, a2 a1, a2 a3 , a4 a3, a4 a5 a6, a7,

a8 a6, a7, a8 a6, a7, a8 a9 a10

a11, a12 a11, a12 a13 a2 a1, a2

a1, a2 a3, a4 a3, a4 a5 a6 , a7, a8 a6, a7, a8 a6, a7, a8 a9 a10

a11, a12 a11, a12 a13 a3 a3, a4 a3, a4 a1, a2 a1, a2 a6, a7, a8 a5 a5 a5 a10 a9 a13 a13 a11, a12 a4 a3, a4 a3, a4 a1, a2 a1,

a2 a6, a7, a8 a5 a5 a5 a10 a9 a13 a13 a11, a12 a5 a5 a5 a6, a7, a8 a6, a7, a8 a3, a4 a1, a2 a1, a2 a1, a2 a11, a12 a13 a10

a10 a9 a6

a6, a7, a8 a6, a7, a8 a5 a5 a1, a2 a3, a4 a3, a4 a3, a4

a13 a11, a12 a9 a9 a10 a7

a6, a7, a8 a6, a7, a8 a5 a5 a1, a2 a3, a4 a3, a4 a3, a4

a13 a11, a12 a9 a9 a10 a8

a6, a7, a8 a6, a7, a8 a5 a5 a1, a2 a3, a4 a3, a4 a3, a4

a13 a11, a12 a9 a9 a10 a9 a9 a9 a10 a10 a13 a11, a12 a11, a12 a11, a12 a3, a4 a1, a2 a5 a5 a6, a7, a8 a10 a10 a10 a9 a9
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a11, a12 a13 a13 a13 a1, a2 a3, a4 a6, a7, a8

a6, a7, a8 a5 a11 a11, a12 a11, a12 a13 a13 a13 a10 a10 a10 a6, a7, a8 a5 a3, a4 a3, a4 a1, a2 a12 a11, a12 a11, a12 a13

a13 a13 a10 a10 a10 a6, a7, a8 a5 a3, a4 a3, a4 a1, a2 a13 a13 a13 a11, a12 a11, a12 a10 a9 a9 a9 a5 a6, a7, a8 a1, a2 a1,

a2 a3, a4 (2.9) The hypergroup (H, ◦) is complete, where the group G = Q8 = {∓1, ∓i, ∓j, ∓k}. The hypergroup H can be

partitioned into disjoint sets: A0 = {e}, A1 = {a1, a2}, A−1 = {a3, a4}, Ai = {a5}, A−i = {a6, a7, a8}, Aj = {a9}, A−j = {a10}, Ak =

{a11, a12}, A−k = {a13}, and H = g∈G Ag. Remark 2.5. T⋃he conjugable subhypergroup of a complete hypergroup is not a re-

duced hypergroup. It is known that every conjugable semihypergroup of a complete hypergroup is a complete part [35].

According to Theorem 2.3, two arbitrary elements from the complete part are in the same equivalence class with respect to

the essen- tial indistinguishability relation, hence any conjugable subhypergroup of a complete hypergroup (which must be a

complete part) is not a reduced hypergroup, too. CHAPTER 2. REDUCIBILITY IN HYPERGROUPS 41 2.6 The reducibility in

Corsini hypergroups In this section we study the reducibility in Corsini hypergroups. We determine nec- essary and su�cient

conditions for Corsini hypergroups to be reduced and study the reducibility in the productional hypergroups containing

Corsini hypergroups. Proposition 2.18. Let (H, ◦) be a Corsini hypergroup. If there exist some different elements x, y in H

such that x ◦ x = y ◦ y, then the hypergroup (H, ◦) is not reduced. Proof.

Let x, y be arbitrary elements in H such that x ≠ y and x ◦ x = y

◦ y. It is easy to see that

x ◦ a = y ◦ a, for any a ∈ H, since x ◦ a = x ◦ x ∪ a ◦ a = y ◦ y ∪  a

◦ a = y ◦ a. Using the commutativity, we obtain that a ◦ x = a ◦ y, for any a ∈ H. Hence, x ∼o y. Let x ∈ c ◦ d, with x, c, d ∈ H.

Then x ∈ c ◦ c ∪ d ◦ d, which implies that x ∈ c ◦ c or x ∈ d ◦ d. Since (H, ◦) is a Corsini hypergroup, the previous implication

gives c ∈ x ◦ x or d ∈ x ◦ x and c ∈ y ◦ y or d ∈ y ◦ y. Using the same property, we conclude that y ∈ c ◦ d. Similarly, one proves

the converse implication. Therefore, x ∼i y. Hence, the hypergroup (H, ◦) is not reduced. As a consequence of Proposition

2.18, we obtain the following results. It gives necessary and su�cient condition for the Corsini hypergroup to be reduced.

Proposition 2.19. A Corsini hypergroup (H, ◦) with at least two different elements is reduced

if and only if x ◦ x ≠ y ◦ y, for all x, y
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∈ H. Proof. The contraposition of Proposition 2.18 directly gives the �rst direction. Suppose now that x ◦ x ≠ y ◦ y , for all x, y

∈ H. Take two arbitrary elements x ≠ y from H. We will prove that x ◦ a = y ◦ a, for all a ∈ H , just in case when x = y . Assume

that x ◦ a = y ◦ a, for all a ∈ H. From here,

we have x ◦ x = y ◦ x , which gives x ◦ x = y ◦ y ∪  x ◦ x

. The last equality is possible only if y ◦ y ⊆ x ◦ x. Similarly, since x ◦ y = y ◦ y , it follows the other inclusion x ◦ x ⊆ y ◦ y .

Therefore, x ◦ a = y ◦ a is equivalent with x ◦ x = y ◦ y , which contradicts the hypothesis. Hence, two arbitrary elements x and y

, x ≠ y are not operationally equivalent, thus xˆe = {x} for all x ∈ H, meaning that H is a reduced hypergroup. Proposition 2.20.

Any B-hypergroup is reduced. Proof. This immediately follows from Proposition 2.19, since in a B-hypergroup there is x ◦ x =

{x}, for all elements x. The following example shows Cayley table of a B− hypergroup (H, ◦), where |H| = 3. CHAPTER 2.

REDUCIBILITY IN HYPERGROUPS 42 Example 2.18. ◦

x y z x x x, y x, z y x, y y y, z z x, z y

, z z In the following example we present a reduced Corsini hypergroup, which is not a B-hypergroup. Example 2.19.

On the set H = { a, b, c } de�ne the hyperoperation ”◦” by the following table: ◦ a b c a H H

H b H a, b H c

H H a, c Since all the rows in the table are different, it follows that xˆo = {x} for any x ∈ H, which clearly implies the

reducibility of the hypergroup. The following theorem determines whether the direct product of hypergroups is reduced, or

not. Theorem 2.4 ([23]). The hypergroup (H × H, ) is reduced if and only if the hyper- groups (H, ◦1) and (H, ◦2) are reduced. ⊗

Example 2.20. Let H = {a, b} and the hyperoperoperations ◦1 and ◦2 are given with the tables ◦1 a b a H

H b H H ◦ 1 a b a a H b H b

The hyperproduct of the

hypergroups (H, ◦1) and (H, ◦2) is the productional hyper- group ( H × H

, )
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given by the following table ◦1 × ◦2 ( a , a) (a, b ) (b, a) (b

,

b) ⊗  (a, a) {(a, a), (b, a )} H × H {( a, a), (b, a )} H × H ( a, b ) H × H {( a, b), (b, b )} H × H {(

a, b), (b, b)} (b, a ) {(a, a), ( b

,

a )} H × H {( a, a), (b, a )} H × H ( b , b) H × H {( a, b), (b, b )} H × H {( a, b), (b, b

)} Since the total hypergroup is not-reduced, according to Theorem 2.4, the productional hypergroup is not reduced, too.

Indeed, (a, a) ∼e (b, a) and (a, b) ∼e (b, b) which implies the non-reducibility of (H × H, ◦1 × ◦2). CHAPTER 2. REDUCIBILITY IN

HYPERGROUPS 43 Proposition 2.21. The direct product of B-hypergoups is reduced. Proof. Since any B-hypergroup is

reduced, this is a direct corollary of Theorem 2.4. Chapter 3 Fuzzy reducibility in hyp ergroups The following chapter is

dedicated to the study of the fuzzy reducibility. Here we consider crisp hypergroups endowed with a fuzzy set and

investigate their reducibility. As already mentioned in the introductory part of this thesis, the extension of the concept of

reducibility to the fuzzy case can be performed on a crisp hypergroup en- dowed with a fuzzy set, by de�ning, similarly to the

classical case, three equivalences as follows. De�nition 3.1. [22]

In a crisp hypergroup (H,◦) endowed with a fuzzy set µ, we de�ne the following equivalences : 1.

x and y are fuzzy operationally equivalent and write x ∼fo y if, for any a ∈ H, µ(x ◦ a) = µ(y ◦ a ) and µ(a ◦

x ) = µ(a ◦ y

); 2. x

and y are fuzzy inseparable and write x ∼� y if µ(x) ∈ µ(a ◦ b) ⇐⇒ µ(y) ∈ µ(a ◦ b), for a, b ∈ H ; 3. x

and y are fuzzy essentially indistinguishable and write x ∼fe y, if they are fuzzy operationally equivalent

and fuzzy inseparable. De�nition 3.2. [22] The crisp hypergroup (H,◦) is a fuzzy reduced hypergroup if and

only if the equivalence class of each element in H with respect to the fuzzy essentially indistinguishable relation

is a singleton
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, i.e., for all x ∈ H,xˆfe = {x}. Notice that the notion of fuzzy reducibility of a hypergroup is strictly connected with the

de�nition of the involved fuzzy set. 44 CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 45 Remark 3.1. [22] It is easy to

see that,

in any hypergroup H endowed with an arbitrary fuzzy set µ, the following implication holds :

for any a, b ∈ H , a ∼o b

⇒ a ∼f o b. Remark 3.2. (i) Let us �rst clarify in detail the meaning of µ (a ◦ b) , for any a, b ∈ H and any arbitrary fuzzy set µ

de�ned on H. Generally, the hyperproduct a ◦ b is a subset of H, so µ (a ◦ b) is the direct image of this subset through the

fuzzy set µ, i.e., µ(a ◦ b) = {µ (x) | x ∈ a ◦ b}. It is important to emphasize the following relations. If the hyperproduct a ◦ b is a

singleton, i.e., a ◦ b = {c}, then µ (a ◦ b) is a set which contains only the real number µ (c). Thereby, we can write µ (c) ∈ µ (a ◦

b), nevertheless we cannot write µ(c) = µ(a ◦ b), because the �rst member is a real number, while the second one is a set

containing the real number µ (c). Moreover, if a ∈ x ◦ y, then, obviosly µ (a) ∈ µ (x ◦ y), but the conversely doesn’t hold,

because it may happen that µ (a) ∈ µ (x′ ◦ y′) for a ∉ x′ ◦ y′. (ii) Generally, a ∼i b ⇏ a ∼� b, as we can see in the next example.

Indeed, if a ∼i b then a ∈ x ◦ y if and only if b ∈ x ◦ y. But it may happen that µ (a) ∈ µ (x′ ◦ y′) with a ∉ x′ ◦ y′, so also b ∉ x′ ◦ y′.

Also, if µ(a) ≠ µ(b), then µ (b) ∉ µ (x′ ◦ y′), thus a ≁i b. (iii) Finally,

it is easy to conclude that µ ( a ) = µ ( b) implies a ∼f i b

. The following example justi�es all the above mentioned assertions. Example 3.1. [19] Let (H, ◦) be a hypergroup

represented by the following commu- tative Cayley table: ◦

e a1 a2 a3 e e a1 a2, a3 a2, a3 a1 a2, a3 e e (3.1) a2 a1 a1 a3 a1

One notices immediately that a2 ∼i a3, while a1 ≁i a2. a) De�ne now on H the fuzzy set µ as follows: µ (e) = 1, µ (a1) = µ (a2)

= 0.3, µ (a3) = 0.5. Since µ (a1) = µ (a2) , it follows that a1 ∼� a2. Moreover, since e ◦ a1 = {a1}, we have µ (e ◦ a1) = {µ (a1)} =

{0.3} ∋ µ (a2) , while it is clear that µ (a3) ∈/ µ (e ◦ a1) , so a2 ≁� a3. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS

46 b) If we

de�ne on H the fuzzy set µ by taking µ (e) = µ (a1) = 1, µ (a2) = µ

(a3) = 13, it follows that e ∼� a1 and a2 ∼� a3. As we have already underlined, it is clear that the equivalences ∼fo, ∼�, and

∼fe are strictly related with the de�nition of the fuzzy set considered on the hypergroup. In the following we present the
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example of an in�nite hypergroup and study its fuzzy reducibility. Example 3.2. Consider the partially ordered group (

Z, +, ≤) with the usual addition and orderings of integers . De�ne on Z the hyperoperation a

∗ b = {x ∈ Z | a + b ≤ x }. Then ( Z , ∗) is a

hypergroup [54]. De�ne now on Z the fuzzy set µ as follows: µ(0) = 0 and µ(x) = |x1|, for any x ≠ 0. We obtain xˆf.o. = {x}, for

any x ∈ Z, therefore (Z, ∗) is fuzzy reduced with respect to µ. Indeed, for two arbitrary elements x and y in Z, we have x ∼fo y

if and only if µ(x ∗ a) = µ(y ∗ a), for any a ∈ Z, where µ(x ∗ a) = { |x+1a| |x+a+1| |x+a+2| , . . .} and similarly, µ(y ∗ a) = { |y+1a|

|y+a+1| , . . .}. Since , 1 , 1 , 1 a is an arbitrary integer, for any x and y we always �nd a suitable integer a such that x + a > 0

and y + a > 0. This means that the sets µ(x ∗ a) and µ(y ∗ a) contain descending sequences of positive integers, so they are

equal only when x = y. Therefore x ∼fo y. In the following, we will study the fuzzy reducibility of some particular types of �nite

hypergroups, with respect to the grade fuzzy set µ, de�ned by Corsini [16]. We recall here its de�nition. With any crisp

hypergroupoid (H,◦) (not necessarily a hypergroup) we may associate the fuzzy set considering, for a˜ny u ∈ H, µ ˜ 1 µ(u) =

(x,y∑)∈Q(u) |x ◦ y| q(u) , (3.

2) where Q(u) = {(a, b ) ∈ H2 | u ˜∈ a ◦ b } and q(u) = |Q(u )|. By convention, we take µ(u)

= 0

anytime when Q(u) = ∅. In other words, as it is written in [29], the value

µ(u ) represents the average value of reciprocals of the sizes of all hyperproducts x ◦ y

c˜ontaining the element in H. In addition, sometimes when we will refer to formula u (˜3.2), we will denote its numerator by

A(u), while the denominator is already denoted by q(u). Remark 3.3. As already explained in Remark 3.11 (ii), generally, for an

arbitrary fuzzy set, x ∼i y ⇏ x ∼� y, while the implication holds if we consider the grade fuzzy set µ. Indeed, if x ∼i y, then

x ∈ a ◦ b if and only if y ∈ a ◦ b and therefore Q( x ) = Q( y

), implying that q(x) = q(y), and moreover A(x) = A(y). This leads to the ˜ CHAPTER 3. FUZZY REDUCIBILITY IN

HYPERGROUPS 47 equality µ(x) = µ(y). By consequence, based on Remark 3.11 (iii), it holds x ∼� y, with respect to µ. ˜ ˜

Example 3.3. ˜Let us consider now a total �nite hypergroup
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H, i.e. x ◦ y = H, for all x, y ∈ H . It is

easy to see that x ∼e y

for any x, y ∈ H , meaning that xˆe = H, for any x ∈ H

. Thus, a total hypergroup is not reduced. What can we say about the fuzzy reducibility with respect to the grade fuzzy set µ?

For any u ∈ H , there is µ(u) = |H|H|2||2H1| = ˜ 1 |H | .

Since, x ∼◦ y for any x, y ∈ H˜, it follows that x ∼fo y , for any x, y

∈ H. Then, it is clear that µ(x) = µ(y),

for all x, y ∈ H , implying that x ∼� y , for all x, y ∈ H. Concluding, it follows that

any total �nite hypergroup is neither reduced, nor fuzzy reduced. ˜ ˜ Based now on Remarks 3.1 and 3.3, the following

assertion is clear. Corollary 3.1. If (H, ◦) is a not reduced hypergoup, then it is also not fuzzy reduced with respect to the

grade fuzzy set µ. Before we start to examine redu˜cibility for particular types of hypergroups, we will present an easy result

related to the fuzzy reducibility of a subhypergroup of hyper- groups. Proposition 3.1. The subhypergroup (K, ◦) of a fuzzy

reduced hypergroup (H, ◦) is a fuzzy reduced hypergroup. Proof. Let the element a be an arbitrary element that belongs to

the set K, where K ⊆ H. Then the element a also belongs to H, and since (H,◦) is fuzzy reduced there is âfe = {a} i.e., (K,◦) is a

fuzzy reduced hypergroup, too. Proposition 3.2. Let (H, ◦) be a proper complete hypergroup and consider on H the grade

fuzzy set µ. Then ∼⊂∼fe (with respect to the fuzzy set µ). Proof. By the d˜e�nition of the grade fuzzy set µ, one obtains ˜that

µ(x) = 1 |Agx | , for a˜ny x ∈ H. (3.3) Take now x, y ∈ H such tha˜t x ∼ y. There exists gx ∈ G such that x, y ∈ Agx, thereby µ (x)

= µ (y) and by Remark 3.11 (ii) we have x ∼� y. Moreover, by Proposition 3.4 ˜ ˜ CHAPTER 3. FUZZY REDUCIBILITY IN

HYPERGROUPS 48 there is x ∼o y and by Remark 3.1 we get that x ∼fo y. Concluding, we have proved that x ∼ y ⇒ x ∼fe y,

with respect to µ. Theorem 3.1. Any proper complete hy˜pergroup is not fuzzy reduced with respect to the grade fuzzy set µ.

Proof. Since (H˜,◦) is not reduced hypergroup, there exist elements a ≠ b ∈ H, where a,b ∈ H such that a ∼ b. By the

Proposition 3.6, a ∼e b implies a ∼fe b, meaning that (H,◦) is not fuzzy reduced with respect to the grade fuzzy set µ. ˜ 3.1

Fuzzy reducibility in i.p.s. hypergroups In the following we will discuss the fuzzy reducibility of i.p.s. hypergroups with

respect to the grade fuzzy set µ˜. In the previous chapter we proved that those hypergroups are reduced. Theorem 3.2. Any

i.p.s. hypergroup is not fuzzy reduced with respect to the fuzzy set µ˜. Proof. Since any i.p.s. hypergroup contains at least
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one non-zero scalar, take arbitrarly such a u ∈ Sc(H). We will prove that u ∼� 0 and u ∼fo 0, therefore |ˆ0fe| ≥ 2, meaning that

H is not fuzzy reduced. First we will prove that, for any u ∈ Sc(H), there is µ(0) = µ(u), equivalently with u ∼� 0. For doing this,

based on the fact that µ(x) = Aq((xx)), for all x ∈ H, we show that A(0) = A(u) and q(0) = q(u). ˜ ˜ ˜ Let us start with the

computation of q(0) and q(u). If 0 ∈ x ◦ y, it follows that y ∈ x−1 ◦ 0, that is y = x−1 and then Q(0) = {(x, y) ∈ H2 | 0 ∈ x ◦ y} = {(x,

x−1) | x ∈ H}. Thereby q(0) = |Q(0)| = n = |H|. On the other hand, by Proposition 2.14, we have q(u) = n = |H| (since for

any x ∈ H there exists a unique element y ∈ H such that u

belongs to the set x ◦ y [22]). Let us calculate now A(0). By formula (3.2), we get that A(0) = 1 = 1 (x,y∑)∈Q(0) |x ◦ y| |x ◦ x−1| =

∑x∈H |a ◦ a−1| 1 +

1 1 x ∉∑Sc(H ) | x ◦ x−1 | = |Sc( H)| + x ∉∑Sc( H ) |x ◦ x −1| . a∈∑Sc( H

) CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 49 Since, for u ∈ Sc(H), ∃x ∉ Sc(H) such that u ∈ x ◦ x−1 ∩ Ips(x), we

similarly get that A(u) = |Sc(H)| + 1 x∉∑Sc(H ) |x ◦ x−1| and it is clear that A(0) = A(u), so µ(0) = µ(u). Therefore 0 ∼f i u. It

remains to prove the second p˜art of t˜he theorem, that is 0 ∼fo u, equivalently with µ(0 ◦ x) = µ(u ◦ x), ∀x ∈ H. If x˜ ∈ Sc(H)˜,

then u ◦ x ∈ Sc(H) and by the �rst part of the theorem, there is µ(u ◦ x) = µ(0) = µ(x) = µ(0 ◦ x). ˜ If x ∉ Sc˜(H), th˜en

since˜Sc(H) ⊂ Ips(a), for any a ∉ Sc(H), it follows that Sc(H) ⊂ Ips(x), so u ◦ x = x, and then µ(u ◦ x) = µ(x) = µ(0 ◦ x). Now the

proof is complete. ˜ ˜ ˜ Example 3.4. Let the i.p.s hypergroup be given by the following table [25] H 0 1 2 3 4 0 0 1 2 3 4 1 1 0,

2 1 3 4 2 2 1 0 3 4 3 3 3 3 4 0, 1, 2 4 0 1 2 3 4 Notice that 0 is the unique scalar identity since 0 ◦ x = x for all x ∈ {0, 1, 2, 3, 4}.

Besides, the element 2 is a scalar with |2 ◦ x| = |x ◦ 2| = 1. Following the proof of Theorem 3.2, we have that 0 ∼f e 2. Indeed,

µ(0) = 1·2+ 12 ·2+ 13 ·2 = µ(2). Thus, µ(0) and 5 µ(2) appear in the same sets µ(a◦b), where a, b ∈ H, i.e., 0 ∼� 2. Also, µ(0◦x)

= µ(2◦x) for all x H. This is obvious for the elements˜1, 3, 4 since 0 ◦ x = 2˜◦ x, for x ∈ ˜{1, 3, 4}. ∈ N˜otice that µ(0 ◦ 0) = µ(2

◦˜0) = µ(0) = µ(2). Similarly, µ(0 ◦ 2) =˜ µ(2 ◦ 2)˜.From here, it follows that 0 ∼f0 2. Hence, ˆ0fe = ˆ2fe = {0,2} i.e., the

hypergroup is not fuzzy reduced. ˜ ˜ ˜ ˜ ˜ ˜ 3.2 Fuzzy reducibility in non-complete 1-hypergroups In this subsection we study

the reducibility and fuzzy reducibility with respect to the grade fuzzy set for some particular �nite non-complete 1-

hypergroups de�ned and CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 50 investigated by Corsini and Cristea [17].

Recall that the

hypergroup H is called 1- hypergroup if the cardinality of its heart ωH is 1 [13]. Let

us describe the procedure of the construction of the above mentioned hypergroup. Consider the set H = Hn = {
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e} ∪  A ∪  B, where A = {a1, . . . , aα} and B = {b1, . . . , bβ}, with α, β ≥ 2 and n = α + β + 1,

such that A ∩ B = ∅ and e ∈/ A

∪ B. De�ne on H the hyperoperation ”◦” by the following rule [17]: ˆ for all a ∈ A, a ◦ a = b1, ˆ for all (a1, a2) ∈ A2 such that a1

≠ a2, set a1 ◦ a2 = B, ˆ for all (a, b) ∈ A × B, set a ◦ b = b ◦ a = e, ˆ for all (b, b′) ∈ B2, there is b ◦ b′ = A, ˆ for all a ∈ A, set a ◦ e =

e ◦ a = A, ˆ for all b ∈ B, b ◦ e = e ◦ b = B and ˆ e ◦ e = e. Hn is an 1-hypergroup which is not complete. We will discuss the

(fuzzy) reducibility of this hypergroup for different cardinalities of the sets A and B. 1) Suppose now that n = |H6| =

6, where H = H6 = e ∪  A ∪  B, α = |A| = 2, β = |B| = 3, A ∩ B = ∅, e ∈/ A ∪  B with A

= {a1, a2}, B = {b1, b2, b3}. Thus the Cayley table of (H6, ◦) is the following one H e a1 a2 b1 b2 b3

e e A A B B B a1 b1 B e e e a2 b1 e e e b1 A

A A b2 A A b3 A From the above Cayley table, we notice immediately that the elements b2 and b3 are essentially

indistinguishable, while the equivalence class with respect to the ∼e of all other elements is a singleton. Thereby, H is not

reduced. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 51 Calculating now the values of the grade fuzzy set µ, one

obtains µ (e) = 1, µ (a1) = µ (a2) = 0.5, µ (b1) = 0.467, µ (b2) = µ (b3) = 0.333. Since µ(a1) = µ(a2), it follows that a1 ∼� a2. But

µ(a1◦a1) = µ({b1}) = {µ(b1)}, while µ˜(a1◦a2) = µ(B)˜= {µ(b1)˜,µ(b2)}, ˜so µ(a1 ◦ a1) ˜≠ µ(a1 ◦ a2), m˜eaning t˜hat a1 ≁fo a2,

that is˜a1 ≁fe a˜2. ˜ ˜ ˜ ˜ ˜ ˜ ˜ O˜n the other˜side, we have b2 ∼fo b3 because they are also operationally equivalent, and b2

∼� b3 because µ(b2) = µ(b3). This is equivalent with b2 ∼fe b3 and therefore H is not reduced with respect to µ. ˜ ˜ 2)

Consider now the most g˜eneral case. The Cayley table of the hypergroup H is the following one: H e a1 a2 · · · aα b1 b2 · · ·

bβ

e e A A · · · A B B · · · B a1 b1 B · · · B e e · · · e a2 b1 · · · . . . B e e · · · e

. . aα b1 e e · · · e b1 A A · · · A b2 A · · · . A . . . . bβ A As already calculated in [17], there is µ(e) = 1, µ (ai) = α1 , for any i = 1, . .

. , α, while µ(b1) = α2+β(ααβ2++22ββ)−α, and µ(bj) =˜ β1, for any j = 2,...,β. As in the previous ˜ case, we see that any two

elements in B\{b1} are operational equivalent, by consequence also fuzzy operational equivalent, and indistinguishable and

fuzzy indistinguishable ˜ ˜ (because their values under the grade fuzzy set µ are the same). Concluding, this non complete 1-

hypergroup is always not reduced, either not fuzzy reduced with respect to µ . ˜ R˜emark 3.4. The hypergroups de�ned by

the above described method are not the only one non-complete 1−hypergroups. In the following example we will present a
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non-complete 1−hypergroup which is both, reduced and fuzzy reduced with respect to the grade fuzzy set µ. ˜ CHAPTER 3.

FUZZY REDUCIBILITY IN HYPERGROUPS 52 Example 3.5. Let the hypergroup (

H, ◦) be given by the following table H e a b c d

e

e a, b a, b c, d c, d a a , b c , d c e e b a, b c c, d e e c c, d e e a, b a, b

d c, d e e a, b a

, b Notice that it holds that c ∼o d, but

c ∈ a ◦ b , while d ∈/ a ◦ b , which shows that c ≁i d and consequently, c ≁e d

. Since the rows corresponding to the elements a, b and c are different, those elements have singleton equivalence classes

with respect to the essential indistinguishability. Hence, (H, ◦) is a reduced hypergroup. By calculating the values of the

elements x ∈ H under the grade fuzzy set µ, one obtains µ(a) = µ(b) = µ(d) = 12 , µ(e) = 1, µ(c) = 58 . Since the �rst two rows

are the same, then we get that µ(c ◦ x) = µ(d ◦ x), for all x ∈ H. However, µ(c) ∈ µ(˜a ◦ b), while µ(d˜) does n˜ot belo˜ng to the

s˜ame set. H˜ence, c ≁fe d. Similarly we

prove that for arbitrary two elements x˜,y ∈ H the ˜re is x ≁fo y

, which �nally gives th˜at x ≁f˜e y. We conclu˜de that the hypergroup (H, ◦) is fuzzy reduced with respect to the grade fuzzy

set µ. In˜ the following we will show some results regarding the fuzzy reducibility in cyclic hypergroups. Again we will

consider the fuzzy reducibility with respect to the grade fuzzy set µ. Theorem˜ 3.3. [1]

There are only �ve commutative single power cyclic hypergroups of order two up to isomorphism

. Al-Tahan and Davvaz [1] listed all such hypergroups, with H = {a, b} as follows ◦

1 a b ◦2 a b ◦3 a b ◦4 a b ◦5 a b a
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H H a H H a H b a H H a H a b H H b H a b b a b H b b a

b (3.4) Proposition 3.3. All commutative single power cyclic hypergroups of order 2 except the total hypergroup are fuzzy

reduced with respect to the grade fuzzy set µ. Proof. Since Davvaz and Al-Tahan listed all commutative single power ˜cyclic

hyper- groups of order two, easy calculations of µ(x) for all x ∈ H prove this proposition. ˜ CHAPTER 3. FUZZY REDUCIBILITY

IN HYPERGROUPS 53 Notice that, except the total hypergroup, all other hypergroups listed above are reduced hypergroups.

Let us show the fuzzy reducibility of a particular single power cyclic hypergroup of order 2. Example 3.6. Let the hypergroup

(H, ◦) be given

with the following table ◦ a b a H H (3.5) b H b

Here, µ(a) = 12 , µ(b) = 58 . Since µ(a ◦ b) = { 12 , 58 } ≠ µ(b ◦ b) = 58 , then a ≁f o b, which immediately gives that âf e = {a},

ˆbf e = {b}. ˜ ˜ ˜ ˜ In the next example we will present a fuzzy reduced cyclic hypergroup which is not s-cyclic, nor single

power cyclic. Example 3.7. Let (H, ◦) be the following hypergroup ◦ 1 2 3 4 1 1 1 1, 2, 3 1, 2, 4 2 1 1 1, 2, 3 1, 2, 4 (3.6) 3 1, 2, 3

1, 2, 3 1, 2, 3 3, 4 4 1, 2, 3 1, 2, 4 3, 4 1, 2, 4 Using easy calculations, we obtain that µ(3) = µ(4) = 281, which shows that 3 ∼�

4. However, µ(3 ◦ 3) = {281, 1211} ≠ µ(4 ◦ 3) = {281}. Thus, 3 ≁� 4, implying that 3 ≁fe 4, thus the hypergroup (H,◦) is fuzzy

reduc˜ed with˜respect to the grade fuzzy set µ. ˜ ˜ Let us present an example of a non-fuzzy reduced hypergroup which is a

join s˜pace. Example 3.8.

Let ρ be a re�exive and symmetric relation given on the set H

= {x, y, z} with: ρ = {(x, x), (y,

y), (z , z), ( x, z), (z, x), (y, z ), (z, y )}. Let us consider the hyperoperation ◦ given on the

H with: ∀(x, y) ∈ H2, x ◦ x = Lx, x ◦ y = Lx ∪ Ly. In the previous chapter we proved that the hypergroup (Hρ, ◦) is a reduced

hypergroup. Let us form the Cayley table of a hypergroup for an easier computation of the grade CHAPTER 3. FUZZY

REDUCIBILITY IN HYPERGROUPS 54 fuzzy set for any x ∈ H. ◦ x

y z x x, z H H y H y, z H (3.7) z H H H
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Calculations give that µ(x) = 1478 = µ(y), which implies that x ∼fe y. Besides, µ(

x ◦ a ) = µ( y ◦ a) and µ( a ◦ x ) = µ( a ◦ y), for any a ∈ {x, y

, z}. Hence, the hypergroup (H, ◦) is not-fuzzy reduced˜. ˜ ˜ ˜ ˜ ˜ 3.3 Fuzzy reducibility in Corsini hypergroups The intent of

this section is proving that a Corsini hypergroup (H, ◦) is not fuzzy reduced with respect to the grade fuzzy set µ˜. For doing

this, �rst we present some properties regarding the hyperproducts xi ◦ xi, with xi ∈ H. For a �nite hypergroup H with n

elements, we will denote its cardinality by |H| = n. De�nition 3.3. [29] Let Γ = (H; {Ai}i) be a hypergraph, i.e., for any i, Ai ∈ P(H)

\ ∅; i A(i) = H for any x ∈ H. Set E(x) = x∈Ai Ai. The hypergroupoid HΓ = (H, ◦) wh⋃ere

the hyperoperation ◦ is de�ned by: ⋃ ∀( x, y ) ∈ H2, x ◦ y = E( x ) ∪ E( y

) is called a hypergraph hypergroupoid. De�nition 3.4. [15] The hypergroupoid HΓ

satis�es for each (x, y ) ∈ H2, the following conditions: 1. x ◦ y = x ◦ x ∪  y ◦ y , 2. x ∈ x ◦ x, 3. y ∈

x ◦ x

if and only if x ∈ y ◦ y. Theorem 3.4. [15] A hypergroupoid (H,◦) satisfying the conditions in

De�nition 3 .4 is a hypergroup if and only if also the following condition is valid: ∀(a, c) ∈ H 2 c

◦ c ◦ c \ c ◦ c ⊆  a ◦ a ◦ a. Proposition 3

.4. Let (H, ◦) be a Corsini hypergroup with n elements. If an element xi appears in exactly k hyperproducts xj ◦ xj, j = 1, 2, . . . ,

n, then q(xi) = 2nk − k2. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 55 Proof. Let xi be an arbitrary element from

H = {x1, x2, x3, . . . , xn} which appears in k hyperproducts xj ◦ xj, for some j = 1, . . . , n. By the de�nition of the hyperoperation

of a Corsini hypergroup, it follows that xi appears in every hyperproduct xj ◦ xk, with k ∈ {1, . . . , n}. For one �xed k, because

the commutativity, xi appears in n + n − 1 hyperproducts. The sum of all such cases is: (2n − 1) + (

2n − 1) − 2 · 1 + (2n − 1) − 2 · 2 + . . . + ( 2n − 1) − 2

· (k − 1) = (2n − 1) · k − 2(1 + 2 + . . . + k) = (2n − 1) · k − (k − 1)k = 2nk − k2. Proposition 3.5. The sum of all cardinalities of xi ◦

xi with xi ∈ H when |H| is odd (even) is an odd (even) number. Proof. Let |H | = n be an even number. If |xi ◦ xi| = 1, for every xi
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∈ H, then ni |xi ◦ xi| = 1 · n = n which is an even number. Let add k elements to a hyperproduct ∑xi◦ xi, k ≤ n − 1. In that case,

by the property 3 of the de�nition of the hyperoperation ” ◦ ”, we have to add the element xi to k− hyperproducts xj ◦ xj . All

together, we add k + k = 2k elements, which is again an even number. Continuing this process, so adding an arbitrary number

of elements to any hyperproduct xi ◦ xi, we always get an even number. Summing arbitrary even numbers, we obtain at the

end an even number. The proof is analogous in the case when n is an odd number. Proposition 3.6. Let (H, ◦) be a Corsini

hypergroupoid of cardinality n. The number of all possible different sums of the cardinalities of the hyperproducts xi ◦ xi, xi ∈

H, is n22−n + 1. Proof. The proof will be performed using the mathematical induction. For hypergroups of cardinality 2, the

property is easily satis�ed, because if H contains two elements, we have exactly two possibilities. The hyperproducts x ◦ x

are singleton, or equal to H. In the �rst case the sum of the cardinalities of xi ◦ xi is 2, while in the second case the sum is 4.

Thus, the number of the different sums is 2, i.e. 222−2 + 1. Assume that for |H| = n the number of the different sums is equal

to n22−n + 1. Let us prove that the claim is valid for |H| = n + 1. In this case we have to analyse only the hyperproduct xn+

1 ◦ xn+1. If xn+1 ◦ xn+1 = {xn+1

}, then we have n22−n + 1 possible sums, i.e. the number of sums is the same as in the inductive case. The other cases are:

xn+1 ◦ xn+1 = {xn +1, xi}, xn +1 ◦ xn+1 = {xn+1 , xi, xj}, . . . , xn+1 ◦ xn+1

= H. It gives n is equal to (n+1)22−(n+1) + 1, which proves the proposition. sums more, which is �nally n22−n +1+n, i.e.

number of possible sums when |H| = n+1 CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 56 Remark 3.5. Let (H, ◦) be

a Corsini hypergroup of cardinality n. There are at least n22−n + 1 Corsini hypergroups of order n up to isomorphism. Since

the hyperproducts x ◦ x, x ∈ H completely determine the hypergroup, it folows that n22−n + 1 different sums de�ne at least

as many different hypergroups. One sum can form more different tables, and in case when n ≥ 3 the number of hypergroups

is greater. Proposition 3.7. Let (H, ◦) be a Corsini hypergroup of cardinality n. If an element xi appears in k hyperproducts xj ◦

xj, and if we assume that the cardinalities of those sets are, respectively m1, m2, . . . , mk, then 1 1 m1 + m2 . . . mk + 2 · 1 +

+ 1 i=∑i1≠,.j..,k |xi ◦ xj | µ(xi) = 2nk − k2 Proof. According to˜ de�nition of the fuzzy grade set µ and Proposition 3.4, the result

is clearly satis�ed. ˜ Remark 3.6. If two elements of a Corsini hypergroup have the same number of ap- pearances in some

hyperproducts xj ◦ xj, and the cardinalities of those hyperproducts are the same for both elements, based on Proposition 3.7,

then their values under the grade fuzzy set µ are the same. Hereinafter, we will say that elements with this property are in the

same formation. ˜ Proposition 3.8. In any Corsini hypergroup (H, ◦) , the fuzzy operational equivalence implies the fuzzy

inseparability. Proof. Let x, y ∈ H be two arbitrary elements

in H such that x ∼fo y , i.e., µ( x ◦ a ) = µ( y ◦ a), for ∀a ∈ H

https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=395&dn=7bd015d1459ca3987f5e8c91f998c3491bd6dd68631471bebb18a38006b965b200170b162d00c8d824f3a808cb3c45702c440e6f104b06eb76987a37f4bdde39&source=707516453&node=1422
https://app.ithenticate.com/en_us/report/76397904/similarity?source=637704078&node=43&dn=bfa8bbc08e818c7785a35d69c76819b834a6511854f32ed9bdc63c06e0409402e99ed292c732f67b27d66d43cebfce092e567c4aa07e44a3c320f48a62c19fb8&id=372&dsc=1
https://app.ithenticate.com/en_us/report/76397904/similarity?dsc=1&id=196&dn=754f159948c23ee6320bf58f8f82d2b3257928ea5ab4b1ada85bf5ed19f9d9c3e58b87ef516f0543e6052d0b1415a03fa007136ded558b15290278c23471fc93&node=304&source=591358708


22/09/2021, 14:36 Similarity Report

https://app.ithenticate.com/en_us/report/76397904/similarity 71/103

86

2

2

36

2

. It means that: ˜ ˜ µ(x ◦ x ∪ a ◦ a) = µ(y ◦ y ∪ a ◦ a) ⇐⇒ ˜ ˜ µ(x ◦ x) ∪

µ(a ◦ a) = µ(y ◦ y) ∪ µ(a ◦ a). µ(y ◦ y

) and contains both µ(x) and µ(y) by property 3. of De�nition 3.4. If µ(x) = Since this equality is sa˜tis�ed for˜every set µ˜(a ◦

a),a ∈˜ H, it follows that µ(x ◦ x) = µ(y), then clearly ∼� y. Let us consider n˜ow the case when

µ(x) ≠ µ(y )˜. Suppose x t ˜hat µ(x) µ (c d) = µ (c˜◦ c) µ

(˜d d). Let us take µ(x) µ(c ◦ c). It ˜follows ∈ ◦ ∪ ◦ ∈ t˜hat, for some z ∈ c ◦ c,µ(x) = µ(z). The equality µ(x ◦ x) =˜µ(y ◦ y˜)

means that {µ(l)˜| l x ◦˜x} = {µ(k˜) | k y ◦˜y}, i.e. for every x˜◦ x the˜re exists k ∈ ∈ l ∈ ∈ y ◦ y such that µ(l) = µ(k). N˜ow, sinc˜e

µ(x) = µ(z) ˜

µ(x ◦ x), µ (˜x) µ(x x), and ∈ ∈ ◦ µ˜(x ◦ x) = µ(y ◦ y

), we˜ conclude that µ(z) ∈ µ(y ◦ y). Thus there exists l ∈ y ◦ y such ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ CHAPTER 3. FUZZY REDUCIBILITY IN

HYPERGROUPS 57 that µ(z) = µ(l). But µ(z) ∈ µ(c ◦ c), so µ(l) ∈ µ(c ◦ c), with l ∈ y ◦ y, which �nally gives µ(y) ∈ µ(c ◦ c). The

converse implication can be proved taking µ(y) ∈ µ(c ◦ c) and p˜roving ˜that µ(x) ˜∈ µ(c ◦˜c). This sho˜ws tha˜t µ(x) and µ(y)

appear in the same µ(c ◦ c˜). Fina˜lly, according to the de�nition of µ(x ◦ y), it is easy to ˜prove th˜at the previous

equivalen˜ce impli˜es the fuzzy inseparability˜. ˜ ˜ ˜ Proposition 3.9. Let (H, ◦) be a Corsini hypergroup of cardinality n. If x is

an element 1+2· 1 such that x ◦ x is a singleton, i.e. x ◦ x = {x}, then µ(x) = ∑a≠2nx−1 |x ◦ a| , with a ∈ H. Proof. Using

Proposition 3.4 we easily get that q(x)˜= 2n − 1. Since x appears in every product x ◦ a, a ∈ H, and the commutativity holds,

then A(x) = 1 + 2 · 1 ∑a≠x |x ◦ a| , which clearly gives the formula. Using this result, we can state su�cient conditions such

that two elements in a Corsini hypergroup are fuzzy essentially indistinguishable. Proposition 3.10. If there exist two

elements x, y in a Corsini hypergroup (H, ◦) such

that x ◦ x = x and y ◦ y = y , then x ∼fe y . Proof. Using Proposition 3

.9 this obviously holds, because µ(x) = µ(y). Proposition 3.11. If there exist two elements x, y in Cors˜ini hype˜rgroup (

H, ◦) such that x ◦ x = y ◦ y = H, then x ∼fe y . Proof. Since x ◦ x = H
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, based on condition 3 of De�nition 3.4 it follows that x appears in all hyperproducts z ◦ z, with z ∈ H, and similarly holds for

y. So x and y are in the same formation. According to Proposition 3.7, we have

µ(x) = µ(y ), so x and y are fuzzy inseparable . Besides, µ( x ◦ a) = µ( y ◦ a) = µ({x

| x ∈ H}), which implies the fuzzy operational equivalence. Therefore, x ∼fe y. ˜ ˜ Theorem 3.5. Any B-hypergroup is not fuzzy

reduced with respect to the grade fuzzy set µ. Proo˜f. Regarding to the de�nition of a B-hypergroup, we have |x◦x| = 1 and

|x◦a| = 2 for every x ≠ a, so A(x) = 1 + 2 · (n − 1) · 12 = n. Using Proposition 3.4, we know that q(x) = 2n − 1, which clearly gives

that, for any x ∈ H,µ(x) = 2nn−1. Hence, two arbitrary elements in a B-hypergroup are fuzzy inseparable. Besides, µ(x◦a) =

µ(y◦a), for any a H since µ(x) = µ(y) for two arbitrary elements ˜from H, and µ(x ◦ a) = ∈ µ({x, a}) = {µ(x), µ(a)}. ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜

CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 58 Proposition 3.12. Let (H, ◦) be a Corsini hypergroup with |H| ≥ 2.

There always exist two elements x, y ∈ H such that µ(x ◦ x) = µ(y ◦ y). Proof. We will split the proof in some˜cases. Usin˜g

Propositions 3.10 and 3.11 we can eliminate the cases when there exist x, y ∈ H such that x ◦ x and y ◦ y are singleton or

equal to H. It remains then to consider other three cases. 1.

There exists x ∈ H such that x ◦ x = H . 2. There exists x ∈ H such that x

◦ x = x, 3. The hypergroup doesn’t contain any element x such that x ◦ x is equal to x or H. Case 1. Without losing the

generality, assume that H = {x1, x2, . . . , xn} and xn ◦ xn = H. This means that any xi ∈ H belongs to xn ◦ xn, that implies xn ∈

xi ◦ xi, for any i = 1, 2, . . . , n. Subcase 1.1. If xi ◦ xi = {xi, xn}, i = 1, 2, . . . , n − 1 and xn ◦ xn = H, then by Proposition 3.7, we

know that µ(xi) is the same, for all i = 1, 2, . . . , n − 1. This also implies that µ(x1 ◦ x1) = µ(x2 ◦ x2) = . . . = µ(xn−1 ◦ xn−1),

which concludes the result. Subcase 1.2. Extend˜ing the previous subcase, that can be considered as a ”base case”, w˜e

can analyz˜e now the situatio˜n when we add another element xk, k ≠ n ≠ i, to the hyperproduct xi ◦ xi. This leads to have xk ◦

xk = xi ◦ xi = {xk, xi, xn}, which clearly gives µ(xi ◦ xi) = µ(xk ◦ xk), which proves the proposition. Continuing the process, we

can extend now this subcase into two ways: ˆ by adding another element to a hyperproduct x ◦ x, with x ∈ H \ {xi, xk, xn} and

˜ ˜ again we obtain the conclusion of the result, or ˆ by adding a different element xl to one of the hyperproducts xi ◦ xi or xk

◦ xk. Suppose that we add it to xi ◦ xi. Thus we get xi ◦ xi = {xi, xk, xl, xn}, xl ◦ xl = {xl, xi, xn}, xk ◦ xk = {xk, xi, xn}, meaning that xl

and xk are in the same formations, so µ(xk) = µ(xl) and thereby µ(xk ◦ xk) = µ(xl ◦ xl). Continuing this proc˜ess by t˜he above

describe˜d procedure,˜ we will always get two distinct elements such that µ(x ◦ x)=µ(y ◦ y). The process is �nite, since we

stop when we get two hyperproducts x ◦ x = H. ˜ ˜ Case 2. There exists xi ∈ H such that xi ◦ xi = xi. First, the ”base case” is

when all the other hyperproducts x ◦ x, with x ∈ H \ {xi}, contain two elements. This is possible only if the cardinality of H is

odd. If the cardinality of H is an even number, the ”base case” is when one hyperproduct xj ◦ xj, with j ≠ i, has three elements,

and all the other hyperproducts x ◦ x have exactly two elements. The value µ(xi) of all ˜ CHAPTER 3. FUZZY REDUCIBILITY IN

HYPERGROUPS 59 elements xi such that |xi ◦ xi| = 2 is the same. Repeating the same procedure as in Case 1, we will always

obtain two elements x and y which satisfy the result. Case 3. There doesn’t exist xi such that xi ◦ xi = H nor xi ◦ xi = xi. The
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”base cases” are exactly the same as in the second case and they depend on the parity of the cardinality of H. For example,

in the case when cardinality is an even number, we can set hyperproducts as:

x1 ◦ x1 = x2 ◦ x2 = {x1, x2}, x3 ◦ x3 = x4 ◦ x4 = { x3, x4

}, . . . , xn−1 ◦ xn−1 = xn ◦ xn = {xn−1, xn}. The values of all µ(xi) are the same for all i ∈ {1, 2, . . . , n}, so µ(xi ◦ xi) are also the

same for i ∈ {1, 2, . . . , n}. In the case when the cardinality is an odd number, we can form hyperproducts xi ◦˜xi as in the

previous case for i = 2, . . . , n ˜1, but take x1 ◦ x1 = {x1, x2, xn}, xn ◦ xn = {xn, x1}. This case − reduces to the �rst case, too.

Using already mentioned procedure of constructing other Corsini hypergroups, we will always get two elements x, y such

that µ(x ◦ x) = µ(y ◦ y). ˜ ˜ Let us notice that the procedure described above allows us to construct all �nite Corsini

hypergroups. Theorem 3.6. Any Corsini hypergroup is not fuzzy reduced with respect to the grade fuzzy set µ. Proof.

Ac˜cording to Proposition 3.12 we can always �nd two elements x and y such that µ(x ◦ x) = µ(y ◦ y). This implies the fuzzy

operational equivalence of these two elements. From here, according to Proposition 3.8, we conclude that they are also

fuzzy insep˜arable. Hen˜ce, in any Corsini hypergroup there always exist two elements in the same equivalence class with

respect to the fuzzy essential indistinguishability, which gives that the hypergroup is not fuzzy reduced, with respect to the

grade fuzzy set µ. R˜emark 3.7. Do to a manner of construction of Corsini hypergroups, showed in the Proposition 3.12, it is

easy to conclude that the in�nite Corsini hypergroup is also not fuzzy reduced with respect to the µ. In the next example we

will sho˜w non-fuzzy reducibility for the particular Corsini hypergroup. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS

60 Example 3.9. Let (H, ◦) is given by the following table ◦ 1 2

3 4 5 1 H H H H H 2 H 1, 2

1, 2, 3 1, 2, 4 1, 2, 5 3 H 1, 2, 3 1, 3 1, 3, 4 1, 3, 5 (3.8) 4 H 1, 2, 4 1, 3, 4 1, 4 1, 4, 5 5 H 1, 2, 5 1, 3, 5 1, 4, 5 1, 5 Since the

elements 2 and 3 are in the same formations, then µ(2) = µ(3). Precizely, µ(2) = 12 +6·1136+9· 15 . The values of 2 and 3

under the grade fuzzy set are equal, which implies that 2 ∼f i 3. Also, µ(2 ◦ x) = µ(3 ◦ x), with x H wh˜ich is ea˜sy to conclude

∈ s˜ince the values µ(2) and µ(3) are equal. Hence, 2 ∼f o 3. Finally, 2ˆf e = 3ˆf e = {2, 3}, i.e., is not fuzzy reduced.˜ H ˜ ˜ ˜

Example 3.10. On the set H = {1, 2, 3, . . . , n} let de�ne the hyperoperation ◦ρ by

x ◦ρ y = x ◦ ρ x ∪ y ◦ ρ y , where x ◦ρ x

= {z | xρz} and the relation ρ is de�ned as xρy ⇐⇒ x ≤ y[58]. Then (H, ◦ρ) is fuzzy reduced with respect to the grade fuzzy set

µ. ˜ Indeed, note that i ◦ n = {1, 2, 3, . . . , max{i, n}}. Since 1 is the smallest element in the set H, then 1 ◦ i = i ◦ 1 = {1, 2, . . . , i},

for any i ∈ H. Here, 1 appears in any hyperproduct, so q(1) = n2, and the cardinalities of the sets where 1 appears are: 1, 2, . .

. , n, respectively. Similarly, 2 ◦ i = i ◦ 2 = {1, 2, 3, . . . , i}, and q(2) = n2 − 1, because 2 doesn’t appear only in the hyperproduct 1
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◦ 1. The element 2 appears in the sets of cardinalities 2, 3, 4, . . . , n − 1 respectively. For an arbitrary element k, we can

conclude that it doesn’t appear in hyperproducts j ◦ i and i ◦ j where i, j ≤ k. Cardinalities of the sets where k appears are k, k +

1, . . . n, because k appear in every i◦j, where i or j are greater than or equal to k. The set of cardinality n where k appears is

every set i ◦ n, for any i ≤ n. Using the commutativity we conclude that we have a 2n − 1 such sets. Similarly, the set of

cardinality n − 1 where k appears is every set i◦(n−1), i ≤ n−1 and the number of them is 2(n−1)+1. Continuing the procedure,

we get that the set of cardinality k where k appears is i◦k, i ≤ k and the number of them is (2k−1). Calculating A(k), we get

that k appears in (2k−1)+(2(k+1)−1)+. . .+(2n−1) hyperproducts, which �nally gives: µ(k) = k1 · (

k + k − 1) + k +11 ( k + 1 + k − 1 − 1) + . . . + n1 (n + n

− 1) (2k − 1) + (2k + 1) + (2k + 3) + ... + (2n − 1) . By summing and arranging members we get µ(k) = 2(n−k(n++1)k−−(11k)

(+nk−+1k1++1.)..+ n1 ) ˜ . By simple calculations it can be proved that µ(k + 1) ≤ µ(k), hence k and k + 1 are not fuzzy ˜ ˜ ˜

CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 61 essentially indistinguishable. From the previous inequality we have

µ(1) ≥ µ(2) ≥ . . . ≥ µ(n) so the equivalence class of any element in H is a singleton. Hence, (H, ◦) is fuzzy reduced with

respect to the grade fuzzy set µ. ˜ ˜ ˜ Remark 3.8. Notice that the previous hypergroup˜ is not a Corsini one, but it satis�es

the �rst two conditions of De�nition 3.4. Proposition 3.13. [20] If µ1 and µ2 are the grade fuzzy sets of H1 and H2, and µ is

the grade fuzzy set of the direct product H1 × H2 then µ(x, y) = µ1(x) · µ2(y), x, y ∈ H. ˜ ˜ ˜ Proposition 3.14. Let (H, ◦1) and

(H, ◦2) be non-˜fuzzy redu˜ced hy˜pergroups con- structed on the support set H with at least two elements. Then the direct

product (H × H, ◦1 × ◦2) is a non-fuzzy reduced hypergroup with respect to the grade fuzzy set µ. P˜roof. For two elements a

and b, we know that µ(a ◦ b) = {µ(x) | x ∈ a ◦ b}. Since (H, ◦1) is not fuzzy reduced, assume that x1, x2 are two elements such

that x1 ∼fe x2, i.e. µ1(x1 ◦1 a) = µ1(x2 ◦1 a), for all a ∈ H. Also, µ1(x1) and µ1(x2) appear in the same µ1(a ◦ b), a, b ∈ H.

Similarly, since (H, ◦2) is not fuzzy reduced, let y1 and y2 be el˜ements in H s˜uch that they are fuzzy essential

i˜ndistinguish˜able. Our goal is to prove ˜that the ordered pairs (x1, y1) and (x2, y2) are fuzzy essential indistinguishable.

Since (x1, y1)◦1 × ◦2(a, b) = (x1 ◦1 a, y1 ◦2 b), it follows that µ((x1, y1)◦1 × ◦2(a, b)) = {µ1(x) · µ2(y)|x ∈ x1 ◦1 a, y ∈ y1 ◦2 b}.

Denote the last set with A and the set µ((x2, y2)◦1 × ◦2(a, b)) with B. Since x1 ∼fo x2, we have {µ˜1(x) | x ∈ x1 ◦1 a} = {µ˜1(y) :

y˜∈ x2 ◦1 a}, and y1 ∼fo y2 implies {µ2(x) | ∈ y1 ◦2 b} = {µ2(y) | y ∈ y2 ◦2 b}, x meaning that A = B. This proves the fuzzy

operational equiva˜lence of the correspond- in˜g elements. For the proof of the fuzzy in˜separability, let a, c be˜ elements

from H such that µ1(x1) ∈ µ1(a ◦1 c). From here, due to the fuzzy inseparability in (H, ◦1), µ1(x2) belongs to the same set. On

the other side, let b, d be elements from H such that µ2(y1)˜∈ µ2(b ◦2˜d), from where we conclude that µ2(y2) ∈ µ(b ◦2 d).

Using the last t˜wo implications, we get: ˜ ˜ ˜ ˜ µ1(x1) · µ2(y1) ∈ {µ1(x) · µ2(y) : x ∈ a ◦1 c, y ∈ b ◦2 d} = ˜ {µ(x˜,y) : x ∈ a˜◦1 c, y

˜∈ b ◦2 d} = µ(a ◦1 c, b ◦2 d) This means that µ(x˜1, y1) ∈ µ(a ◦1 c, b ◦2 d). The above mentioned implications show ˜ that

µ(x2, y2) belongs to the same set. Similarly, one proves the converse implication. Hence, (x1, y1) an˜d (x2, y2) ar˜e fuzzy

inseparable and therefore, (H, ◦1) and (H, ◦2) are not fu˜zzy reduced. CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS

62 The converse of Proposition 3.14 doesn’t hold, as we can see in Examples 3.11 and 3.12. Example 3.11. Let (H, ◦1) and

(H, ◦2) be hypergroups, where the hyperoperations ” ◦1 ” and ” ◦2 ” are de�ned by the following tables. ◦1 a
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b c d a a a a, b , c a, b, d b a a a, b , c a, b , d c a, b , c a, b , c a, b, c c, d d

a, b, d a , b, d c , d a, b, d ◦2 a b c d a b b a, b , c a, b, d b b b a, b , c a , b, d

c a, b , c a, b, c

a, b, c c, d d a, b, d a, b, d c, d a, b, d Here, we

will consider fuzzy reducibility with respect to the grade fuzzy set µ. By easy calculations, we get: µ1(a) = 1211,µ1(b) =

13,µ1(c) = 281,µ1(d) = 281. W˜e can notice that the only rows which are the same are those corresponding to a and b. This

implies a ∼o b, which easily gives˜a ∼fo b, but˜here, µ(a)˜belongs to˜µ(a◦a), while µ(b) does not belong to it, so a ≁� b.

Hence, a ≁fe b. It is easy to see that except a and b all other pairs of elements are not fuzzy operationa˜l equivalent, wh˜ich,

together w˜ith a ≁fe b implies that xˆfe = {x}, for all x ∈ H. Hence, (H,◦1) is fuzzy reduced. Regarding (H, ◦2), due to the

isomorphism of hypergroups, we get the same values of the elements under the fuzzy grade µ2. At the same way as for the

previous hypergroup, we can conclude that (H, ◦2) is fuzzy reduced. ˜ Here, (a, a) ∼fo (b, b), because µ((a, a)◦1 × ◦2(m, n)) =

{µ1(x) · µ2(y) | x ∈ a ◦1 m, y ∈ a ◦2 n} = {µ1(x) · µ2(y) | µ1(x) ∈ { 1211 , 13 , 281 }, µ2(y) ∈ { 13 , 1211 , 281 }}, where m, n ∈ { a, b,

c, d}. This set is equal to µ((b˜, b)◦1 × ◦2(m, n)). ˜ ˜ Further more, µ(a, a) = µ1(a)˜· µ2(a) = 1211 · 13 = µ(b, b), which ensures

that (a, a) ∼f.i ˜ ˜ ˜ ˜ (b, b). Hence, we got a non-fuzzy reduced hypergroup as a direct product of two fuzzy reduced

hypergrou˜ps. ˜ ˜ ˜ Example 3.

12. Let (H, ◦1) and (H, ◦2) be hypergroups , where the hyperoperations ” ◦ 1 ” and ” ◦ 2

” are

de�ned by the following tables: ◦1 a b c a a, b a, b H b a , b a, b H c H H c ◦2

a b c a a a H b

a a H c H H H CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 63 Easy calculations of the fuzzy grade sets µ1 and µ2

show that the �rst hypergroup (H, ◦1) is not fuzzy reduced, while (H, ◦2) is fuzzy reduced with respect to the grade fuzzy set

µ. As in the previous example, it c˜an be s˜hown that (b, a) ∼fe (a, a), which proves the non-fuzzy reducibility of (H × H, ◦1 ×

◦2). ˜ Proposition 3.15. The direct product of two Corsini hypergroups is non-fuzzy reduced with respect to the grade fuzzy

set µ. Proof. Since an arbitrary Corsini hy˜pergroup is not fuzzy reduced according to Theorem 3.6, using Proposition 3.14 it

follows that the direct product of two Corsini hypergroups is not fuzzy reduced. Corollary 3.2. The direct product of a Corsini

hypergroup and a total hypergroup is non-fuzzy reduced with respect to the grade fuzzy set µ. Proof. This is a direct
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consequence of Theorem 1.2. ˜ As we have already mentioned, the fuzzy aspect of reducibility could be investigated in two

directions. Until now, we have studied indistinguishability

between the images of the elements of a crisp hypergroup through a fuzzy set , i.e., we have

studied the fuzzy

reducibility in hypergroups. In the following we will brie�y explain the second approach in fuzzy�cation of the reducibility

concept, i.e., we will consider the reducibility in fuzzy hyperstructures. In this case, the indistinguishability is investigated

between the elements of a fuzzy hypergroup. Fuzzy hypergroup is a hypergroup endowed with a fuzzy hyperoperation. This

approach will be the topic in our further research. In the next section we will give a de�nition of a reduced fuzzy hypergroup

and present some basic examples. 3.4 Reduced fuzzy hypergroups In order to de�ne a reduced fuzzy hypergroup, we

introduce new equivalence relations on fuzzy hypergroup, i.e., on a hypergroup endowed with a fuzzy hyperoperation. The

relations have the same names as in the crisp case: operational equivalence, insepara- bility and essential

indistinguishability. De�nition 3.5. [22]

Two elements x,y in a hypergroup (H,◦) are called: 1. operationally equivalent or by short o-equivalent,

and write x ∼o y, if (x ◦ a )(r) = ( y ◦ a )(r), and (a ◦ x )(r) = ( a ◦ y )(r), for any a , r ∈ H ;

CHAPTER 3. FUZZY REDUCIBILITY IN HYPERGROUPS 64 2. inseparable or by short i-equivalent, and write x ∼i

y, if, for all a, b ∈ H, x ∈ supp( a ◦ b) ⇐⇒ y ∈ supp( a ◦ b

), i.e. (a ◦ b)(x) ≠ 0 ⇐⇒ (a ◦ b)(y) ≠ 0; 3. essentially indistinguishable or by short e-equivalent,

and write x ∼e y, if they are operationally equivalent and inseparable. De�nition

3.6. [22] (

H,◦) is a reduced fuzzy hypergroup if and only if

for any x ∈ H there is xˆfe = {x}. Chapter 4 Reducibility in hyp errings This chapter deals with the study of the reducibility in

hyperrings. We consider different classes of general hyperrings and study their reducibility. Also, we determine speci�c

relations between equivalence relations in certain hyperrings. 4.1 Reducibility in hyperrings It is important to stress that in a

semigroup (group), the equivalences ∼o and ∼i are exactly the same as the equality relation, meaning that, x ∼o y ⇐⇒ x ∼i y

⇐⇒ x = y and therefore it is not signi�cant to study the reducibility in hyperrings where the referential set is equipped with a
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hyperoperation and an operation. More precisely, in a Krasner hyperring or in a multiplicative hyperring it is not worth

studying reducibility. Thereby, we will study the reducibility only in general hyperrings, where addition and multiplication are

both hyperoperations. Let us extend now the concept of the reducibility to hyperrings. For any element x ∈ R, we denote by

xˆ⊕r and xˆ⊕r, the equivalence classes of x with respect to the hyperoperations ⊕ and ⊙, respectively, where r ∈ {o, i, e}

denotes the type of the equivalence that we consider in De�nition 4.1. Taking into account that is not worth studying

reducibility in hyperrings containing an operation, we emphasize that the following conclusions regarding the reducibility

refer to general hyperrings. De�nition 4.1. [21]

We say that two elements x and y in a hyperring (R, ⊕, ⊙) are operationally equivalent,

inseparable or essential indistinguishable if

they have the same property with respect to hyperoperations, i.e. 1. x ∼

o y if x ⊕  a = y ⊕  a, a ⊕  x = a ⊕  y and a ⊙  x = a ⊙  y , x ⊙ a = y ⊙ a , for all a ∈ R

. 65 CHAPTER 4. REDUCIBILITY IN HYPERRINGS 66 2. x ∼i

y if x ∈ a ⊕ b ⇐⇒ y ∈ a ⊕ b and x ∈ c ⊙ d ⇐⇒ y ∈ c ⊙ d, for all a

∈ R. 3. Moreover,

x ∼e y if x ∼o y and x ∼i y

. Similar to the hypergroup, we introduce the de�nition of a reduced hyperring, using above de�ned equivalences. De�nition

4.2. [21] A hyperring R is a reduced hyperring

if the equivalence class of each element x ∈ R with respect to the essentially indistinguishable

relation ∼e is a singleton , i.e., xˆe = { x } for any x ∈ R. The equivalence class of

any x in R with respect to the essential indistinguishability ∼e is obtained as xˆe = xˆ⊕e ∩ xˆ⊙e = (xˆ⊕o ∩ xˆ⊕i) ∩ (xˆ⊙o

∩ xˆ⊙i). Using previous equality, it is easy to notice that, if at least one of the hypergroupoids (R, ⊕) or (R, ⊙) is reduced,

then the hyperring (R, ⊕, ⊙) is reduced, too. Reciprocally, if (R, ⊕, ⊙) is reduced, then the hypergroupoids (R, ⊕) and (R, ⊙)
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can be reduced or not, which will be con�rmed by the following examples. Example 4.1. Let (R, ⊕, ⊙) be a hyperring de�ned

by the following Cayley tables: ⊕ e a ⊙

e a e R R e e R a R R a R a Since ( R , ⊕) is a

total hypergroup, based on Example 3.3, it is not reduced. Here, âe⊕ = ê⊕e = {e, a}. However, it is elementary to check that

the hypergroup (R, ⊙) is a reduced hypergroup, and â⊙e = {a}, ê⊙e = {e}. All together, it gives that êe = {e} and âe = {a}

which gives that (R, ⊕, ⊙) is a reduced hyperring. Example 4.2. Let the hyperring (R, ⊕, ⊙)

be a hyperring de�ned by the next Cayley tables: ⊕ x y z x x , y x, y R y x, y x, y R

z

R R R ⊙ x y z x R R R y R y, z y, z z R y, z

y, z It is elementary to check that the algebraic hyperstructure (R, ⊕, ⊙) is a general hyperring. Since the rows corresponding

to x and y are equal in (R, ⊕) and they CHAPTER 4. REDUCIBILITY IN HYPERRINGS 67 appear in the same hyperproducts a

⊕ b, it follows that x ∼⊕e y, which implies that (R, ⊕) is not reduced. Similarly, (R, ⊙) is not reduced hypergroup since y

∼⊙e z. But, xˆe = xˆ⊕e ∩ xˆ⊙e = {x, y} ∩ x = {x}. Similarly, ŷe = {y}, and ẑe = {z}, which proves that (R, ⊕, ⊙) is a reduced

hyperring. Proposition 4.1. Any subhyperring (K, +, ·) of a reduced hyperring (R, +, ·) is reduced, as well. Proof. The result

easily follows from the law of contradiction. Remark 4.1. A subhyperring of a non-reduced hyperring can be reduced or not.

As we can see in Example 1.14, the hyper�eld (which is a hyperring, too) (H, ⊕, ⊙) is not reduced, but its hyperideal (hence

the subhyperring) is a reduced hyperring. 4.1.1 Some properties of the reducibility in hyperrings In the following subsections

we suppose that the ring (R, +, ·) have no zero divisors. As we pointed out before, by a hyperring we mean a general

hyperring. Let us �rst present certain relationships between equivalence relations in particular hyperrings. Proposition 4.2.

Let (R, ⊕, ⊙) be a general hyperring, where the hypergroup (R, ⊕) contains a scalar identity. Then the essential

indistinguishability with respect to the hyperoperation ” ⊕ ” implies the essential indistinguishability

with respect to the hyper- operation ” ⊙ ”, i.e., x ∼⊕e y ⇒ x ∼⊙e y , for all x, y

∈ R. Proof. We denote by 0 the scalar identity in (R, ⊕).

Let x and y be two elements in R such that x ∼⊕o y , i.e., x ⊕  a = y ⊕  a and a ⊕  x
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= a ⊕ y, for all a ∈ R. This means that, for any u ∈ R such that u ∈ x ⊕ a, it holds u ∈ y ⊕ a. Let u belong to a ⊙ x. Then, since

x = x ⊕ 0, it follows that u ∈ a ⊙ (x ⊕ 0). Now, using x ⊕ 0 = y ⊕ 0, we get u ∈ a ⊙ (y ⊕ 0) = a ⊙ y. By symmetry, we can

conclude that a ⊙

x = a ⊙  y, and x ⊙ a = y ⊙ a, for all a ∈ R. Hence, x ∼⊙o y

. Let us suppose

that x ∈ a ⊕  b if and only if y ∈ a ⊕  b

, for any a, b ∈ R. Let c and d be elements in the hyperring such that x ∈ c ⊙ d. Thus, x ∈ (c ⊕ 0) ⊙ d. Using the

distributibivity, we obtain x ∈ c ⊙ d ⊕ 0 ⊙ d = {m ⊕ n|m ∈ c ⊙ d, n ∈ 0 ⊙ d}. Since x and y appear in the same

hyperproducts a ⊕ b, for any a, b ∈ R, it follows that y also belongs to the same hyperproduct, which gives y ∈ c ⊙ d ⊕ 0 ⊙

d, i.e., y ∈ c ⊙ d. This proves the implication x ∼⊕i y ⇒ x ∼⊙i y. Now the conclusion of the result is clear. CHAPTER 4.

REDUCIBILITY IN HYPERRINGS 68 Corollary 4.1. Let (R, ⊕, ⊙) be a general hyperring such that (R, ⊕) contains a scalar

identity. If (R, ⊕) is not a reduced hypergroup, then the hyperring (R, ⊕, ⊙) is not reduced, too. Proof. If (R, ⊕) is not a

reduced hypergroup,

then there exist two distinct elements x and y in R such that x ∼⊙e y

, meaning that the hyperring (R, ⊕, ⊙) is not reduced. Let us now consider the hyperrings of formal series, where the

reducibility is strictly connected with the reducibility of the general hyperring of coe�cients. Proposition 4.3. Let R[[x]] be the

hyperring of the formal series with coe�cients in the general commutative hyperring (R, +, ·). The hyperring (

R, +, ·) is reduced if and only if the hyperring ( R [[x]], ⊕, ⊙) is reduced. Proof. Let us

suppose that the

hyperring R is not reduced, i.e., there exist elements a and b

such that a + x = b + x and x + a = x + b for all x ∈ R and also a and b
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appear in the same hyperproducts c + d, where c, d ∈ R. As a direct consequence, the formal series (a, a, . . . , a, . . .) and (b,

b, . . . , b, . . .) are operationally equivalent and inseparable with respect to the hyperoperation ⊕. Analogously, the implication

holds also if we consider the multiplicative hyperoperation. Hence, if R is not reduced, then the hyperring (R[[x]], ⊕, ⊙) is not

reduced, too. Let us prove now that the reducibility in (R, +, ·) implies the reducibility in (R[[x]], ⊕, ⊙). For that purpose, let us

assume that the hyperring R[[x]] is not reduced. Then, there exist two formal series (a1, a2, . . . , an, . . .) and (b1, b2, . . . , bn, .

. .) which are operationally equivalent with respect to the hyperoperation ⊕. This implies that: (

a1, a2, . . . , an, . . .) ⊕  (x1, x2, . . . , xn , . . .) = (b1, b2, . . . , bn, . . .) ⊕ ( x1, x2, . . . , xn, . . .), (4 .1) (

4

.2) and (x1, x2, . . . , xn, . . .) + (a1, a2, . . . , an, . . .) = (x1, x2, . . . , xn, . . .) + (b1, b2, . . . , bn, . . .), (4.3) (4.4) for any formal series

(x1, x2, . . . , xn, . . .) ∈ R[[x]]. Using the de�nition of the hyperaddi- tion in (R[[x]], ⊕, ⊙), the previous equalities give that ai+xi

= bi+xi and xi+ai = xi+bi for any arbitrary xi ∈ R. Hence, ai ∼+o bi for any elements ai, bi ∈ R, which are the coor- dinates of the

considered formal series. Assuming now that the series (a1, a2, . . . , an, . . .) and (b1, b2, . . . , bn, . . .) are inseparable with

respect to the hyperoperation ⊕, it easily CHAPTER 4. REDUCIBILITY IN HYPERRINGS 69 follows that ai and bi appear in the

same hyperproducts c + d, where c, d ∈ R, so they are inseparable with respect to the hyperproduct + on R. Similarly we can

prove that the essential indistinguishability with respect to hypermultiplication ⊙ implies essential indistinguishability with

respect to the hyperoperation ·. We �nally get that (R, +, ·) is not reduced, which concludes the proof. The next part of this

subsection is dedicated to the study of reducibility of hyperrings with P -hyperoperations. Here, we consider rings which are

integral domains and whose ideals are principal, i.e., generated by a single element. Proposition 4.4. Let (R, +, ·) be a

commutative principal ideal domain with two units, i.e., 1 and −1. If P1 = nR, with n ∈ R, and P2 = R, then the structure (R,

P1∗, P2∗) is a commutative Hv-ring with P -hyperoperations, which is a non-reduced hyperring. Proof. Any principal ideal

contains 0, therefore 0 ∈ P1. Because the ring R is commu- tative, it coincides with its center Z(R), and therefore the set P2 =

R has a non-empty intersection with Z(R), so the conditions of Theorem 1.12 are satis�ed, proving that the hyperstructure (R,

P1∗, P2∗) is a commutative Hv-ring. Let x and y be distinct elements such that xP1∗a = yP1∗a for all a in R, meaning that x +

a + P1 = y + a + P1, i.e., x + a + nR = y + a + nR, for the �xed element n ∈ R and any a ∈ R. Since the principal ideal nR is a

subgroup, then the equality holds whenever x − y ∈ nR. Therefore, the elements x and y are operationally equivalent with

respect to the hyperoperation P1∗

if and only if x − y ∈ nR. Let x and y be two elements such that x − y

∈ nR. Let us suppose that x ∈ aP1∗b, where a, b ∈ R. The element x belongs to a + b + nR, i.e., x = a + b + n · s, whith s ∈ R.

Since x = y + n · k, with k ∈ R, it follows that y + n · k = a + b + n · s, meaning that y ∈ a + b + nR. Hence, y ∈ aP1∗b. Similarly

we can prove the other implication. Thus, x ∼Pi1∗ y. Conversely, if x ∼Pi1∗ y, then it is clear that x − y ∈ nR = P1. Hence, for

any two distinct elements
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x, y ∈ R, x ∼eP1∗ y if and only if x

− y ∈ P1. Now, suppose that x and y are operationally equivalent with respect to the hyper- operation P2∗. Thus xP2∗a =

yP2∗a, i.e., x · a · P2 = y · a · P2, for any a ∈ R. Using the property that two principal ideals are equal when their generators are

associated, we obtain that there exists a unit u such that ya = uxa, and similarly, there exists a unit v such that xa = vya. Both

together imply that ya = uvya, with uv = 1. Since the ring R contains only two units, we have exactly two possibilities. If both

units u and v are the multiplicative identity 1, then we obtain that xa − ya = 0, i.e., (x − y)a = 0 which implies that x = y. The

second case is when u = v = −1 and we obtain ya = −xa, for any a ∈ R, thus y = −x. CHAPTER 4. REDUCIBILITY IN

HYPERRINGS 70 Regarding the inseparability with respect to the hyperoperation P2∗, we easily see that for any x ∈ R, there

is x ∼Pi2∗ (−x) and moreover x ∼eP2∗ (−x). Based on these two results, it follows clearly that x ∼e (−x), for any x ∈ P1 which

says that the Hv-ring (R, P1∗, P2∗) is not reduced. Example 4.3. An example of an Hv-ring with P -hyperoperations satisfying

Proposi- tion 4.4 can be obtained taking R = Z, the ring of integers. In this particular case, the elements nk and −nk with k ∈ Z

are essentially indistinguishable. If we restrict the set P2 to non-negative integers, we obtain a reduced hyperring, as we can

see

in the following example. Example 4. 4. Let Z be the ring of integers and set P1 =

nZ with n ∈ Z

and P2 = Z+, the set of positive integers. Then the hyperstructure (Z, P1∗, P2∗) is a commutative Hv-ring with P -

hyperoperations which is reduced. It is evident that the conditions of the Theorem 1.12 are all ful�lled, which implies that the

hyperstructure (Z, P1∗, P2∗) is an Hv-ring. Similarly as in Example 4.3, we conclude

that x ∼eP1∗ y if and only if x − y ∈ P1, i

.e., x − y = ns for some s ∈ Z. Let us suppose that xP2∗a = yP2∗a, i.e., x · a · Z+ = y · a · Z+, for any a ∈ Z. Choosing a = 1, it

follows that {xk | k ∈ Z+} = {yk | k ∈ Z+}. The equality is satis�ed only in the case when x = y. Thus, the Hv-ring (Z, P1∗, P2∗) is

reduced. Example 4.5. Let (R, P1∗, P2∗) be a commutative Hv− ring with P − hyperoperations such that (R, ·) is a group and

let P1 be a subgroup of (R, +) and P2 = R. Then the Hv-ring (R, P1∗, P2∗) is not reduced. It is easy to check that the

hyperstructure (R, P1∗, P2∗) is an Hv-ring with P -hyper- operations. Let us prove its non-reducibility. Indeed, following the

procedure explained in Proposition 4.

4, we conclude that x ∼eP1∗ y if and only if x − y
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∈ P1. Hence,

for any two distinct elements x, y ∈ R, such that x − y ∈ P1, there is

xˆPe1∗ = ŷPe1∗ ⊇ {x, y}. Taking P2 = R we easily get that xP2∗a = yP2∗a, for all a ∈ R, and if x belongs to aP2∗b, obviously

also y belongs to it. Therefore, for an arbitrary element x in R, there is xˆeP2∗ = R. Combining the two results, we get x ∼e y,

whenever x − y ∈ P1, meaning that the considered Hv-ring is not reduced. Example 4.6. Let (R, P1∗, P2∗) be a commutative

Hv-ring with P -hyperoperations, such

that (R, +, ·) is a �eld and let K be a sub�eld of R

. If P1 = P2 = K, then the Hv− ring (R, P1∗, P2∗) is not reduced. CHAPTER 4. REDUCIBILITY IN HYPERRINGS 71 Let x and y be

arbitrary elements from R. Analogously to Example 4.5, x ∼eP1∗ y if and only if x − y ∈ P1. Let us suppose that the equality

xP2∗a = yP2∗a is satis�ed for all a ∈ R, i.e., xaK = yaK for any a ∈ R. This is equivalent to xK = yK, which is satis�ed for any x,

y ∈ K. It is obvious that x ∼eP1∗ y, for arbitrary x, y ∈ K. Merging both conclusions, we get that the hyperring (R, P1∗, P2∗) is

not reduced, since any two elements x and y in K are essentially indistinguishable. In the latest part of this subsection, we

consider the reducibility in hyperrings con- taining Corsini hypergroups. Proposition 4.5. Let (H, ◦) be a Corsini hypergroup

and (H, ⋆) be a B-hypergroup,

i.e., x ⋆  y = {x, y} for all x, y ∈ H . Then the hyperring (H, ⋆, ◦) is a

reduced hyperring. Proof. Based on Al-Tahan and Davvaz [2], it is known that, if (H, ◦) is a Corsini hy- pergroup and (H, ⋆) is a

B-hypergroup, then the structure (H, ⋆, ◦) is a commutative hyperring. Kankaras has proved in [44] that any B− hypergroup is

a reduced hyper- group, which easily gives that the hyperring (H, ⋆, ◦) is reduced, too. Example 4.7. Endow the set R = {

x, y, z} with the hyperoperations ⊕ and ⊙  given by the following tables: ⊕ x y z x x, y x, y

R

y x, y x , y R z R R z ⊙  x y z x x x , y x , z y x, y y y, z z x , z y, z z

The hypergroup (R, ⊕) is a Corsini hypergroup [2] and (R, ⊙) is a B-hypergroup. Here, x ⊕
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a = y ⊕  a for any a ∈ R. Thus, x ∼⊕o y. Also, x and y

appear in the same hyperproducts, which gives x ∼⊕i y. Considering the second hyperoperation, it easily follows that xˆ⊙e

= {x} for any x ∈ R. Hence, (R, ⊕, ⊙) is a reduced hyperring. Remark 4.2. If we take that (R, ⊕) is the hypergroup de�ned in

the Example 4.7 and (R, ⊙) be a total hypergroup, then both hypergroups are Corsini hypergroups, but the hyperring (R, ⊕,

⊙) is not a reduced hyperring since xˆe = ŷe = {x, y}. Remark 4.3. Let (R, ⊕) be an arbitrary hypergroup and (R, ⊙) be a total

hypergroup. The algebraic hyperstructure (R, ⊕, ⊙) is a general hyperring and its reducibility de- pends on the reducibility of

a (R, ⊕). It (R, ⊕) is a reduced hypergroup, then the hyperring (R, ⊕, ⊙) is reduced, too, otherwise, (R, ⊕, ⊙) is not reduced.

CHAPTER 4. REDUCIBILITY IN HYPERRINGS 72 4.1.2 Reducibility in complete hyperrings Before we introduce the de�nition

of the complete hyperring, let us �rst recall the procedure of the construction of a complete hypergroup. Theorem 4.1. [19]

Any complete hypergroup may be formed as the union H = Ag

of its subsets, where g ⋃∈G 1) (G, ·) is a group . 2) The family {Ag, | g ∈ G} is a partition of

G

, i.e.

for any (g1, g2) ∈ G2, g1 ≠ g2 , there is Ag1 ∩ Ag2 = ∅. 3) If (a, b) ∈ Ag1 × Ag2, then a ◦ b

= Ag1g2. De�nition 4.3. [34] Let (H, ⊕, ⊙) be a hyperring. If (H, ⊕) is a complete

hypergroup, then we say that H is ⊕− complete. If (H, ⊙) is a complete semihypergroup, then

we say that H is

⊙−complete and if both (H, ⊕) and (H, ⊙) are complete, then we say that H is a complete hyperring. Based on the

construction of complete hypergroups, De Salvo [34] proposed a method to obtain complete hyperring starting with rings.

Let us recall here this construction: Let (R, +, ·) be a ring, and {A(g)}g∈

R be a family of non-empty sets, such that: 1 . ∀g, g′ ∈ R , g ≠ g′ ⇒ A (g) ∩ A(g′) = ∅ 2
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. g ∈/ R · R ⇒ |A(g)| = 1. Set HR = g∈R A(g) and de�ne two hyperoperations ⊕ and ⊙ on HR in the following way: For any a,b

∈ HR, there exist g,g′ ∈

R such that a ∈ A(g), b ∈ A(g′). Then set ⋃ a ⊕  b = A (g + g′), a ⊙ b

= A(gg′). Moreover, it was proved that: Lemma 4.1. [34] For all g, g′ ∈ R, ∀u ∈ A(g), ∀v ∈ A(g′) we have: u ⊕ v = A(g + g′) = A(g)

⊕ A(g′) u ⊙ v = A(gg′) = A(g) ⊙ A(g′) CHAPTER 4. REDUCIBILITY IN HYPERRINGS 73 In [9] Corsini proved that (H, ⊕) and

(H, ⊙) are, respectively, a complete commu- tative hypergroup and a complete semihypergroup. Remark 4.4. All complete

hyperrings can be constructed by the above described procedure, since it is known that any complete semihypergroup

(hypergroup)

can be constructed as the union of disjunct sets A(g), g ∈ G

.[13] Theorem 4.2. [34] HR is a complete △− hyperring. Remark 4.5. The hyperstructure HR is a general hyperring in the

sense of De�nition 1.24, which is also complete. Notice than any complete (semi)hypergroup is not reduced, but, as we

showed in Ex- ample 4.2, the non-reducibility of both, multiplicative and additive part of a hyperring does not imply the non-

reducibility of a hyperring. For that reason, we need to prove that if two elements x and y from the hyperring R are

operationally equivalent (in- separable) with respect to the hyperoperation ⊕, the same elements are operationally

equivalent (inseparability) with respect to the hyperoperation ⊙. Theorem 4.3. Any complete hyperring (HR, ⊕, ⊙) is not

reduced. Proof. Let (HR, ⊕, ⊙) be a complete hyperring. Thereby the hypergroup (HR, ⊕) and the semihypergroup (HR, ⊙)

are both complete, so both are not reduced. Thence, we conclude that there exist a ≠ b ∈ HR such that a ∼⊕e b. Now

it is enough to prove that a ∼⊕e b implies a ∼⊙e b for a, b

∈ HR, because in this case âe = â⊕e ∩ â⊕e ⊇ {a, b}, which shows that (HR, ⊕, ⊙) is not reduced. First we will prove that the

operational equivalence relation with respect to the hyperoperation ⊕ implies the operational equivalence relation with

respect to ⊙. Let a, b be elements from HR such that a ⊕ c = b ⊕ c, for all c ∈ HR. It follows that there exist ga, gb, gc ∈ R

such that a ∈ A(ga), b ∈ A(gb) and c ∈ A(gc). According to Lemma 4.1, we have a ⊕ c = A(ga + gc) and b ⊕ c = A(gb + gc),

which leads to the equality A(ga + gc) = A(gb + gc), equivalently with ga + gb = ga + gc in the group (R; +). Therefore ga = gb,

that implies that ga · gc = gb · gc. Therefore, a ⊙ c = A(ga · gc) = A(gb · gc) = A(gb) ⊙ A(gc) = b ⊙ c. Similarly, c ⊕ a = c ⊕ b

implies that c ⊙ a = c ⊙ b.

This means that a ∼⊕o b implies a ∼⊙o b for all a, b
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∈ HR. Next we will show that the indistinguishability relation with respect to ⊕ implies the indistinguishability relation with

respect to ⊙. Let us suppose a ∼⊕i b. This means that a and b appear in the same hyperproducts d⊕e, for d, e ∈ HR. Thus

a ∈ A(gd)⊕A(ge) ⇐⇒ b ∈ A(gd)⊕A(ge), with gd, ge ∈ R such CHAPTER 4. REDUCIBILITY IN HYPERRINGS 74 that d ∈ A(gd),

e ∈ A(ge). It follows that a ∈ A(gd + ge) ⇐⇒ b ∈ A(gd + ge), meaning that a, b ∈ A(g), with g ∈ R. If we consider now a ∈ k ⊙ l,

then a ∈ A(gk · gl), where k ∈ A(gk), l ∈ A(gl). Since a and b are in the same Ag, it follows that b ∈ A(gk·gl) = k⊙l, equivalently,

b ∈ k ⊙ l. Similarly, if b ∈ k ⊙ l then a ∈ k ⊙ l. Hence, a ∼⊙i b. Example 4.8. Let the hyperring H = ({a, b, c, d, e}, ⊕, ⊙) is

de�ned as follows: ⊕ a b

c d e a a b, c b, c d e b b, c d d e a c b, c d d e a d d e e a b, c e e a a b, c d ⊙  a b c d e a a a a a a b a b, c

b, c d e c a b, c b, c d e d a d d a d e a e e d b, c The hyperring (H, ⊕, ⊙) is a commutative complete

hyperring

[32]. Since the rows corresponding to the elements b and c are exactly the same in both tables, we conclude that b ∼⊕o c

and b ∼⊙o c, which further gives b ∼o c, i.e., ˆbo = ĉo = {b, c}. Besides, elements b and c appear together in (H, ⊕), as well

as in (H, ⊙), whence there is b ∼i c, thus ˆbi = ĉi = {b, c}. Hence, ˆbe = ĉe = {b, c} which implies that the given hyperring is not

reduced. 4.1.3 Reducibility in (H, R)− hyperrings (H, R)− hyperrings were introduced by Mario de Salvo in [34], with the

intention of generalizing the construction of (H, G)− hypergroups described in [33]. In the following we present their

construction. Let (H, ◦, □) be a hyperring and {Ai}i∈

R be a family of non-empty sets such that: 1. (R, +, ·) is a ring. 2 . A0R = H. 3. For any i ≠ j

∈ R, Ai ∩ Aj = ∅. Set K = Ai and de�ne on set K hyperoperations as: i∈R ⋃

for any x, y ∈ H, x ⊕  y = x ◦ y and x ⊙  y

= H (4.5) (4.6) CHAPTER 4. REDUCIBILITY IN HYPERRINGS 75 For any x ∈ Ai and y ∈ Aj such that Ai × Aj ≠ H × H, de�ne x ⊕

y = Ak if i + j = k, (4.7) x ⊙ y = Am if i · j = m. (4.8) The structure (K, ⊕, ⊙) is a general hyperring, called an (H, R)-hyperring.

Moreover, if ω is the heart of the hypergroup (K, ⊕), then ω = H and H ⊙ K = K ⊙ H = K [34]. In the following we will better

describe the operational equivalence and the insepa- rability in an (H, R)-hyperring. Lemma 4.2. Let (K, ⊕, ⊙) be an (H, R)-

hyperring, where K = Ai, with (R, +, ·) a i∈R ring and (H, ◦, □) a hyperring. ⋃ 1. Two elements x and y in A0R = H are

operationally equivalent with respect to the hyperoperation ⊕ if and only if they are operationally equivalent with respect to

the hyperoperation ◦ on H. 2. Two elements x and y in K \ A0R are operationally equivalent with respect to the hyperoperation
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⊕ if and only if they belong to the same subset Ai ⊂ K. 3. Two elements x and y in K are inseparable with respect to the

hyperoperation ⊕ if and only if they belong to the same subset Ai ⊂ K . Proof. 1.

Let x, y be in A0R = H such that x ⊕ a = y

⊕ a, for all a ∈ K. If a ∈ Aia, with ia ≠ 0R, then the equality always holds. If a ∈ A0R, then x ⊕ a = y ⊕ a whenever x ◦ a = y ◦ a

and thus the result is proved. 2.

Let x and y be in K \ H, such that x ∈ Aix and y

∈ Aiy, with ix, iy ∈ R and consider x ⊕ a = y ⊕ a, for all a ∈ K. If a ∈ A0R,

then x ⊕  a = Aix and y ⊕  a = Aiy, therefore x and y

are operationally equivalent if and only if ix = iy. If a ∈ K \ A0R, for example a ∈ Aia, then x ⊕ a = y ⊕ a is equivalent with ix +

ia = iy + ia, meaning again ix = iy. 3. Let us consider x ∼⊕i y, which is to say x ∈ a ⊕ b if and only if

y ∈ a ⊕  b . If a, b ∈ A0R, then a ⊕  b = a ◦ b and therefore x ∼⊕i y whenever x, y

∈ a ◦ b ⊂ A0R. If a

∈ Aia and b ∈ Aib with Aia × Aib ≠ H × H, then a ⊕ b = Aia+ib = Ai and therefore x ∼⊕i y whenever x, y ∈ Ai, with i ∈ R.

Combining the two cases, we get that x and y are inseparable if and only if they are in the same subset Ai. CHAPTER 4.

REDUCIBILITY IN HYPERRINGS 76 Lemma 4.3. Let (K, ⊕, ⊙) be an (H, R)-hyperring, where K = Ai, with (R, +, ·) an i∈R integral

domain and (H, ◦, □) a hyperring. Two elements x and⋃y in K are essentially indistinguishable with respect to the

hyperoperation ⊙ if and only if they belong to the same subset Ai ⊂ K.

Proof. The proof is similar to the one of Lemma 4. 2. The

only difference here is in the case of the relation ”∼o”, where the condition regarding R to be an integral domain is

fundamental. Proposition 4.6. Let (K, ⊕, ⊙) be an (H, R)-hyperring, where K = Ai, with i∈R (R, +, ·) an integral domain and (H,

◦, □) a hyperring. Then the hyperring⋃(K, ⊕, ⊙) is not reduced if and only if there exists i ∈ R, i ≠ 0R, with |Ai| ≥ 2, or the

hypergroup (H, ◦) is not reduced. Proof. Let us suppose that the hyperring (K, ⊕, ⊙) is not reduced.
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Then there exist two elements x and y in K such that x ∼e y , i.e., x ∼⊕e y and x

∼⊙e y

. Based on Lemma 4.2 and and Lemma 4.3, if x and y belong to the same subset Ai, with i ≠ 0R, we conclude that |Ai| ≥ 2.

Otherwise, if all sets Ai, i ≠ 0R are singletons, then x, y ∈ A0R = H, which implies that x ∼◦o y and x ∼◦i y, i.e., the structure (H,

◦) is a not reduced hypergroup. Conversely, suppose there exists i ∈ R \ {0R} such that |Ai| ≥ 2. Then there exist two elements

x and y in the set Ai, implying that x ∼⊕e y and x ∼⊙e y. In other words, x ∼e y, signifying that the (H, R)-hyperring (K, ⊕, ⊙)

is not reduced. Assuming that (H, ◦) is not reduced, let x and y be two elements such that x ∼◦e y. According with Lemma 4.2

and and Lemma 4.3, we further conclude that x ∼⊕e y. Due to the de�nition of the hyperoperation ⊙, for any x, y ∈ H, it

easily follows that x ∼⊙e y. Hence, x ∼e y, i.e., (K, ⊕, ⊙) is not a reduced hyperring. Corollary 4.2.

If (H, ⊕ , ⊙) is a not reduced hyperring, then the (H, R )-hyperring (K, ⊕, ⊙) is not reduced,

too

. In the following, we will give an example of an (H, R)-hyperring and show its non- reducibility. Example 4.9. Let endow the

set R = {0, a, b, c} with the following operations CHAPTER 4. REDUCIBILITY IN HYPERRINGS 77 +

0 a b c 0 0 a b c a a 0 c b b b c 0 a c c b a 0 · 0 a b c 0 0 0 0 0 a 0 0 a a b 0 0 b b c 0 0 c c

It easily follows that (R, +, ·) is a ring. Furthermore, let (H, ◦, □) be a hyperring given by the tables ◦

c d □ c d c c c, d c c c, d d c, d c, d d c c, d

The structure (H, ◦, □) is a general hyperring [34].

It is easy to check that (H, ◦) is a reduced hypergroup and

thus, the hyperring (H, ◦, □) is reduced, too. We will endow the set K = {c, d,

a1, a2, a3, a4, a5, a6 }, where A0 = H, Aa = { a1, a2 }, Ab = { a3, a4, a5 }, Ac = { a6
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}, with an (H, R)-hyperstructure by de�ning the hyperaddition x ⊕ y = x ◦ y if both x, y belong to H, otherwise, let x ⊕ y = Ak,

with x ∈ Ai, y ∈ Aj and k = i + j. Besides,

de�ne x ⊙  y = H , where x, y ∈ H and x ⊕  y = Ak with x ∈ Ai, y

∈ Aj and k = i · j. Then the structure (K, ⊕, ⊙) is an (H, R)-hyperring. Let us prove that a1 ∼e a2, i.e.,

a1 ⊕  x = a2 ⊕  x for all x ∈ K. Indeed, if x ∈ H, a1 ⊕ x = Aa+0 = a2 ⊕ x . If x ∈ Aa,

a1 ⊕  x

= Aa+a = A0 = a2 ⊕ x = A0. For x ∈ Ab, a1 ⊕ x = Aa+b = Ac = a2 ⊕ x. Finally, a1 ⊕ x = a2 ⊕ x = Aa+c = Ab for x ∈ Ac. Due to

the commutativity of the ring R, x ⊕

a1 = x ⊕  a2 for any x ∈ K. Similarly, a1 ⊙  x = a2 ⊙  x and x ⊙ a1 = x ⊙  a2 for any x

∈ K. Thus, a1 ∼o a2 . Since x ⊕ y ⊂ H if

both x, y ∈ H = A0 = {c, d}, we conclude that the elements a1 and a2 don’t appear in such hyperproducts. All other

hyperproducts x ⊕ y are equal to some sets Ak, where k ∈ {a, b, c}, with Aa, Ab and Ac being disjoint sets. Hence, a1 and a2

appear in the hyperproducts which are equal to Aa, so they always appear together. Analogously, a1 and a2 appear in the

same hyperproducts x ⊙ y. Hence, a1 ∼i a2. Similarly one proves that â3e = â4e = â5e = {a3, a4, a5}. Thereby we conclude

that the (H, R)− hyperring (K, ⊕, ⊙) is not reduced. Chapter 5 Conclusions This thesis deals with the study of reducibility in

different algebraic hyperstructures. The motivation for our study was given by Jantosciak, who noticed that in a hyper- group

elements can play the same role with respect to the hyperoperation. He de�ned certain equivalence relations which are the

basis for the de�nition of reducibility. The equivalence relations are called: the operational equivalence, inseparability and

essen- tial indistinguishability. Jantosciak gave the de�nition of a reduced hypergroup, saying that the hypergroup is

reduced if the equivalence class of each element with respect to the relation ”essential

indistinguishability” is

one-element set. In the dissertation, we have extended the classical notion of reducibility to the fuzzy case, by de�ning new

concepts: fuzzy reduced hypergroup and reduced fuzzy hypergroup. We can consider the reducibility on a crisp hypergroup

equipped with a fuzzy set or in a fuzzy hyper- group. In the �rst case we examine a
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fuzzy reduced hypergroup, i.e., crisp hypergroup that is fuzzy reduced with respect to the

corresponding fuzzy set

. In the second case, using fuzzy hyperproducts, we get reduced fuzzy hypergroup, in other words fuzzy hypergroup that is

reduced. We have developed the �rst case and studied the fuzzy reducibility in hypergroups. In order to extend the concept

of the reducibility to the fuzzy case, we have introduced, similarly to the crisp case,

equivalence relations called: the fuzzy operationally equivalence, the fuzzy inseparability and

the fuzzy essentially indistinguishability

, taking into consideration the fact that now we are working with fuzzy sets. A crisp hypergroup equipped with a fuzzy set is

called a fuzzy reduced hy- pergroup if and only if each element in the hypergroup has singleton equivalence class with

respect to the relation fuzzy essential indistinguishability. Moreover, we have extended the reducibility concept to hyperrings,

by de�ning equiv- alence relations with respect to the both hyperoperations in a general hyperring. Anal- ogously to the

hypergroups, we have introduced the de�nition of a reduced hyperring. 78 79 CHAPTER 5. CONCLUSIONS In this Phd thesis

we have investigated the reducibility (in both, crisp and fuzzy case) for many classes of hypergroups and the reducibility in

hyperrings. After the preliminaries chapter which contains the basic hyperstructure theory necessary for our study, in the

second chapter we have presented our results related to the reducibility in hypergroups. In the third chapter we have studied

the fuzzy case of the reducibility, i.e., we have studied the fuzzy reducibility in hypergroups. The fourth chapter deals with a

hyperring reducibility. After we have extended the concept of the reducibility to the hyperrings (in the crisp case), we have

investigated the reducibility property in certain classes of general hyperrings. The main results obtained in the dissertation

are related to the hypergroups re- ducibility. Regarding the crisp case, we have proved that complete hypergroups are not

reduced, while the hypergroups with partial scalar identities are reduced. More- over, arbitrary canonical hypergroups is a

reduced hypergroup. Also, we have found the necessary and su�cient condition for Corsini hypergroups to be reduced. We

have concluded that the reducibility of cyclic hypergroups strictly depends of their cardi- nality and of the number of

generators, too. When it comes to the fuzzy reducibility, the complete hypergroups are not reduced, as well as in the crisp

case, while i.p.s. hypergroups are not fuzzy reduced. We have proved that Corsini hypergroups are not fuzzy reduced. We

have to emphasize that in all cases the fuzzy reducibility has been investigated with respect to the grade fuzzy set µ. As for

the hyperrings, the reducibil- ity have been studied only in the crisp case. Using the result about non-reducibility of complete

hypergroups, we have got the same co˜nclusion for the complete hyperrings. Besides, we have determined conditions under

which the (H, R)− hyperring is reduced. Many of the results presented here can be found in the articles Fuzzy reduced hy-

pergroups and Reducibility in Corsini hypergroups, published in the journals ”Mathe- matics” and ”Analele Stiinti�ce

Universitatii Ovidius Constanta, Seria Matematica”, respectively. The idea concerning our study, which will be the topic of our

further research, is the second extension of the reducibility concept to the fuzzy case. Our goal is to examine the reducibility
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in fuzzy hyperstructures, especially in hypergroups. In the following we give the examples of some fuzzy hypergroups which

are reduced. Example 5.1.

Let H be a non-empty set and ◦ : H × H → F ( H ), where a

◦ b = χ{a,b}. (H, ◦) is a reduced fuzzy hypergroup. In [59] can be found the proof that the structure (H, ◦) is a fuzzy hypergroup.

Let a, b ∈ H be the elements

such that a ∼o b , i.e., ( a ◦ x )(r) = ( b ◦ x )(r) for all x , r ∈ H

. 80 CHAPTER 5. CONCLUSIONS If we take that x = a then we obtain that (a ◦ a)(r) = (b ◦ a)(r) for all r ∈ H. Since (a ◦ a)(r) =

χ{a}a = ⎧⎨0; r ≠ a 1; r = a (5.1) then (a ◦ a)(a) = 1. But, (a ◦ a)(

a) = (b ◦ a)(⎩a ) = χ{ b,a}(a ), so χ{b, a}(a ) = 1. Also, ( a ◦ a)(b ) = (b ◦ a)(b ) = χ{ b,a}

(b

) = 1, which implies that χa(b) = 1, meaning that b = a. Thus, we obtain that a ∼o if and only if a = b. Hence, for all a ∈ H, âo =

{a} and thereby âe = {a} which gives that (H, ◦) is a reduced fuzzy hypergroup. Example 5.2.

Let (H, ·) be a group with identity e , and the hyperoperation ◦ : H × H

→ F (H) is given with a ◦ b = χab. Then the hypergroup (H, ◦) is a reduced fuzzy hypergroup. Let us suppose

that a ∼o b, i.e ., (a ◦ x )(r) = (b ◦ x )(r) for all x , r ∈ H. By

taking that x = e, we get (a ◦ e) = χae = χa. Now, 1 = (a ◦ e)(a) = (b ◦ e)(a) = χb(a), thus a = b. Hence, (H, ◦) is a reduced fuzzy

hypergroup. Based on the previous examples, we aim to conduct our study about the reducibility of fuzzy hyperstructures

and to �nd some general results. Also, we intend to extend the reducibility in hyperrings to the fuzzy case, studying the fuzzy

reducibility for the wide classes of general hyperrings. References [1] Al-Tahan, M., Davvaz, B.: On some properties of single
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