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HOMOLOGY OF POLYOMINO TILINGS ON FLAT
SURFACES

Eidin Lidan and Porde Barali

The homology group-of a tiling intioduced by M, Reid is studied for certain
topulogical tilings. As in the planar case, for finite sqiare grids.on tupologlcal
surfaces, the m{,Lhod of homology groups. namely thie non- triviality of some
specific element in the group allows a ‘coloring proof’ of inipossibility of a
tiling. Several results about the non-existence of polyomine tilings on ccitain
squarc-tiled, surfages are proved in Lhie puper,

1. INTRODUCTION

Recredtional mathematics coiipriscs various subjects. including combinatorial
games, puzzles, card tricks, aitf, etc. Its probleins are- typically easily understood.
by a general audience; yet their solution often recuuires rigorous research. Indeed, a
significant number of mathematical disciplines have been grounded on ideas sparked
by challenges fromn recreaticnal mathematics. TFor emmple, ar aph theory has its
roots in the solutiori-of the problem-of The Seven Bridges of I(Ul’l‘lgbb(!l , and magie
squares contributed to the foundations of combinatorial designs.

A polyomine is a planar geowelric figuie formed by juining onte or nicre
identical squares edge-to-edge. It may also be regarded as’a finite subset of the
regular square grid with a connected intorior. A polyomino consisting of exactly 7
cells is called an n-omino. Puhommo shapes for n < & are illnstrated in Figures
L, 2 and 3. Some polvommoes were named after letters of the alphabet closely
rc*aemh]mg them, as can be seen in Figures 2 and-3. They were popularized: by
Salmon Golomb who wrote the first monograph on' polyominocs 18} and by Martin

2010 Mathomatics Subject Clasgificatian. USH5G | 52020, 051310.
Keaywords and Phrases. l’niyummo, Clormbibator: X Girids, Flac Sorfaces, Homology Group of 1115115;
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Gardner in" his Seientific American colnmns “Mathematical Games®, see {6]. In.
fact, the word polyomino was coined by Golonib in {7}, Today they are one of the
most popular subjects of recreational utathematics, being of great interest to not-
ouly mathematicians hut pliysicists, biologists; and computer seientists as well. For
mote infortiation, we refer the reader 1o.surveys. §2] and [3],
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Figure 1: Monoming, domino and trominges
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Figure 2: Tetrominops
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Figure 3: Peutominoes

The polyomino tding problem asks whether it-is possible to properly tesscllate
a finite region of colls, say Af, with polyomino shapes from a given set 7. There.
are nEMeErous genera]izzxtions_ﬂf this quistion for symimétric aid asymmetyric ti lings,__
higher dimensional analogs, pelycinio. type problenis on other regular lat.t__icc grids
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(triangular, hexagonal), ete. However, the problem is NP-hard in general, and we

canr give definite answers mily in & lhinited mnnber of cases.

This enthralling problem. from rvecreational mathemitics has atlracted aften-
tion of both mathematicians and nen-experts, Theve were many results establish-
jug erfteria for proper tilings by some specific polyoming shapes (sce {9, [10], f11],
(18} and-[19]}. Conway and Lagarias developed in {51 the so-called ‘bomndary-werd
iethod” for addressing this question. Their ideas were Turthor developed by Reid
in {17! who assigned to cach sel of tiles T fhe hornoloyy end the homolopy group
of tilfings and forur1_11;:._[.1-:11 a necessary -condition for existenee of a. proper tHirg of a
finiberegion A7 fn.n plane,

Reid’s powerful idea allows natural gencralizatinon to a‘wiveh higger elass of
combinatorial Hitngs. Insiead of considering planar regions, we study regions whicli
are obtained by identifying paris of the baundary of a planur region resiilting in a
Hal Riemann Surlaces. The ouly flat compret Riemann, surfaces are the torug aned
Klein bottle, bitt one can give bigher-genus surlac i34 flal metric éverywhere except
at certain cone points; and then remove netghborboods of the singular: points to
et a flat surface with houndary. .S'm_‘Fac:(.is-with a flat metric obtained by pairwise
identification of sides of a collection of plaie polygons via translations.of their sides,
are-called translafion suifaces. Translation surfaces can also be defined as Riemaim
surfaces with a holomorplic I-form,. In particular, we.are interested o subclass
of transiation surfaces called # Aguare-liled surface. A square-tiled snrldce is any
Lravslation surface ohtained from A polygoii P which s ftself obtained. by putting
a collection of copies of the it square side by side. In genoral, the tital angle
ardund a corner of a sguare of g square-tiled surface S s a non-trivial muitiple of
2w, Any such point.is called a conical singularity of 8. [n this Raper, wo study the
problem of tiling a swface § subdivi ded into-a fnite ‘combina torial® grid by-a finite
setol polyornino shapes T aud define the homology group [14(T7.

Syuare-iiled 'au_d_ translation surfaces arise in dynamical svéfoms, where thev
can be used to model billiards, and in Teichuniiilor theory, .Tl'lfj-}-' have-a rich math-
ematical strtcture and may be studied from mudtiple piints of view {(Hatl geometry,
algelraic geomelry, combinatorial group- theory, ete.). We present 'someﬁ.nc_w ro-
vults and flustraie exanples explaining the application of the hamology group of
generalized polyoming type tilings in the combinatorial and the topalogiceal conkext.,

In Section 2. we inbroduce the hotrelogy ting group for finite square prids
on.surfaces with boundacies based o3 [17]. Seviral resilis about the impossibility
of tiling ¢ertain concrele square-Liled surfaees are proved using the homology gty
of the tiling in Seetion. 3, Ome wmain novelty lies.n Theorem 12 which establishes a
general result connceting the I-polyoimine shape with the gems of the smface.

2. TILING PROBLEM ON SURFACES

The standard square grid in the plane s characterized by ihe property Lhat
exactly four edges meet at each vertex. and each vertex is shared by four Buares
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in the grid. We assunie that every edge in a conibinatorial grid on a surface is
shared by exactly two squares, unless it is on the boundary. This local property
allows us-to define a polyomino tiling on a topological sirface in the same way as
in the planar case, and we will refer to such a structine as the square grid on o
surface. For example, identitication of paralle} ediges of the boundary of m X n grid
in the same directions provides such a -grid on torus. kientification of two pairs of
parallel sides of an m x ni, m-> 3 sqiaze, it in the opposite direction in one of the
pairs, provides examples of square grids on Klein bottle, see Figure 4. However,
if the surface has no boundary, then esch vertex is shared by four squares, so the
nuinber of vertices equals the number of squares. Likewise, each edge is shared by
two squares, 50 the number of edges is twice the mimber of squares. This makes
the Euler ¢haracteristic

XM)=V - E4FuF-3FLF=0,

s0 M is either the torus or the Klein bottle.

i1 £

if

Figure 4: Square grids on a toris and a Klein bottle

On topological surfaces with houndaries, square grids.are not rare stiructures.
One way to obtain them is by identification-of certain faces ofa finite region i a
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planar square grid. Identification of faces.allows the additional possibility for plac-
ing a polyontino tile, s we have tu develop means to treat: tiliug problenis. Surfaces _
obtained by ghing sides of a polygon are extevsively studied in mathematics and
this is an interesting research topie u itscl {(see {1),112], [13] and [21]).

Actnally, above menlioned combinatorial structures are directly related lo
mathematical concepts kuown as frunslation surfices. Combinatorially, a transta-
tion surface may be definied i the following wav. Let /%, . iy Py be aecollection of
poelygons i the BEuclidean plane sud suppose tlmt for every side & of any B there
s a side 55 of some Py with § 27 and g5 5= 59+ 5 for some nowzers vactor % and
so thal 7 = «&. The space obtained by identifving all s; with their corresponding
8 ihrough the map @ =% -+ 75 18 a4 translalion aurface,

A particular class of translation sirfices known as square-tiled surfaces s of
widle interest for malhems fies.. A square-tiled surl#ce Is an orientable conneeled’
surface obiained bonia linite collection of nnil sqeires o 'a plane affer identifica-
tions of pairs of parallel sides via adaguate translations. In geneval, tlic total angle
arownd-a corner of A sguare of a squarestiled surface M s a nou-trivial multiple of
2 and any such point is called @ conical shigularity of Af, Th onr considerations
we will consider Hat surfaces with cone paiies with-coue angle a multiple of 7.

The tiling problem [or a finite s:_lhsei- of the regiilar planar square srid by
a finite set of polyoming prototiles lins heew studied extensively in the past few
decades.  However, there exist many other topological 2-manifolds which: admit
subdivision into a finite nuraber of squares which preseeves the structure of regular
square grid and for which the iiling probleni is alse defined. One natural way to
obtain such structires ix by gloing some of the faces of a finite subset of regalar
square lattice in ihe plane, and- some results and examples of polyoniino tiling
problens in this context are known i fiterature ander the notion of topological
tilings. Spﬂ:ml cases of cyluders, torus, Mibius strip, Klein bottle amd projective
plang with a 2-disk removed were studied in (8], [20] aid 114,

Several technigues for fanling obstructions to tiling are known, and one of
the most charmiing is that of a ‘gereralized. chedsboard ecoloving’, This method
rests On-the fact that the chessboard with fwo apposite square corners removed
camnot be tiléd by doninecs. as the difforence between the number of white and
black squares s two, see [71 The general idea is to use several colors and color
the squares of the considered region i o special pattern ‘sensiiive’ to the given
sel of p()I\«umnmc‘s. In other words, the coloring imposes-some muher theorotical
vondition which serves as an vhstruction to a tiling, Howover, it ignot casy to nd a
coloring aygument for proving nonexistence of a tiling: ’\hclmr*l Reid introduced in
[17] the so-called homology group of a 1iling and showed that proof of nont 1'1\~ldI|tv
of & speeial element in this group assignied to the finite subset of regalar square
duttice produces a generalized chessboard coloring arginent. His homology tiling
group method is therefore al least ws powerful as the coloring argwment. In the
same paper, Reid gave many exaniples where ihe tiling homology gromnp is inellicient
for proving non-existence ol & l-lhlu,,,

The problem of polyomine tilings was sindied by Conway and Lagariag in [51
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where they introduced a néw techuigue using boundary word invdriants fo formu-
late necessary conditions for the existence of tilings. Based on their ideas, Reid
presented in {17} 4 new strategy for treating tiling problens, working with the so--
cdlled homotopy group. of tiling. Reid’s hometopy tiling group method was so far
the most successful in establishing vecessary eriteria for existence of tilings.

Our-main observation js that Reid's tiling homology group method can be
applied to studying topological tilings. A standard model for obtaining topological
surfaces is identification of sides of a polygon and as clearly presented in [13] and
{21

Let M b a topological surface wiih baoundary oblained by gluing of sides of
some finite subset /2°of the regular square grid in the plane and let. 7 be a Anite
set of polyomino tiles. Gluing of faces provides more ways for placement of tiles
from 7 .en M then in the case of R, so A7 may be tiled even if R does not adimit
a tiling by tiles from 7. We initroduce the tiling homology group H{A, T in the
same fashion as Michael Reidl.

Let 4 be the free abelinn group generated by the set of eells of M. We
assume that all cells of A preserve labeling by (5. 7) from R. The gencrator of A
corresponding to the eell (7,7} is denoted by a; 5. Let B{M.T) be the subgroup
generated by elements. corresponding to all possible placements of tiles in T ie.
by the sums of clements assigned o cells of M that can be covered by a tile fram

T.
Definition 1. The tiling homology group of (M. T) is the quotient group
H{M.T) = A/B(M,T).

Let us denote by 4, ; the image of ;5 in H(}M, T). Asin the planar case,
there is an element © € H (M, T) assigned to A

SRE Z alj

LigyeM

which is cléarly zera when there §s o tiling of M by polyominoes [rem 7. Thus, ©
is an obstruction to tiling. Recall that Reid COHbldBl{’d m his paper the se-called
stgned tiling, where he allowed polyomnm tiles to have positive and negfxtlve signs.
Clearly, the signed tilitg of A7 by 7 exists if and only if @ js trivial in & (M. T).

Reid’s 117 PI‘OpOHlt]OIl 2.10} also holds for topological tilings by polyominaes.
It states that nontrivial @ produces special numbering of cells in M that yields
a genoralmed ‘chesshoard coloring. argument. We adapi: his proof ‘to the case of
topological iilings.

Proposition 2. Let M be a topological surface with bovndary with a finite Sgudie
grid and finite set of polyominocs T such that © i3 nonirivial in H(M,T).. Then
there is the auwmbering of the eclls in M by ratonal numbers such that

i) for any placement of a dile from T . ihe total sum of covered numbers is an
integer; and
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ii) the botal covered by the cells of M s not wn infeger.

Proef. Covsider the c:yt-'lic subgroup (07 ¢ H(TY genvwated by 6. We deliie a
hon_wllmrphisrn w0 — GFZ with p{0) % 0. If © has infinite order we. qe"r
2O = z ‘mexd Z, while it © has finite order # > 1, then we defing w(0) =
mod Z. Sineo I;/'zé s a divisible abolian group, the I!Ul]]t)lnulplll‘sl]l = {’)\tond‘: to
a homomorphisnt £ (AF, TV~ G/B, also called 2. Here we used the familiar Fact
aboul eqtitvalence ol the neiions of injéctive grenp. and divisible gretp lor abelian.
groups [4, I"mpnsitim'l 6.2, Since A .4 [vee abelian group, the composite map.

J — » AfDAMLTY == H(M.T) —5s QJE

lifts to a homomorphism @ 0 4 — §, such that the following diveraan commutes

A _"_5 @
! l

where the vertieal surjections are the guetient maps. Desired mumbering of the
cells is defined by 4, and sinece BLMTY s in the kornel of A — GQ/Z, every tile:
placement. covers an. integral total. But, 2(@) £ 0 and total of ihe cills in A is
not an hiteger. 3
Reidd’s tiling homology group-was systematically studied using Grébner bases-
fn the works of Muziki-Dizdarevié, Timotijevié and Zivaljevié. sec [15] and {16].

3. NONEXISTENCE OF POLYOMINO TILINGS ON SURFACES

In: this seetion we prove sevieral results vnethioneXistente-of titings o sinfaces
ol dilferent, genus with bonndaries by some “i\‘( i polyomino. sels ag an ustralion
of the hr)molug\ mcthed.

First we formmlate three vesults for polyominoe tilings o a torus sguare grid,
Such cases were also studied 1o the past [208 as they are close to she planar case.

Theorem 3. A square torus r,u id of dimension (dui-+ 2§ x {dn+ 2) cannot be tiled
by Fetrominoes, soe Fignre 2,

Proof. Consider.a {(:ai +2) % (40 + 2} square torus. grid medel in a plane with cells
labelled as in Fignre 3.1..

Investigate all possible placervents of a tile in the given model. To each
placoment one can assign one of twe Bypes of relations:

i+ i e + Ay ad b by a0 anid Mg e g sy gy = 0
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Figure 3:1: Torus grid of dimension {4m + 2} x (dn +2)

given torus grid. We. assume that indices of rows is modulg dm + 2 and medule
4n 42 for columns.in the relations above. Considering the relation

where z"::.l, o ATi 4 2 labels a row, and §=1,....4n 4+ 2 labels a colurmn on the

‘we obtain that in the homology group of this tiing it holds that
Gi g = dij4a

forall 4, 7€ {1,2,... . 4k + 2} Andlogonsly, ;. Gl .

From ‘the relations corresponding to placements over the identified faces of
the rectangle representing our torus grid, we obtain additional cells of the grid.
whose corresponding generators in the homology gronp of tilinig are equal. Using

i gm—1 -+ O i + g ntd F W gy =0 and
Qi + Gt F Eigmen + 8iq =

we conclude that &y = @; 4.1, In the same faghion wededuee that, dip = @i qm,
a1 = Qayi—1 7 and Qo = €y, ; Tor all 1 Comnbihing the equalities above, we abtajn

i

2y if i=1 (mod2),7=1 (med 2),

oo dOr2e AL i=1 (mod2). j=0 (mod 2),
i Goav i im0 {(mod2), j=1 fued 2),
=0 {mod2).j=0 {mod?2).

Aoy 1§

as depicted in Figure 3.2,
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Figmre 3.2: Coloving of the equivalent cells of the torus erid
g HE i i g

If we put ietroinino shape on the torus grid with cquivalent colls we obtain
one of the following relations

Qhﬁq b 24 o= 0,' Qf}iTi -+ Qr:_, e U-_

2y + ?_.ﬁ.i.-!f.\_)' = (3, 2?]'1__3. & g =1

Therefore, onr liotnology group i isomorphic to the quotiont. group of the free
abeliaxr group with four gencrdtors by the four relations o given above. Lot us observe
that vne of these relations can In, obtained from the wmaunng three se we can
omit the relation. iz g + 249, = 0. We can consider (he presentation of the aronp
usmg_, tlie f(ﬂlm\rnw Four gmlmntm% d= g =iy b e, oo fiy g b fg oy and
d = @iy 3 —ity,;. I8 clear - that 26 = 20 = (}. and- little wore effort gives 2d = ).
Thus, our homology group of tiling i somor Pt to

Gla b, di2b = 20 = 2 = 0 2 B e (Ta)™.

1t 3y easily seen that everythbig but the 1op two {vr bottom two) rows of
onr ,e,ud aregasily tiled by vertical Itetrominoes, and thal in fhe Lop two fows
everything but the vight-most twe columns are ulod by horizontal T-tetrominoes,
50-6- 15 the suh of eleménis comvesponding to the four upper right cells. Thus,

O = Ty y ek oy b o = Dbk o
s nontrivial in-the Gl homalogy group, so desived tiling is not possible. i3

Remark 4. We can rench the same ronclusion wsiny colaving of the square torys
grid-as in Figure 3.2: Each Hile covers 3 blue and 2 yellow eetls, or 2 Bue apd 2
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red, or 2 yellow and 2 green, or 2. red and 2 green. Since the number of ceélls.of
each color is odd and cuch tily covers an even mimber of cells of the same color, we
conclude that #iling #s wol possible.

Theorem 5. A4 square torus giid of dimension (Am +2) % (4n+ 2) cannot be tiled
with T' letrotninoes.

Proof. Consider the torus grid presented as in Figure 3.1. Consider all possible
placements of T tetromino. To each placement we can assigh one of the following
ralations:

Gig + &4yt 500 4 Gigppger = O
A @y 541+ @i g2 T i) jbt = .
fig F Gy g+ Gy + dipr g = O and
@ g+ bigry + dipag + Gisrj-1 = O,

where we use thi same labelling: as in the proof of Theorein 3. From them we
directly deduce that in the howology-group of tiling it holds, that

Biga, = Mig = gy

for all ¢ and j. Therefore,

G JO i F- =0 (mod 2
i Gray i i-j=1 {(mod2),

as.it'is ilhustrated in Figure 5.1.
Placing a T-tetromine shape on the torus grid witly equivalent cells, we got.
oni of the following two relations

3175'1,14-(11_9_ = ;U. and
e +é3, = 0

Thetefore, our homology group is isomorphic to the group
G’{?lt:__l {8it; ; = U) =z

Our grid has 2m cells &;,, 4nd s, where § = - (2m -+ 1)(2n + 1), So the element
‘that corresponds to this grid

0 = gkﬁq_}_ + 2ki1; i -41%‘-?}"1\_1 = 45’.]_:']_
is nontrivial in the homology ‘group. s desired tiling does not exist. O

Remark 6. The same conclusion can be obtained using coloring in Figure 5.1 and
‘puriy argument for the iotal number of cells in the grid.



11

D
a

Figire 5.1 Goloriug of the agmivalent-cells of the toius grid

Figure 7.1: X Hexomino

Theorvem 7. 4 square torus grid of dimension (dm +2) X (dn+2) caimot he tiled
with X hexominoes (Fipure 7.1).

Proof. Consider planir model of torns grid of dimension (4m-+ 2) x {47+ 2) as in
Figire 3.1: Examine all possible horizomal placeients of our tile. Each of thein
viekls a relation

(7.1) Ao F g F e digas F A g o+ . gt == 0,

whete where the rows and colinnng are lahelled analogously as in the proof of-
Theorem 3. !mm {7.1} we cone Inde that in the lonology group of this tilling it
holds d; ;o= a0 for all 4 and. j. Sinee Wit = Ut totn, = Ay, i
and i a7 (g e firther get that for ali t and j i alse holds (r, 3

Bl =ty

- ';4 EE% N

f\na,logoua cansideration of vertical plagements implies ;. == ;. 24 for all
i and . Equivalences of the cells i the 2ridd in the liomology group of tiing e
depicted in Fignre 7.2.

Thas, we deduce that the homology group of tiling is the quotient. ol thi free
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Figure 7.2: Coloring of the equivalent cells of the torus. grid

abelian group with-four generators G(a, 13812, 82,1, 82.2) modulo following relations

iy 2+ ey + 2igs = O,
2&1_1 + 2in g b Biig = 0,
2y + 2052 + ign = 0 and
2054 4 2y + a0y = 0,
We consider the presentation of the homology group of tiling using the fol-
lowing generators == Ay -ligy Flpy, 4= 81 + Aoy +0pa..2= 017 +81a+ fi22
Aand t=4; ) + a3+ 8z, + Ao The upper relations in new generators are

20 e 2y = 27 = (i - 230 2 — 2z =

Finally, we find that the homology group of tiling 15

It follows that the.clement corresponding to this grid

8 = {2k+ 1éy g+ 2k + 1)d + _{21’\‘..-?- ].}52_1__ -+ (2K + 1)?12‘_2
= 2+ 1)@, + 10 + 897 + G25)
= {2k 4 Du

is'a nontrivial element in the homalogy grou p as 6 does not.divide 2k +1. Therelora,
tiling does not exist, O
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Remark 8. Tlie sanie conclusion cun be olitained by folovring of torus grid ns in
Figuie 7.2. Each tile covers 2 bl cells, 2 ved and 2 green or 2 blag, 2 gellow ind
2 green or 2 ved, 2 yellow and 2 green or2 blue, 2 red and 2 greon.cells. Given that
the wamber of colls ¢f ench color is odd, and every tile covers eoen naanber of cells
of each color, we conclude that tilling is nol passihle.

Now we prove sowe. yesults on surfaces with boundavies. As we will sce,
tapology contributes siguificantly to the homology mroip of tiling.

‘Theorein %. A squart grid on 4 nen-grientable. surface of yeous 6. with boundary
SJormed by identifying the sides of a dodecagon. consisting of five 4k x Ak squares and
femouving 20 corner cells around cone poind as in Figure 9.1 cannol be biled with
I tetrominaes and Z-1et roiminoes., '

Gt

bt 101

LB

fay

By dye

Figure 9.1 Square prid on 2 non-origntable surface of fenus 6 with boundary

Proof. Let ns denote the colls of this square grid as in Figure 4.3, Ohserve that
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cells a3, @y, Qs Qakotks Cqfd,8k4 0. ekt LA2% s QAR Dby Bkt 1 4k s Cdkt’) Ak41
Gk 1,8k A8k Skt ly UK 120 BER1T E8E AL 8L the+1 TEhBEy O8E+1.1 T8k+1,4ks 1251
and ayz4 4 are deleted and that, topologically, after gluing their union béconies.
a disk. Thus, we stidy a gluing of non-orientable surface of penus 6 with one
boundary componeént. '

Using Ltelrominoes it is casy to deduce that in the hombology group of tiling
it holds that &; ; = &4 5 and Gy ; = g, j- o

A placement of a Z-tetroniio yiclds one of the following two relations

&gl py gt iny je1+8ige a1 =0 and Aipy j+Cis gt $Op2 g1+ Giga jpg = 0.

They imply G5 y42 == &, _

Considering placement of [-tetromino across the edge d it is easy to seé
that Gagiogbyi = @oewsz. Gikiosiee = @126-2.2: Gaki2ghes = @y2p~1,2 and
G4t BE1a = Digps. With the relations above we obtain the following equivaicnees
in the homology group of this tiling depicted in Figure 9.2,

Thus, the homology group of tiling i a free abelian group with four generators.
,2: @3 3. 03,3, Gz quotiented by the following relations

Gyt @y g+ dsg + Gag =0},
Qﬁil,é + 31 5 =0,
2ity 5+ Aig g = O,
iy g + 2dp 4 = 0,

28y .2+ 224 = 0.

We climinate generator éa,y fram its presentalion and consider generators
d18, b=y 3 +it1,3 and ¢ =& 5+ d9.3. We obtain that our group of homalogy is
isomorphic to Z 6 Z3.

Our square grid contains 2052 colls &, 5. 5(4k? 1) cclls &y 4 and ag 4, as well
as 10(24% — 1) colls ‘@z.3. The cltment corresponding to this grid

O = 20872 + 54 ~ Vayy + 10242 —~ 1) g + 514> ~1)g.4
= 2[]!{!2(_&1_52 +lrg + dey i) — Siyg — 10y g —~ Siea. 4

= B8y - Saiy =¥~ 108, 3
is a non-trivial element of the homology group and desived tiling is not possible. J

Theorem 10. A grid on @ non-orientable surface of genus 4 with boundary is
formed by identifyiing the sides of a dodecagon consisting of five 4k % 4k squares
and with remeved 20 cells around cone poinis os in Figure 10.7 cannot be tiled with
L-tetrominpes. '

Proof. Model in Figure 10.1 after gluing along marked sides and deletion of 20 cor-
ner ¢ells gives a non-orientable surface of genus 4 with three boundaiy comporents.
Dendte the colls in the grid as in the previous example.
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2% =t

Figure 8.2: Coloring of the équivalent cells i square grid on a non-orientabie surface
of genus € with boundary

Placing L-tetroniing in the given model in vertical position hefore taking
identification into account will give one of tle two relations

(10 ]) fis, g —F-'rig;;,;__‘;; -+ lﬁf+37:f__ tien i o= 0 -and
{10.2) i+ Gigrg +licny -+ Bigagey = 0

in the homology gronp of tiling. Fromy (10.1} and (10.2) we olstain that in the group
of homology of this tiling the cells Gij—1 = &ig41 al'e equivalont. Arxa]ogou*;lv it
holds that &;..;,; = &ip1,5 Ae cquivilent in the homology group-of this tiling,
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f —
g s
St Bbag
24
Hirid :
;f

Figure 10.1: Square grid on-a nen-orientable surface of genus 4 witly three b’oundal}'
components

We summarize-all upper equivalencos of cells in
DL Qi ; >

iy, i =1 (mod 2} =1 (mod 2),

dye, i i=1 [(mod 2], i=0 (mod 2),

da1, H im0 (mod2), izl (mod 2,
=4l

app.  if ) (mod 2, 7 =0 {(mod 2).

iy =

Consider a placement of L-letromino along edge denoted by g in Figure 10.1
and corresponding equations in the: howslogy group of tiling

M+ oiptasi+die = 1 and
Aoy 4 dyg bz +82 = O

From them we deduce that d5; = ;. Ina similar way we obtainthat i » = &y

2
These equivalences are flustrated in Figure 10.2,
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Figure 10.2: Equivalent eells on square grid ou.a non-orientable surface of genus 4
with boundary

Placement of I, tetromine o the grid with equivalent cells, including place-
tuents across glicd sidés, we obtain ode of ike two. relations
R AR 32 == 0 and
32'1;72_ +fiy g = 0.

Now we conclude thiit 86y 4 = (. Therefore. the homology group-is isotnorphic
to the group

Glayal8dy,, =0) = Zy.
Onr square grid contains 10{4k? - 1) cells a1 1 and a; 2. so the element assigried to
this grid
O = 10(48° — 1)@y + L0k —~ iy o = ddy (

is a non-frivial element in the homology group of Liling and it is not possible to tile
the given grid using L-tetrominocs. O

Theorem 11. A sguare grid on an oricnicble surface of genus 3 with boundary
Jormed by identifiing the sides of a dodecagon consisiing of five 4k x4k squares
and removing 20 cells ingeting in the cone point as in Figure 11.1 cannot be tiled
by T-tetrominees.
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Figure 11.1: Square: gri'd_ on an oriéntable genus 3 surface: with boundary

Proof.

e isstraightlorwaid to check thai wode! in Figure 13.1 after gluing along
marked sides and deletion of 20 comer cells gives a genns 3 surface with one
boundary ¢omponent. Denole the cells in the grid as -in the previous theorein.
The following cquality is easily obtained '

iy I i—-jz=0 (mod2),

dra. # i~j=1 ({mod 2}

Gij =

as it is flustrated in Figare 11.2.
If we put T" {etrominoes an the grid with equivalent sells, even placing it across a
glued sides, we Ghtain one of the two relations

gt = 0 and
= ),

o

iy e+

i

Thercfore, we get that thé Lomelogy group of this is isomorphic +t0-the group.

Our square grid contains I{}_(--irir53 =1} colls dy 2 and 10(4k* ~ 1) cclls @, 3, so
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Figure 11.2: Tquivalent cells on saquare grid on an oricntable genus 3 surface with
boundary

the efement assigned o this grid is

e 10{45> — 1}ty g + LO(4K2 ~ 1)d@; .4

40k*ay 2 — 108y 5 ~ 120k%; 5+ 30y = 48,0,

it

I

©'is & non trivial elenient in tlie hoinology group of tiling; and therefore it is not
possible to-til the given square grid using T-totrominoes. ]

Theorem 12. A sguare grid on an orieatable surface of genus 2k —1 with boundary
formed by ideéntifying the sides of a (8% —4)-gon consisting of 2k% — 2k -+ 1 squares
of side:(4k — 3}d wherd d 5 a positive integer, without corner cells as in Figure 12.1
can fot be tiled with 1 % (4k — 3} polyomino.

Proof. From Figure 12,1 it is clear that the surface is erientable. Label thecells in
the grid in standard way. Denote thie cell by a; ; in standard way assuming that
the bettom left corner eell is @y y. As with other J-mindes if is.straightforward to
get

Uy y = 0 ol -3 = Qg ko je
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Figure 12.1: Square grid on an orieitable-genus 2k — 1 surface

with boundary

Using this equivealences we find that thereare (44 --3)2

types of the cells a; ;,
1 €47 <4k ~3%in the homology group of tiling. Ve

see that there are 8% — 8

refations
At}
Z_ Gy =0 fori=1,... 4% -3 and
o
AR
Z Gy =0 forj=1.. dk-3
=1

assigned to a placemant of 1 x (4—3) polyomins on the board

{including placements
deross ghuing sides). Thercfore,

owr lilomology group of tilinig is isomorphic to

Glaill <4, § < db — 4) % Z1606=1)"



This is a non-trivial clement i the homology group of tiling and the claim is
therefors proved., ]
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e 2000-2005 - Docent, Univerzitet Crne Gore
s 2005-2010 — Vanredni profésor, Univerzitet Crne Gore
«  2010- Redovni profesor, Univerzitet Cre Gore
« 2011 -Vanredni Slan Crnogorske akademije naika i umjetnosti
» 2018— Redovni tlan Crnogorske akademije nauka i umjetnosti
Odabrana predavanja po poziva:
1. Contemporary Geometry and Related Topics, Belgrade, Serbid and Monten¢gro, May 2002;
2. Kolmogorov and Contemporary Mathematics, Moscow, Russia, Jun 2003;
3. Mathematical, Theoretical and Phenomenological Challenges Beyond Standard Modgls,
Vrnjatka Banja, Serbia and Montenegro, September: 2003; "
4. Algebraic models for topological spaces and fibrations, Thilisi, Georgia, September 2004
5. XI congress of mathematicians of Serbia and Morntenegro, Petrovac, Serbia and Montenegro
; September 2004, plenary talk; '
6. Topology, analysis and applications to matheinatical physics, Moscow, Russia, February
2005; -
7. Contemporary Geometry and Related Topics, Belgrade, Serbia and Montenegro, July 2005;
8. Toric Topology, Osaka, Japan, May, 2006; : _
9. Differential Equations and Topology, in commemoration of the 1 _OOth anniversary of
1.S. Pontryagin, Moscow, Russia, Jun 2008;
10. New horizons in toric topology, Manchster, UK. July 2008;
11, Geometry, Dynamics, Integrable systems, Belgrade, Serbia, September 2008;
12. Muttidisciplinarnost i jedinstvo saveemene nauke, University of East Sarajevo, Pale, May
2009; .
13. Geometry, topology and algebra, dedicated to 120“'l anniversary of Boris. Delone, Steklov
Mathematical Institute, Russian Academy of Science, Moscow, Russia, Angust , 2010;
14. Geometry, Dynamics, Integrable Systeins, Belgrade, Serbia, September, 2010;
15. Toric topology and automorphic functions, Khabarovsk, Far eastern branch of
Russian academy of science, September; 2011 _
16. International topological conference “Alexandroff readings, Moscow state university “M.

menotor Prof. Yuri P. Solovyov, 06.1998. _
Postdoktorska pozicija, 08, 2000- 08. 2002, Ludwig Max_imiilians University, Minhen, Njematka

V. Lomonosov”; May 2012, plenary tatk : N
. The second mathematical conference of the Repubilic of Srpska, Trebinje, Juw, 2012, plenary
talk '
. Geometric structure on manifolds and their applications, Castle
Ravischholzhausen, Marburg, July, 2012. '
X VIV oenmetrical seminar. Zlatibor. Serbia. August, 2012.

Doktorska disertacija “Realnie kohomologije i karakteristiéne kiase uopdtenih simetriénih prostora




21. International conference “Algebraic topology and Abelian fanction” in honor of Victor
‘Buchstaber on occasion of his 7.0'F ' birthday, Moscow, June, 2013.
2. Geometry and analysis of metric structures, Sobolov:institute of mathematics;
Russian Academy of Sciences, Novosibirsk, December, 2013,
23. Topology of torus actions and its applications to geometry, Satelite conference of
ICM, Dagjeon, Korea, August, 2014. ' _
24, International conference “Torus actions in geometry, topology and applications, Skolkovo,
Moscow, February, 2015, _ .
25. . The fifth mathematical conference of the Republic of Srpska, Trebinje, Jun 2015.
26. Tnternational Chinese-Russian conference © Torus actions: topology, geometry and
number theory, Beijing, China, October, 2015.
27.. Aspects of Homatopy Theory, Southampton, UK, Déecember 2015.
28, XIX Geometrical Seminar, Zlatibor, Serbia, September 2016
99. Mini conference celebrating of 30 years of CGTA seminar, Belgrade, Serbia,
September 2016, plenary tatk :
30. The Princeton-Rider Workshop on the Homotopy Theory of Polyhedral
products, Princeton and Rider University, Princeton, USA, May-June, 2017.
31. Symposium on mathematics and it applicatioris, Belgrade; Serbia, November 2017.
32. International conference “Algebraic topology, Combinatorics and Mathematical Physics” in honor

i

5'::';-_}

of Victor Buchstaber on occasion of his 75th hirthday, Moscow, May, 2018,

33. International conference “Modern algebra and Analysis and their Applications, Academy of”
Seiences and Arts of Bosnia and Herzegovina, Sarajevo, September, 201 3.

34. Susret matematitara Srbije i Cme Gore, Budva, O_ktbbar, 2019.

35, Toric topology 2019 in Okayama, Okayamo, Japan, Novembar, 2019.
36. ‘Deseti simpozijum Matematika i primene, ‘Beograd, Decembar, 2019

37. Workshop on Torus actions in Topology, Fields Institute, Toronta, Kanada, May, 2020, via zoom
38. Workshop on toric topelogy, geometry and related subjects, Moscow, November ; 2020, via zoom

Predavanja na seminarima;

«  September 2002., Erwin-Schroedinger institute, Vienna, Austria; talk in the framework of the
program Aspects of foliation theory; '

April 2005, SANU, Belgrade, talk at the na Mathematicat Collogujum SANU;

Juri 2006, Osaka City University, Japan, talk at the Topology seminar;

Jul 2006, University of Aberdeen, UK, talk at the Topology seminar

January 2007, University of Oxfoid, UK, talk at the Topology seminar, mini course for

phd topology students on the rational minimal model theory;

February 2007, University of Manchesier, UK, talkc at the Topology seminar;

November 2007, Mathematica Institute SANU, ‘Belgrade, talk at the (Geometry seminar;

April 2009, MFO (Oberwolfach), Germany , talk at the “Waorkshop on homotopy theory

of function-spaces and related topics™; . . )

» September 2009, Faculty of Mechanics and Mathematics, MSU “M. V. Lomonosov”,
Maoscow, Russia, talk at the seminar for Geometry, topology and mathematical physics,
‘chaired by V. M. Buchstaber and 8. P. Novikova , talk at- the Chair seminar of A.
T. Fomenko;

o Mart 2010, Laboratori J. A. Dieudonrie, Universite de Nica Sophia Antipolis, France, talk at
the seminar for Algebra, topology and geometry; _ _

+ Jun 2010, International School for Advanced Studies SISSA, Trieste, ltaly, talk at the seminar

for Gepmetry and Physics chaired by B. A. Dubrovin;

Decomber 2011, SANL, talk at the seminar: Mathematical methods of mechanics.

September 2013, University of Southampton, talk at Tepology seminar

. December 2013, SANU, talk at the seminar Mathematical methods of mechanics

October 2016, Faculty of Mechanics and Mathematics, MSU “M. V. Lomonosov”, Moscow,

Russia, talk at the seminar for Geometry, topology and mathematical physics, chaired by

V. M. Buchstaber and S. P. Novikov ' :
e May 2017, University of Southampton, UK talk at Topology seminar
e December 2018, University of Southampton, UK, talk at Topology seminar

.
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»  November 2019, talk at One day topology seminar in Osaka, Osaka, Japan

s  Oktobar 2020, University of Southampton, talk at Topology seminar, via zoom

s Novembar 2020, Princenton University, talk at International Polyhedral Product seminar,
via zoom :

Qdabrane nagrade i graptovi:

Ealb et

o Lh

Nagrada 19. decembar za najboljeg studenta u genertaciji 1991.
Plaketa Univeiziteta Crne Gore za najboljeg diplomiranog;: studenta generacije, 1993.

“Nagrada Crnogorske akademije nauka i umjetriosti za nauéna dostignuéa, 2003.

Grant Evropskog udruZenja matematitara za ute¥cena IV Evropskom
kongresu matemati¢ara, tokholm, Svedska, 2004
WUS-Austria 2-nedjelina posjeta Jelene Grbic Podgorici, Cma Gora, April, 2007.

Oxford Colleges hospitality scheme, 1-mjesetna posjeta Univerzitetu u Oxford-u , Januar, 2007,




7. Grant Evropskog udruZenja matematidara za uéed¢e na V Evropskom kongresu
matematitara, Amsterdam, Holandija, 2008. '
8. Grant of the Medjunarodne matematicke unijeza udedce na Svjetskor kongresu
matematidara, Hyderabad, Indija, 2010. ' _
9. Bilateralni projekatsa Univerzitetom u Ljubljani, Slovenija, 2012-2013.
10. -Glavni istrazivac na projekstu ‘Ministarstva nauke Crne Gore, 2012-2015.
11, :Glavni istraZivad na medjunarodnom projekiu instituta SISSA, Trst, 2008-2010.
12. Spoljni istraZivat na projektu 174020 Ministatstva nauke Srbije, 201 1-2015. i
13. IstraZivatki grant London Mathematical Society sa Jelenom Grbi€, 2-nedjeljna posjeta il
Univerzitetd u Southampton-u, 2013. ' ‘
14. Grantza istraZivanje uparovima sa Jelenom Grbi¢, 3-nedjelina posjeta
Matematitkom institute Oberwolfach, 2014.
15. Grant Medjunaradne matematicke unije za uéesée na Svjetskom
matematickom kongresu Riode Janeiro, Brazil, 2018.

Neke naufno istrazivatke posjete:

Mehaniko-matematicki fakultet, Moskovski drZavni univerzitet Matematiéki institut Steklova, Ruska
akademija natka - 1999, 2003, 2005, 2006, 2008, 2009, 2012, 2013, 2015,2016, 2018; SISSA Trst
2010; Mathematitki Fakultet, Ljubljana, 2012, 20133 Matematiéki fakultet, Univerzitetu
Southampton-u, 2013, 2015, 2017; Univerzitet uAberdeen-u, 2006; Univerzitet u Mandester-u, 2007 .

Fildsov Institn za matematiku, Toronto, Kanada, 2020.

Nastava i 'mentorstve:

Predavala kurseve na razlititim nivoima studija na Prirodno-tatematitkom fakultety Univerziteta Crne
Gore: Uvod u geometriju, Uvod diferencijanu geoemiriju, Algebarska topologija, Diferencijaina

_geOman'ija'na- mnogostrukostima, Geometrija, Napredna algebra.

Meiitor za preko 20 specijalistitkih radova i 4 magistraske teze, komentor doktorske disertacije na
‘Matematitkom fakultetu, Univerzitet Nica Sophia Antipolis, ¢lan komisija za odbranu doktorskih
disertacijana Univerzitetu u Beogradu, Univerzitetu u Istodnem Sarajevu, Univerzitety u
Southmpton-u, Univerzitetu Crne Gore.

Ostalo;

e Urednik: _
1. Sarajevo Journal of Mathematics, izdaje Akademija nauka i umjetnosti
Bosne i Hercegovineg

2. Matematicki Vesnik, izdaje Drustvo matematidara Stbije

« Recenzent za Sasopise : Publication de Pinstitute Mathematique, Contemporary
Mathematics, Proceedings of the Steklov Institute of Mathematics, Annali dt Matematica
Puraed A _pflcata, _'Mathematic‘a'slavaka, ‘Mathematische Zeitschrifi,
Sbornik:Mathematics, Algebraic and Geometric Topology, Homology, Homotopy ahd
Applications, Morrocan Journal of Pure and Applied Analysis '

e Prodekan za medjunarodnu sardanju na Prirodnofmétematiékom fakultetu
Univerziteta Crne Gore, 2004 — 2007.



10.

1.

12.

13.

14.

Publication list for Svietlana Terzit

‘Svjetlana Terzié, Real ‘cohomolagy and Pontryagin characteristic classes of generalised symmelric

spaces, (Russian) Vsesojuzni nstitut Nauchnoj i Tehnicheskoj informacii, VINITI, V=1034,
Moscow, 19098, 1-84.

Svjetiana Terzié, Generalised symmelric spaces and their topology. (Russian) Mathematica
Montisnigri 11 (1888}, 139-150. '

Svjettana Terzi¢, Characteristic classes of hypercomplex vector buridles, Montenegrin Academy
of Sciences and Arts, Proceeding of the Section of Natural Stiences, 13 (2000)

Svjetlana Terzic, Cohomology with real coefficients of generalized symmetric spaces, {Russian)
Fundamentalnaya i Prikiadnaya Matematika, Vol. 7, (2001), no. 1, 434-157. -

Svjetlana  Terzi¢, Pontryagin _ classes of ge'nezah'zed ~ symmetric spaces, (Russian)
Matematicheskie Zametkl, Vol. 69, (2001), no.4, 613-621; English transl. in Mathematical Notes,
Vol 69, (2001), no. 4, 559-566. :

D. Kotschick and S. Terzié, On formally of generalised symmetric sSpaces. Mathematical
Proceedings of Cambridge Philosophical Sogiety. 134 (2003), 491-505.

5. Terzit, Rational homotopy. groUps of _genéraﬁsed symmetric spaces, Mathematische
Zeitschrift, 243 (2003), 491-523, : '

S, Terzi¢, On rational fopology of four manifolds, Proceeding of the workshop Contemporary
Geometry and Related Topics, World Scientific 2004, 375-389.

Svjetlana Terzit, Rational topology of gauge groups and of spaces of connections, Compositio

Mattiematicae, 141 (2005), no.1, 262-270.

Svjetlana. Terzic, On gecmelnc formality, Proceedings of the. Workshop devoted fo 25

annpiversary of the Faculty of Natural Sciences -and Mathematics, University of Montenegro,
Contemporary mathematics, physics and biclogy. (__200’6)_, 208-215.

Victor M. Buchstaber and Svietlana Terzié, Equivariant complex structures on.homogeneous Spaces

and their cobordism classes, Advances in the Mathematical Sciences, Geometry, topology and

mathernatical physics, Translations 2, 224.{2008), 27 - 57, American Mathematical Society

D. Kotschick -and 8. Terzié, Chem nurh_bens and the geometry of partial flag. manifolds,
Cominentarii Mathematici Helvetici, 84 (2009), no.3, 587 — G186,

Jelena Grbi¢ and Svjetlana Terzi¢, The intagrai Pontryagin homology of the based loop space on
a flag manifold, QOsaka Journal of Mathematics 47 (2010), no 2, 439 - 460.

Svietlana Terzi¢, Infegral loop homology of complete flag manifolds. (joint - with Jelena Grbit),
Oberwolfach reporis 19/2009, ‘Homotopy Theory of Function Spaces and Related Topics,
European Mathematical Society Publishing House, 1038~ 1040,




5.

16.

17.

18.

19.

20.

21

22,

23,

24,

25.

28.

27.

‘0. Kotschick and S. Terzi¢, Geometric formality of homogeneous Spaces and of biguotients,
Pacific Journal of Mathematics, 249 (2011), no 1. 167 — 176.

Svjetlana Terzis, On real cohomology generators of compact homogeneous spaces, Sargjevo
Journal of Mathematics, Vol. 7 (20) (2011), No. 2, 277 — 287 .

Svietlana Terzi¢, Toric genera on homageneous spaces and related problems, Proceedings of

the international conference “Taric topology and autormorphic functions”, Far-Eastern Branch of
the Russian Academy of Sciences, Pacific National University, 2011, 97 - 104.

Jelena Grbié and Svietlana Terzié, The infegral homology ring of the based loop-space on some
generalised symmetric spaces, Moscow Mathematical Journal, Volume 2012, lssue 4, Oct. —
Dec. 2012, pp 771-788. '

Victor M. Buchstaber and Svjetlana Terzié, Toric genera of homogeneous spaces and their
fibrations, International Mathematics Research Notices, Vol. 2013, 1324-1403.

Svjstlana. Terzié, On ‘cohomology. ring of parial -ﬂag manifolds, Proceedings of the Second
Mathematical Conference of the Republic of Srpska, 2013, 11 - 17. (ISBN 978 — 99938 — 47 — 52
—8)

Svjetlana Terzié, Rational minimal mode! theory on compact homogeneous Spaces, Scripta
Scientiarum Naturalium, Proceedings of the Faculty of Natural Sciences and Mathermatics,
University of Montenegro, Vol. 3. 2013, 3—17. (ISSN 1880 - 8356)

Victor M. Buchstaber and Svjetlana TerziG, “(2n;k)'-.mam'fo_!ds. and applications”, Report No
27/2014, Mathematisches Forschung Institut (25-31 May 2014), Oberwolfach, Germany, 2014,
11—14.

Victor M. Buchstaber and Svjetlana Terzi¢, Topology and Geometry of the Canonical Action-of T ‘onthe

complex Grassmannian Gaz and the complex projective space CP® Moscow Mathematical Joumnal, Vol.
18, Issue 2 (2016), 237-273.

Svjetlana Terzi¢, Geometric formaiity of rationally efliptic manifolds in. smalf dintensions, Glasnik
of the Section of Natural Sciences, Montenegrin Academy of Sciences and Arts, 20 (2014), 131-
145. :

Svjetlana Terzi¢, The rational homology ring of the based loop space of the gauge group. and the

spaces of connections on a four manifold, Fundamentalnaya i Prikladnaya matematika (in
Russian), Vol. 21, No.5, (2018) 206-218. '

Svjetlana. Terzié, On geomelric formality of 'rationéﬂy eliiptic manifolds in dimensions 6 and 7,
Publications de Pinstitute Mathematigue (Belgrade), Issue 103 (117), {2018), 211-222.

Svigtlana. Terzi¢, Rational ‘Pontriagin homology ring of the based loop space on some
homogeneous spaces, Sarajevo Journal of Mathematics, Vol. 14, No. 2, (2018), 275-285.



28. Victor M. Buchstaber and Svietlana Terzic, The foundations of (2n, k)-manifolds, Shornik
Mathematics, 210:4 (2019); 41 —86. '

29. Victor M. ‘Buchstaber and Svietlana Terzit, Torc fopoloqy of the complex Grassmain
manifolds, Moscow Mathematical Journal, 19:3 {2019), 397-463.

30. Dragana Borovi¢ and Svjetlana Terzié, On rational Pontryagin homology ring of the based loop
space on & four-manifold, Matematicki Vesnik; Yol 71, tss 1-2, (2019), 80-103.



Penybiunka Cpbuja
MUHMCTAPCTBO IIPOCBETE,
HAYKE H TEXHOJIOHIKOT PAZBOJA
Komrenja 3a cTunaie HAy9RUX 384162

Bpoj: 660-01-00001/1255
10.06.2020. rogune
Beorpang

Ha ocropy unana 22. crae 2. unama 70. cTaB 5. 3aKkona o - HAyYHONCTPAXHBAYKO]
Aenatdocry ("CaysGeny rnacuux Peny6muke Cp6uje", 6poj 110/05, 50/06 — ucripaska, 18/10 u
112/15), unana 3. ¢r. 1. u 3. u wiana 40, Hpasuiauka o TCCTYNKY, HAYMHY BpeHOBAIA M
KBAHTUTATHBHOM HCKA3HBAILY HAYHOHCTDANHBAMKEX DPE3YNTATA MCTPaKUBAYE ("Cnyxfenn

raacuuk PenyGnuxe Cpbuje”, 6poj 24116, 2117 u 38/17) u zaxresa xoju je nogueo
Mauesaiinku nucimuitiym CAHY y beozpady
Komncuja 3z critame. HAYUHUX 3BaKa Ha CeIHMIY opxanoj 1 0.06.2020. TOIOVHe, [ioHens je.
OIIAYKY
O CTHIIA®Y HAYYHOT 3BAIGA
Ap Bophe Bapaauh
CTHYE HAYYHO 3Rathe
Bry Hayunu capaduux.
'y 061acTd IPAPONHO-MaTeMATHYX X Hayka - MaTeMaTuKa
OB PA3JTOXEHE
Maigemaiguqny unciiniayii CAHY y Beozpady

YTBpIKC je npeanor 6poj 304/5 o1 02.09.2019. rojutie na cegavii Hayuror seha Mucraryra u
UORHEO 3aXTeR KOMMCHIH 33 CTHLANE HayuHHX 3pamsa Opoj 304/4 op 02.09.2019. ropunme 3a
JOHOHIEH,E OANYKE O HCIYHEHOCTH YCIIOBa 33 _cTHua}E_;e Hay4uHor ssana Buwn RAYYHU capadnux.

Komucuja 3a cruugme sayunux spama Je no npetxonuo npuGasmenom NO3UTHBHOM
Muubey Matuysor HaydHor onbopa 3a MaTEMATHKY, KOMIYTEPCKE HayKe W MEXaHuKy Ha
cepnuny onpxanoj 10,06.2020. roguue pasmatpana 3axTeR B YTBpAMNIA 1a HMEHOBAHN HCHYHaRa
yciose 3 ynana 70, otas 5. 3akowa 0. HAY4HOKCTPAXKUBAYKO] aenatnocTy ("CnyxGenu raacHug
Peny6auxe Cpbuje", 6poj 110/05, 50/06 — wcnpasxa,18/10 u 112/ 15), wiana 3. 1, 1. u 3. v gnana
40. TIpasumnuxa o NOCTYNKY, HAYMHY BpPENHOBAMA ¥ KBAHTHTATHBHOM  HCKa3UBALY
HayUHOWCTPAKHBAYKUX ‘PE3YITATA HCTPAKUBAYA ("Crnyx6enu rnacuux Peny6nuxe Cpéuje", 6poj
24116, 21/17 1 38/17) 32 cTutiake. HAYUHOT 3para Buwu naywi capaonu, Ta je oMIyNAA Kao
Y H3peUH OBe ONIyKE.

Horowemem ose oanyke HMEHOBAHW CTHYE CBa NpaBa Koja MY .Ha& OCHOBY ¢ NO 3AKOHY
Tpunagajy.

Omnyky mocTapuTu NOAHOCHOLY  3aXTEBA, MMCHOBAHOM M 4ApXHBH Munucrapersa
[[POCBETE, HAYKE U TEXHOMIOLIKOT pas3noja y Beorpany.

OPEACEAHHAK KOMUCHIE

I[P P@g@c@onﬂﬁ,

HAYUHH CABBTHHK




Hoplje bapanuli- buorpaimja

‘hophe-bapanith je poljen 29.09.1986. y Kparyjesuy, rae je 3appiino ocnopiy mikony i [psy
KParyjeBadky THM Ha3'1-1j}’. Hunnommpao  je 2008, na  Teopijckoj maremaruin Ha [pnpeamo-
MaTeMaTINKOM (haKynTeT Yuspepsnrera y Kparyjesny. IIOKTO]}CK}?_A:rcep'-ra_uuj:-_)_f' w3 0bnactn anrebapcie
Tofiosornje opbpanno je 2013. na Maremarniiikom Qaxyarery vy Beorpany. O 2008. sanocseu je Ha
Matemarnikom naetityTy CAHY rae je 2014, nza6pant ¥ 3Batbe HAYUHOT capaguura, a 2020. » 3pawe
BuWer HayuHor capaziika. O 2021, je ua Mecty nosohHuka ANPekTopa 3a MehyYRAPOMIy capashy, pai
Ca TAACHTIIMQA 33 MATEMEATHKY, PAUYHAPCTBO H MEXaHUKY, M NPOMOLIY MAaTEMATHIKUX W. PavyHapcrix
HayKa, '

QOnacTn 1beroBor HaywHOr HETEPeCoBATRA CY TOPYCHA TONOAOrHA, KOMOIHATODHKA,
reoMETPNja 1T TIPHMEHE. Aymp Je 18 nayunux panosa nyGOMKOBAHIX Y DPE(EPEHTHINM ITay:HHM
sacoBHMa 1 jeane 381Ipke saxaraka. Mewtop je Jpe AOKTOpCKE gucepraimje. TOKOM: A0canalithe
KapHjepe y4ecToBAO j& onpikao Npexasama na npexo 40 konrpeca, .1{01-[(1}&]3erf'u1'1ja H AETHHN. LIKoAA
1n1-1p01\-i cpeta, bro je noapany MAALH werpmxnsad na Mucrtiryty Exso qn Dophs v Thize, 1 HCTHTYTY 3a
Maremariyxe Hayre Hausoranior yunsepsutefa y Cinranypy n BjeThavMckor MHCTHTYTA 33 Hanpeasde
cryitje y maremamun y Xahojy, 4 Gopasng je 1t #a DHARCOBOM MATEMATIIYKOM HHCTHTYTY Y Topewurty,
Maremaritukon 1HcTHTYTY ¥ OFeppandaxy. MHCTHTYTY 22 MaTeMaTHuka HCTPOKUBAEA ¥ Crpastypy,
Hucrutyry Mirrar-Jledmep y LToxxoanmy i CTexnonoM MaTeMaTHIKOM HHCTHTYTY ¥ MOCKBIT.

Yuecrposac je ua peasusaunjin asa Xopiigonr 2020 MPpojeKTa ¥ PYKOBOANAAL je ABd
Ongatepanua upojexta ca Cacsenujos u Typerom. Bio je jenan ox opranmzatopa pamml;ll«l_l.m Ha 14.
Cpnexox mateMatiikonm konrpecy, Maremarnike xoudiepenusje PenyGnnxe Cprcke u TIpeor cycpera’
matemarsuapa Cpéuje # [pwe Cope. Oapiac Je npenabawa no nozuy ¥ Cropeustji; Lpnoj I OpH,
Gociis 11 Xepuerosunu, Xpsatekoj, Makeamiuj'l-l, ADPTesTitHy, Bujeruamy, ®pauyyckoj, Pyciju,
Hemauxoj n Vieanmeuust Apanckms Eu HpaTHMA. - '

JiBa nyra je yyecrosao Ha XajaeaBypiukom diopymy naypeara. AKTHEHO yUeCTByje y
nonynapuzaunji maresmaruxe, d og 2017, y capaume ca Hentpom 32 mroxounjy mHayke: Cpéuje
opranusyje. Mann{ecrausjy Maj meceu siremarice: [OBOPH efirAsciir 0 WAty jeditx.



Hp Dophe bapanuh, syitic Hayvitm capannmx

MaremaTitukn nuetiaryr CAHY

Crucak Hayusux, pagoka

1. D. Baralic.and L.Milenkovi¢. Small covers and quasitoric manifolds over neighborly
Dpolytopes, accepted for publications at Meditefranean J ournal of Mathematics, (M21)

2.E. Lidan and D. Baralit,. Homology of polyoming tilingson flat surfaces, published online in
Applicable Analysis and Discrete Mathematics, (M21)

3. D. Barali¢ and V. Limi¢, The law aof large numbers for the bfgrc'.fde_d Beiti mumbers of a
randonrsimplicial eoinplex, Russian Mathematical Surveys, (2021) 76(1) 186-189 (M213a)

4. D. Barali¢, J. Gubié, 1. Limonchenko.and A. Vutié; Torie Objects Associated with the.
Dodecahedron, Filomat, (2020) 34( 7) 2329-2356 (M22)

3. D. Barali¢, P.L. Currien, M. Milicevi¢, J. Obradovi_é_.;.Z.. Petri¢, M. Zeki¢ and R. ’Zivalj_evi(’:,
Progfs and surfaces, Annals of Pure and Applied Logie; (2020) 171(9) 102845 (M21)

6. D. Barali¢, J. Ivanovié and Z. Petrié, A simple permutoassocialiedron, Discrete Mathematics
(2019) 342(12) 111591 (M22)

7. D. Barali¢, P. Blagojevi¢, R. Karasev and A. Vuei&, Index of Grassmani meniifolds and
oithogonal shadows, Forum - Mathematicum, (2020) 30(6) 1539-1572 (MQ_Z)

8. D. Baralic..S. Telebakovié and Z. Petrig, Sphetes as Frobeniug Objects, Theory and
Applications 6f Categories, (2018) 33 691-726 (M23)

9: D. Baralié, On integers occurring ds the mapping degree befwedn quasiloric 4-manifolds,
Journal of the Australian Matheimatical Society (2017} 103(3) 289-312 (M22)
10. D. Barali¢ and R. Zivaljevié, Colorful versions of the Lebesgue, KKM, and Hex theorem,

Journal of Combinatorial Theory Series A, (2017) 146 29531 1.(M21)

i1. B. Baralié, D. Jokanovié-and M. Miliéevi¢, Variations. on Steiner s Porisin, Mathematical
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Penytnnxa Cpéuja
MHHHICTAPCTRO 3A HAVKY 11 TEXHOIOTNYY
Komuenja 3a crinyame mayunix 3B1HA
Bpoj: 06-00-6/429
01.11.1995. rogiye,

Beorpap *

Ha ocrosy unaHa 40. crapa 4. Bar{oaa_o HAYHOHCTDAXKHBAMKO] JICAATHOCTH
("Cny:xﬁcnnxmacmmiPenyﬁmmc Cp6uje”, 6poj 52/93), u saxresa KQjH je mofiHeo
Maidenaitusicn uieiiniiyizi CAHY y Beoipady
Ha cepmmun Komuenrje 3a cruuame HayuHHX 3sama MuHuCTapeTBa 3a Hayky N

TCXHONOTHjy  oppskaHoj. 01.11.1995. ropuHe, QoHeTA je

ONNYKA
O CTMUABY HAYYHOT 3BAIbA

Ap Page XKuvarwesnh

CTHYC HAYYHO 3Bamhe

Hayyuy capernux
OBPAB/IOXERBE
Maremarauxy uaeraTyr CAHY y Beorpagy
YTBPIHO je npeanor ognyke. Opo) 256/2 of 28.09.1995, TORHHE HA CeIHUL
Hayusor Beha Hucruryra H TOOHEO 3axTeR ‘Munucrapceray 6paj
121/5 ox 29.09.1995. TOJHHE 3a OHEHY O UCYH:EHOCTH YCNOBA 3a CTHIAME

HAaYUHOT 3Bal:a Hayunu caneruux.

Komucuja 3a cruuame HAy'HUX 3Bara Musucrapersa 3a Hayky W TexXHONOrujy
Ha cenmmnn onpxanoj 01.11.1995. ropmune pasMaTpala je 3axTeB u YTBpILIa
fid  HMMCHOBaBY WCHYWABA yCNOBe M3 wunana 34, BakoHa o Hayuso-
HCTPRXUBAYUKO] HENATHOCTH 33 CTHIAR:E Hayunor ssawa Hayunu caeeiinux
Ha je opuyumna xao Yy n3peud oBe ommyxe.

Opnyka je xoravua,

Opnyky pocrasury NOJHOCHONY, HMEHOBAHOM K apxusn  Muauncrapersa
S8 HUYKYy H TeXHOmorujy vy Eeorpapy.
fﬂﬁ v
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Rade T. Zivaljevic
Mathematical Institute SASA, Belgratle
Scientific Biography (abridged version)

1 Education

Rade Ziviljevié was born on October 12, 1954 in Sarajevo. Master thesis (MLSci)
aud Ph.D, degree thesis were dofenided at Belgrade University in 1979, respectively
1983. The second Ph.D. degree thesis was defended at the University of Wisconsin-
Madison in 1985, He has boen a niember of the Mathematical Institute of the Serbian
Academy of Sciences and Arts (SASA) since 1977, where he was appointed.as a full
rosearch professor i 1995,

2 Scientific Activities
2.1 Seclected visits

Visiting associate professor at the University of Ilinois at Urbana-Chainpaign in
19947 Mittag-Leffler institute (Stockholm, Year of Combinatorics, 1991); Konrad
Zuse Zentrum fir Toformationstechnik {ZIB), Berlin, 1904); Mathematical Institute
Bern. {1999).. Shorter peciods at Tustitut des Heutes Etucles (Paris), Mathematical
Sciences Research Institute, Berkeley (2006, 1998, 1991}, Moscow State University
(MGU), Mathematics Forschungs Institut {Oberwollagh), Givat-Ram (Jerusalem),
“Technion: {Haifa}, KTH Stockhohn, SISSA {Trieste), etc: The most recent visils

inchude Moscow State University (April 2016), "Reseach in Pairs® program. (Mathe-
matisches Forschungsinstitut Obarwolfaels, Afay 2016), Brown University {(Tustitute
for Comprtational and Experimental Ressarch in Mathematics (ICERM), program
*Topology in Motion”, Fall 2016). ‘Saini Petersburg State University (June, 2018),
Research i paits, Uentre International de Rencontres Mathématiques (CIRM, Mar-
seille), fall 2018, "Reseach in Pairs” program {Matliematisches Forschmgsinstitut
Oberwolfach, 2019). '

2.2  Conferences.

Selected lectures and addresses include the following:

Classical and Contemporary Geometry, Moscow 1-4, 11. 2021, Gepnietric Topology
aud Hypergraphs MOCCA 2021 mini symposiym, Moscow, MIPT June 1, 2021.
“Toric Topology 2019 in Okayama”, Olsayama (Japan) Fall 2019 (invited lecture),
“Algebraic Topology; Combinatorics and Mathematical Physics™ in honor of Victor
Buchstaber ou the oceasion of his 75¢h birthday. Steklov Mathematical Institute of
the Russian. Academy of Sciences and Skolkovo Institute of Science and Technology
{SkolTech), Moscow, 24—30 May 2018 (Plenary lecture). Steklov Mathemanical In-
stitute RAS (St. Petershurg, 6.6.2018). Chebishev Laboratory of St: Petersburg
State University (June 2018), Applied Lopslegy in Bediswo 2017 25 June 2017 -
1 July 2017, Bedlewo (Poland). Princeton Algebraic Topology Seminar (Qctebor

2016), M.L'T. Topalogy Semiinar {October, 2016}, 19 Geomietric Seminar (Zlatibor,



August 2016, Seminar Disorots and Computational Geomeiry (Moscow, MIPT,
April 2016), The Fifth German-Russian Week of the Young Researcher-on Discrete
Geometry, MIPT Moscow, 6-11 September 2015; Summer school on coimpittational
topology (Tiubliana 2015), Geometrie and Algebraic Combinatories, Oberwolfach
2015 Appliod Aligebraic Topology, Castre Urdiales 20 14, Geometry, Topology, In-
tegrability, Moscow (Skolkove) 2014; Applied Topology Bedlewo 2013, Algebraic
Topology and Abelian Functions - Moscow, 2013; Geonietry, Topology, Algebra and
Number Theory, Moscow {Si‘.{elﬂiji’ Inst.), 2010; Gil Kalai i R. Zi\:él,Ij'e.\fié are org-
nizers.of the confererice Conbinatorics and Topology; Jerusalem, June 19 - Jupe 23,
2007; Technical University Berlin and Froe University Berlin, colloguivn speaket
(December 2005);  Algebraic and Geometric Combinatorics, Anogia, Greece (Au-
gust 2008); Combinatories Svmposium in honor of Helge Tverberg, Bergen {Maych
2005}, “Trends iu Topological Combinatotics, KTH Stockholmn (February 2005); 18
British Topology Symposium, Manchester (September 2003), Workshop on Topo-
logical Methods in. Combinatorics, KTIT Stockholm, May 31 - June 2, 2006, ete..

2.3 National and international projects

R. Zivalievi¢ is (together with Vladirir Dragovié) the founder of the center “Dy-
namical Systes, Geonmetry and Ct‘.:nlbi;.m&tﬂii‘:s’)',- ag a research unit (center of ex-
cellence) in Mathematieal Tustitute SASA {Belgrade) http://wiw.ni.sanu.ac.yu/
dsgc/dsge.tm. Center is or was in the past the coordinator of international coap-
eration with other groups with similay orientation from the following institutions,
Steklov Imstitute in Muoscow (V. Kozlov, V, Buchstaber); Mathematical Fhysics
Sector, SISSA - ISAS. Trieste (B. A Dubrovin);  Discrete Geometry Group, TU
Berliv (G. Zicgler); DIMATIA, Prague, Czech Republic (J. Matousek), as well as
the regional groups (Banja Luka, Podgorica, Zagrob, Ni§, itd.).

R.-Zivaljevié was the coordinator, together with Petar Pavesic¢ (Uhiiv. of Ljubliana,
Slovenia), of the Serbia-Slovenia bilateral praject “Applied and Conputational Ak
gebraje Topology” (2016-2017).

2.4 Awards and lionors

R. Zivaljevié was in 1095 awarded Sogether with Siniga Viedical the City of Belsrace
fevi 2 a) the City g

Asward for the solution of the “Colored Tverbere Problem”. Thig award was at the
thue iix Serbia the lighest award for scientific research and other achievements.

2.5 Students

R.Zivaljevié was the PhIJ degree thests adviser (University of Belgrade) of Pavie
Blagojevié, Viadimr Grujie, Djordje Baralid, Zaua. Kovijani¢, Manueln Muzika-
Dizdarevié, and a co-adviser of Dugko Jojie. He was a.co-adviser of Stephan Hell
{Technische Universitat Berlin 2006). His current PhD. degree stndentis. Marinko
Timotijevic,



3  Research
3.1 Resecarch interests

Rade Zivaljevié is the author of more than 50 research papers and several review
and expository publications. Among the resedrch pulilications are papers published
i1 11131&1\! ranked international mathemiatical Journals which includes Adivonces in
Mathemativs, Malliematische Aonden, J. Reine Angear: Math., Trans. Amer. Math.
Sac.; J. Londen Maih. Soc., Comliinatorice, ete. The main cout11but1011<. of Rade
Zivaljevié are in the areas of topological and geometric combinatorics, discrete and
computational geometry, applied algelnraic topology.

3.2  Selected results

The main convributions may be classified in three thematic circles: Hmnotopv col-
imits and zﬂmgku -Zivaljevic-for milae; “Configuration space-test map”-scheme with
applications in computational topology; Homotopic and cohemelogical metliods in
topelogical combinatorics.

(1) Solution of the problem (possed by Victor Vassiliev, Berkeley 1997) of de-
scribing the geometric resolutions cap,, (5™} of spheres (fldrffmws . Apiplied
Mathematics, 1 JOS)

The Csorba-Zivaljevié universality theorem for Lovész grapl complexes {Jour-
nal of Combinatorial Theory, Ser A, 2003).

(3) The problens. (Braiko Giriinbawn, 1960) of equipartitions of meastires in Lhe
d-dimensional euclidean space (Transactions of the American Mathematical
Society, 2008).

(4) Multidimensional sOplitting siecklace”-theorem  (Advances in \]{1'(11(3{11811{,'-1
2008) as an extension of the eue ditmensional case (Noga Alop; 1987).

(5) Conbinatorial techniqgues for the study of symmetric cohomology of dlgebras
and.a solution of & problem of Ault dnd Fiedorowicz-a (European Journul of
Combinutorics, 2009, coauthor S. Viedica).

(6) Differential and algebraic topology of “totally skew embeddings”  (Transac-
tions Amer.. Math. Society 2011: coauthors S. Viedica, B. Prvalpyvi¢, G. Sto-
janovie, aml I3j. Baralic),

{7} “Center Transversal Theovern™ (Bulletin London Magh. Society 1990, coan-
thor' S, Vredica).

(8) Ziegler-Zivaljevic formulae, Mathematischie Annalen 1993, J. Reine Angew.
Math., 1959.

(9) Work on the colored T verberg problem and chessboard compleses, J. Combir.
Theery, Ser.. A (1992 and 2011}, J. Loadon Math. Soc. 1994,

O
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(3]

(10) Proof (together with D. Jojit and S. Vredica, J. Algetruic Gombin., 46 (2017))
of the conjecture of Blagojevié, Frick, and Ziegler about the existence of “bal-
anecd ’J?véi*im’-g partitions’ {Conjecture 6,6 in, ‘Tverberg plns constraints, Bull.
London Math. Soc. 46 (2014)).

4  Publications

4.1 Five papers with the largest number of citations
G, Ziegler, R, Ziva:i'jc-yi(f:_. Hutmotopy tvpes of subspace arrangements via disgraims of spaces, Maoth-
eimaliscle dnnalen, 205:527-548, 1995

R. Zivaljevié, S. Vredica, The colared Tverbers’s problem and complexes of injective functions, J.
Combin. Theory, Ser, A 61 (2}, 1092, 509315,

A, Bjdroer, L. Lovdsz, 8. Vredica, and R, Zivaljevi¢, Chessboard and riptehing complexes, J, London

Math: Soc. (2), 49:25--39, 1994,

V. Welker, G, Ziegler, R. Zivaljevid, Hemotopy colimits - comparisen lemmas for combinatorial
applications . J. Resne Angow, Maih., 509 (1999), 117-149,

R. Zi\{a-ljm’i& S: Viedica, An extension of the ham satdwich theorem, Bull. Lovidon Moth. Soe. vol.
22, 1090, pp. 183186, :

4.2 Main publications after 2003

| P Blagojevié, V. Gruji¢, R. Zivaljevid. syminetric produets of surfaces and the cycle index. Tsrael J.

Matli 138 {2603) 61-72.

P Mani-Levitska, 8 Vredica, R Zi'\ra.Lj_civié, Topology and Combinatorics af Pavtitions of Musses by
Hyperplanes; Advances in Mathenmatics 207 (2006) 266-296.

l{ Ziva-ljg%vik,'t. Cfrirupoids 'E.‘rir,--cm;u.b}ina.{m'éc,:; -~ upplications of « theory of local symianelries, Proceedings
ol the Conference “Algebraic and Geometri Combinatories”, Anogia; Greoce 2005, Cc-n_i_i‘.m111'.1{)_1‘;11'__);'
mathematics AM.S, 2007; Vol 4235 305-324.

R.T. Zivaljovié, Equipartitions of nreasures i B T Amier. Math. Soe. Voluge 368, Numier 1,
Jenuosy S8, po. 155169,

t M. de Longuevitle, BT, Zivaljevie, Splitting smultidineisional neeklaces, Adverices i Muthematics,

2008, DOL: 10.10167j.aim.2008,02.003.

Payle V. M. Blagojevié, Sinisa, T Vretica, Rade T. Zivaljevid, Gomputational topologyof equivariant

s foi spheres to completents of awangements, Trans. Amer. Math. Soc. 361 (2009}, 1607-1038.
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PR, Zivaljevid, Co.ml')i_n_a.tu_ri';_t'f_ Groupoids, Cubical C}_urnp:fexe;zs,.a.nd thie Lovasz ."lejeci;m'e', LHseicte &

Computitional Geamaetry, Volume 41 . lssne 1 '(-_I%ln_liary 2009}, pp. 185-181.

5. Viedics, R Zivaljevid, Cycle-free chiesshoard complexes anc symmoetric homology of algebrag,

Byropenn Journal of Combinatorivs Volume 30, Tssuc 2 (Febraary 2009}, pp. 542-554.

R. Zi's-'al_jevi:é, Otiented. matioids and Ky Fan’s theorem, _C;'om;bina.tm*.&:a, {2010), vol. 30 br. 4, sti,
A71-484.

5; 5. Viedica, R. Zivaljevie, Fulton-MacPherson compactification, cyelehedia, and the polygonal pegs

problem; fsrael 1. Yah., {20011), vol, 184 no. I, pp. 221249, 21
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HE] 8. Viediea, R. Zivaljovig, Chiesshoard complexes tndomitable; Journal of Combinatoriai Theory Sgr_i'cs--
C AL (2011), val. 118 br. 7, str. 2157-2166. M21

[17] Dj. Barali¢. |, B, Prvulovié . G. Stojenovié LS. Vrefica, R. Zivaljevié, Topological obstructions to
 wolally skew clwbeddings. Trans. Amer. Malic Soc., (2012), Vol. 364, 2213--2220. M2la

(18] R. Zivalievid, Rusation number of 4 unimodular cyele: an éementary approacl, Discrete Mathernat-
ey (201.3]7 vol. 313 2253-2261.
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dam. Prikl. Mat., 2016, Volune 21, Tssne 6, 143-164. (transl) Jowrnal of Mathemubioal Siences
(S'pringe r}, Wttp://www. mathnet. ru/ php/journal. phiml? jrnid=f pufoption_lang=rus M24
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