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U skladu sa clanom 38 pravﬂa doktorskih studija. kandldat je cjelokupna ili dio sopstvenih
istrafivanja  vezanih  za  doktorsku  disertaciju  publikovao uw  Zasopisu  sa
(SCI/SCIE)/(SSCI/A&HCI) liste kao pivi autor,

Konatar N., UNIQUENESS FOR STOCHASTIC SCALAR CONSERVATION LAWS ON
RIEMANNMN ﬂMNIFOLDS' REVITI’IID Fﬁomat 36: 5 (2022), 1615- 1634

{dati SplS'lk radova k0)1 sadezi: prezimena i Imetia autora naziv naucnog rada ime lzdavaca

oijesto i godinu izdavanja, DOL, link ka radu i dokaz za JRC)

1. Konatar N., UNIQUENESS FOR STOCHASTIC SCAI.AR CONSERVATION
LAWS ON RMMNI\TMJ\T ZVMNIFOIDJ RE VI.SHED Filomat 36:5 (2022), 1615-

3/ Sorww,pmf niac.rs/ fllomat-

2. Konatar N, TCALAR CON. S’ERVA’HON LAWS WITH CHARATHEODORY
_PLUX REVIYHED Glasmk ‘Matematicki, Vol. 55, No. 1 (2020_), 101-111.,

3. Konatar N., D)wam:: of thrée a’zmemzma! Slow in. porous medz%, Electron. J. Differential
Equqtlons Vol. 2017 (201 7,  No 191, pp- 1-5,,
. .edu/Volumes; 191 /konatar.pdf '

Doktorand Nikola Konatar je, kao prvi autor, “dio- fezultata sopstvenih Lstrazzvan}a objavio u
radovima koji su publikovani u #asopisima indeksitanim na SCI/SCIE listi.

U tadu UNIQUENESS FOR STOCHASTIC SCALAR CONSERVATION LAWS ON
RIEMANNIAN MANIFOLDS REVISITED, objavljenom u casoplsu Rilomat, kandidat daje
novi, jednostavniji dokaz jedinstvenosti dopustivog (kinetitkog) tjesenja Ko¥ijevog zadatka za
stohasti¢ki zakon odt¥anja

du -+ div, f (x, u)dt =@ (x, w)dW;, xeM, t = 0,
sa pocetnim uslovom g na glatkoy, kornpaktno] Rimanovoj mnogostrukosti (M, g), gdie je W,
Vinerov proces, a X = f(x,¢) vektorsko polje na M za svako € iz skupa realnih brojeva; a &
funkcija iz ptostota Ca (M, R).

S obzirom da je kandidat ispunio sve uslove propisane Statutom Univetziteta Crne Gore i
Pravilma o doktorskih studija, mentot je saglasan da se imenuje. Komisija za pregled u ocjenu
_doktotske disertacije.
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e
Prilog dokumenta sadrZi:
1. Potvrdu o predaji doktorske disertacije organizacionoj jedinici
2. Odluku o imenovanju komisije za pregled i ocjenu doktorske disertacije
3. Kopiju rada publikovanog u ¢asopisu sa odgovarajuée liste
4. Biografiju i bibliografiju kandidata
5. Biogtafiju i bibliografiju ¢lanova komisije za pregled i ocjenu doktorske disertacije sa

potvrdom o izboru u odgovarajuée akademsko zvanje i potvtdom da barem jedan ¢lan
komisije nije u radnom odnosu na Univerzitetu Crne Gore
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POTVRDU

MsSc Nikola Konatar, student doktorskih studija na Prirodno-matematictkom fakultetu u Podgorici,
dana 11.07.2022. godine, dostavio je ovom fakultetu doktorsku disetaciju pod nazivom nZakoni
odrzanja u okviru stohastickih i deterministickih modela“ na dalje postupanje.
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Na osnovu ¢lana 37 Pravila doktorskih studija Univerziteta Crne Gore dajem sljedecu
SAGLASNOST

Doktorska disertacija pod naslovom ,.Zakoni odrZanja u okviru stohastickih i deterministickih
modela” kandidata MSc Nikole Konatara zadovoljava kriterijume propisane Statutom
Univerziteta Crne Gore i Pravilima doktorskih studija.
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Uniqueness for Stochastic Scalar Conservation Laws on Riemannian
‘Manifolds Revisited

Nikola Konatar®

“Faculty of Naturtal Sciences and Matlematics, University of Montenegro

Abstract. We revise a uniqueness question for the scalar conservationu law -with stochastic forcing
du +div(x;u)df = O, AW, xEM, +20

an a smooth-compact Riemannian.manifold (M; 7} where W, is the Wiener process-and x = f(x, £) is a vector
field on M for each £ e R, “We introduce admissibility conditions, detive the kinetic formulation and use‘it
to prove uniqueness in-a motre straight-forward way than‘in the existing literature.

1. Introduction

"The aim of the paperis to effer a simpler proof of uniqueness of admissible (i.e. kinetic} solution to the
Caiichy problem for a stochastic scalar conservation law of the form

du + divy flx, w)dt = D(x,u)dW;, x €M, £20 1)
U= = ug(x) € L=(M) 2

on a smooth, compact, d-dimensional (Hausdorff) Riemannian manifold (M, g). The object W is. the Wiener-
process which can be finite or infinite diinensional which does not affect the:essence of the proofs.

The proof of well-posedness has been.recently presented in [14]. The authors considered the kinetic
formulation of (1) and prove the uniqueness by finding a relation between the kinetic function and squate
of the kineti¢ function (sée [14, (4.13)]). The procedure’appeared to be quite complicated and we show here
thatit is possible to obtain the proof by considering the product of kinetic solution i and the function (1-H).

More precisely, ouridea of proof has the same starting point as in [14] since it is based on the appropriate
kinetic reformulation of the problem {see (35) below). In [14], the authors then prove that the kinetic function
h given by Definition 3.4 satisfies i* = i. However, unlike the. method from [14] where the authors derive
the equation for #2 and then compare it with the equation for 4 in order to draw conclusions; we obtain
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an equation for-a(l — k) and use it to prove the uniqueness. Although the latter sounds the same, the
regularization procedures in our situations are easier to follow (as we essentially closely follow the steps
from the Euclideari case) and thus the method seems simpler than the one proposed in [14].

The basic reason for the simplification lies in the fact that the equations for fand (1 - ) are symmetric
which is why we can fairly easily eliminate the terms appearing on theright hand-side of the latter equations
and thus reach the Kato- inequality (see (45)). Moreover, by regulanzmg the equation via the convolution
with respect to x and & we obtain a function which is by assumption continuous with respect to time and
we can ditectly use.the Itd foitnitla instead of using its genetalized variant (see [14]).

We note that one of the ingredients of the proof is the classical method .of the doubling of variables
{see [22]). The method could be avoided since we regularized the équation (which means that we can uge
basic calculus for smooth functions), However, the analysis would then require various adaptations of the
Friedrichs lemma (specially in a viewpoint that we have terms with the Wiener measure) and it appears
that the proofs would not be easier.

Let us now introduce precisé assumptions on the coefficients of the equation. First, we shall assutne
that we work with one-dimensional Wiener process-defined on the stochastic basis (€3, 7 {5‘}}, P). We will
also assume that

o the flux f € CL{(M x R;RY) satisfies the geormetry compatibility coriditions and a-decay property as
follows respectively:

divy f(x,&) = 0 forevery £€R 3)
NFC; Mlleegny < CL + 1Al (4)

« the function @ is continuously differentiable and it decays td-zer_o; at infinity i.e. ©-€ CJ(M X IR), and.

sup [0(-, Al & L. ®
AR

NoWaday’s, we are witnessing a rapid development of stochastic conservation laws and related equa-
tions. The rising iriterest to-this field of research is motivated by concrete applications in biology, porous
media, finances (see e.g. randomly chosen [1, 4, 32] and references therein) and, in general ‘any realistic sit-
uation in which'we cannot determine parameters precisely (i.e. the coefﬁments of the equations governing
the-process).

‘Moreover, such equations have rich mathematical structure and therefore, they are very interesting
and challenging from the mathematical point of view. We have numerous results in different directions
beginning with the stochastic conservation laws [5, 6, 12, 13, 18, 19, 34], then velocity averaging results for
stochastic transport equations [7, 25], stochastic ‘degenerate parabolic equations [15, 36]. We remark that
latter list of references is far ffom complete. As for the stochastic PDEs on manifolds, we mention [2] where
the wave equation was considered.

Now we briefly recall the definition of the divergence on a manifold. We suppose that the map
(&) B f{x, &), MX R — TM is C! and that, for every & € R, x s f(x;&) € X(M) (the space of vector fields
on M}.

In local coordinates, we write

i E) = (Fx, &), .., ).

The divergence operator dppearing in the equation is to be formed with respect to the metric, so in local
coordinates we have (cf. (10) below):

v 1) = vy (x 1 16,6, 0) = 52 (406 6,0 + TG, ) ®

where the T-terms are the Christoffel symbols of g and the Einstein summatiori converition is in effect.
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Aswe can see, the divergence operator on manifolds is more involved than the enein Euclidean setting.
Therefore; in order to prove uniqueness; weneed to assume (3): Remark that (3) is the incompressibility
condition from the fluid dynamics point of view, because, due to conservation of méss of an incompressible
fluid, the -density in a control volume changes according to the stochastic forcing

D dW,
PD()f

D i @

where pis dﬁ'.-nsity of the control volume and 22 a‘” +&.Vp ig the material derivative for the flow velocity
‘f" = (d;r‘ o ) If we assume that the functlon g is. smooth we can rewrite equation (1) in the form

= 95(f(x, &) ey Vop + div, 0 ) = ) (8)

Then, taking as usual-:-ﬁ—f =dg (_T(_x,_-.cf_)) I gzp'-a'n'd comparing (8) and (7), we artive at

divy %, &), =
which imumediately gives what is called the geometry compatibility condition.

Since the equation we consider is'a nonlifiear hyperbolic-equation, its solation in general contains
discontinuities'and weneed to pass to the weak solution concept. However, this induces 'uiuqueness issues
as one can in gerieral construct several weak solutions satisfying the sainie initial data. Thus, in order to
isolate the physically admissible oné, we need to introduce entropy type admlﬁmblhi‘y conditions [22], We
will first derive them locally and then, using the geometry compatibility conditions, we shall show that the
conditions hold globally as well.

Having the admissibility conditions, we can derive the kinetic formulation to (1) (see {33)). We will use
it to prove the uniqueness to the considered Cauchy- problem. The strategy*of proof is.adapted from [6).
We have tried to be'as precise, self contained and infuitive as possible. We have therefore proven a simple
corollary of the It6 lernma concerning the derivative of the product-of two stochastic processes and derive
the uniqueness. proof first informally, and thenalso formally.

The paper is organized as follows. In Section 2 we introduce notions and notations from differential

‘geometry and stochastic calclus. We then move onrto derive the kinetic formulation of (1) and heuristically
show how to get uniqueness to the solution: In Section 5, we formally prove the uniqueness result.

2. Preliminaries fromi Riemannian geometry and stochastic calculus

We shall split the section into. two parts. In the first one, we will provide details from differential
geometry, and in the second one, we recall necessary results from stochastic calculus.

2.1. Rigmannian geometry

Our standard feferences forhotions from Riemannian and distributional geomietry are [17,26,27,29]. As’
‘before, (M, g) will be a d-dimensional Riemannian manifold, If v is-a distributional vector field on M then its
gradient Vv is the vector field metrically equivalent tc the exterior detivative do.of v (Vo, Xy = do(X) = X(v)
forany X'e ¥(M). Inlocal coordinates,

Vo = g _";a‘_,. ©

with g‘f the inverse matrix to g, ;= (8,. Byih
As for the Laplace-Beltrami operator. Ay on M, for a furiction f € CZ(M) in terms of local coordinates- we

have- '
b =V = ~=on (Vo)
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Finally, the divergence operator on M is locally defmed via the Christofel symbols for a C! vector field
onX € 73 = ¥(M) with local representation X = X’

divX = ‘Z—k +I xk (10)

To proceed, we shall need basic notions from the Soboley. spaces on manifolds.
Since M is a compact manifold, wecan define for a fixed k € IN (keeping ir'mind the Poincare inequality)

Fe Q) o IV fllpg < oo
As for for the:Sobolev spaces with negative indexes; we have
FeH M) if IFe H*M) suchthat AZP= f
and we define
Wl = Fllexen- {11}

The spaces. HY(M), ¥ € Z, are Hilbert spaces and we denote by {e}reny the orthogonal basis in L2(A} which
is given as the set of eigenfunciions corresponding to the Laplace-Beltrami operator:-

Ager(x) = —Ager(x).

Atthe sametime, the set {e;}ray is the basis in H*(M), s € Z, accordmg to the density arguments. We remark
that it is usual to take the eigenvectors of the operator (1 ~ A;) but since we'are on the compact manifold,
we can safely work with the simplified version.

Notice that if we have a function g € H*(M) and we rewrite it in the basis {g/ ”ekHH*(ND}

900 = Y greslexllran (2)
k=1
then
L e(x) -

which is easily obtamed by multlplymg (12) by er/ "'?k“H‘(M)f integrating the result over M and using the
orthogonality of {ex/ |I€k1|H*(M)} Moreaver,

N9lexaty = Z - (14)
k=1
It is not difficult to notice that according to the definition of ¢; and (11), we have.

el = VARetz-10vn- (15)

Let us'-now-re_cail-'-basic notions from stochastic calculus,

2.2. Stochastic calculus

"We start with the notion of predictability for the Hilbert-space valued stochastic processes.
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Definition 2.1. Let (Q, ¥, P) be a probability space and {Fi}iep,ry, T > 0, be a filtration of the sigma algebra F . Let
V be a fixed Hilbert space with dual V*.

We say that the stochastic process X : Q x [0, T] = V is adapted with respect to the filtration {Fihieoiry if for
every ¢r € V* the stochastic process {X(#), qo) is measurable with respect to the o—algebra F; forany t > 0.

We note that in the latter definition we require the weak measuirability of the mapping X : Q x [0, T] — V,

but as we are going to deal with the Sobolev spaces Hk(]\/l), k e N U-{0} which are separable, the notions'
of weak and strong measurability coincide (see e.g. [23]). To.this end, we use the following notations for
HY(M) and L*(M)-valued square integrable stochastic processes:

T
L2(0; X0, T HNM))) = {us: (0, T)XMXQ—R f f €t -, )y ftP(w) < o0}

L@ LA(0, Ty X M) = {u: (0, T)XMXQ—R ¢ f f It %; @)z pp 1B (@) < o)

In both cases, the reqiired measurability assumptions are tacitly assumed.
Let us now introduce the Itd lemma and some of its corollaries. To this end, let X, bea stochastic process_
satisfying the following stochastic differential equation:

dX; = piydt + o1dW. (16)
'We remark here that the latter equation is actually an informal way of 'expréssing the integral equality
[l fots _
Kppvs — Xiy = j: indt+ I o1dW,, Vig,s> 0. (17)
By 1td’s lemma, for each twice: differentiable scalar function f = f (t,z) the equation
df(Xp) = [—f + m%g + ?;%Z—f]dr +0y 3—de, (18)
holds.
By taking: £, X)) = X2, weget
dX_f = 21 Xyt ii-"ﬂf_df + 2653 Xd W (19)
Notice that 21 Xydt + 201 XidW; = 2X, (i dt+01dWi) = 2XdX;, s0 (19) becomes
dX? = 2X:d Xy + o2dt. (20)
Similarly, if Y} is a stochastic process satisfying the stochastic. differential equation
dYe = pgdt +.02d Wy (21)
‘then
dY? = 2Y,dY; + o3dt, 22)
AXr + Yo = 20X, + YA + Y)) + (07 + 0p)%dt. (23)
The left-hand side of (23) is
AXy+ Y0P = d(X7 + 2%, Y, + Y3) = dX? +2d(XY)) + dY} (24)

= ZX;dX( -+ O'%dt*}‘ Zd(Xfo) + 2deYg +“0’%df,
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and the right side is
2K + Yi)d(X; + Y1)+ (o1 +02)
= 2XdX; + 2X,dY, + 2Y,d X+ 2YdY; + 034t + 2av0,dt + o2dt.  (25)
By arinuling the same terms on the left and right side respectively, and dividing the équation by 2, we
get
HXiY)) = Xid Yy + Y,dX, + o104t (26)

‘Letus finally fecall the Itd isometry. The following equality holds

(£ sonf]o]

3. Entropy admiissibility and kinetic formulation

E

Let us first informally derive the admissibility conditions. As usual, we start with the parabolic approx-
imation to (1)

du, + divy(1(x, tg)dt = ©lx, it ) AW, + £Au,dE, x € M, 1 € (0, T) (27).

whiere, as before; T = f(x,4) & C(M x R) and (M, 4) is a d-dimensional Rimannian manifold with the metric
g- 'We will assurne that W, is a Wiener process and & ¢ CL{M x R).
Let us recall the definition of the weak solution to _(27), (2).

Definition 3.1. We say that the ineasurable funiction 33 w v u,.(-, w) € L2({0, TL H1(M)) adapted with respect to
the filtration (F;} 15 the weak solution to (27), (2) if for a test function @ & CA(10, T] X M) it holds almost surely

. . ~T T
f f (i + divy (0, 1))V dixdl = f f PO, 1 JdW; — ¢ f f #elsypedxt.

Existence of the solution to (27), (2) can be conéluded from the general arguments given in [23]. One can
also find a prooef in [16].
Using the Itd formula, from (27) we get.(here and in the sequel, we will set f'(x, &) = dcf(x, £)):
46(u.) = (= 6" ()T (%, 1t:) - Vgtte + 6'(,) divy Fx, 03]
@2 (x Up)

=iy .
(28)
+ £0,80) — 0" () Vg + —Z50" (1) )t + D, 1, )0 ()W,
for all twice differentiable scalar functions 8. _

Using the standard approximation procedure and taking into account convexity of the function 8(11) =

-E > &
s~ &ls = ; & :ls; E‘,'We know that we can safely plug it into (28). After letting # — 0 and assuming

that E([u.(f, x) — u(t, x)) — 0 as & = 0, we get the following distributional inequality:

dl— &l < —F (x, 1) u sign, (i — E)dt + &' () div, f(x, p)]ﬂ

20
‘IJZ(X, 4) — L S — E)dt + Plx, 1) sign, (ie — £)AW,, *)
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Taking into account the geometry compatibility condition (3), we have
V) - (v,) sign, (u— &) = divy (sign, (e —E)(ix, 1) = T(x, ) o
+sign, (i — £} div, tx, £) = div {sign, (v — E)Gtx, w) — f(x, EN). |

and using the Schwartz lemma on non-negative distributions, we conclude that there exists a non-negative
stochastic kinetic measure w1 (to be preased later) such that the equation (29) can be written as

) ) ] o)) h2
el — &l = — div(sign, (4 — £)(1x, ) — 6, N+ s — o
+Ox, ) sign, (u — rs_)dw, —dmt,x, E)dt. '
Next, we find the partial derivative of the expression givenin (31) with respect to £ to get
7 (I) (X I/L)
ddglu — &by = —divy(—F(x, &) sign, {u — E)dt + ¢ ( S(ut - 6)) dt @)
+0(Dlx, ) sign, (1 — E)AWS) — dgddm,
Introducing h(t, ¥, &) = ~¢l — &l = sign, (u — &) into.(32) gives
o ierr et @2(xu)

dh + divg(i*(x, )t = —dg | —5—6(u - g) dt — Jg(D(x, u)hdW,) + gdrm. (33)
Notice that

(O, 1yhd Wy} = 25(D(x, u) sign, (u ~ ENAW, = —D(x, w)5(u — £)AW, -

= ~@x; £)6(1 — EYdW,.

Using 2885y - £) = EU8 54 — £) and (34), and denoting the measure ~dgh = 5(u — &) by v (&), we
finally get the weak form of our equation: ' S

dh + divy (7 (x; )t = -3¢ (‘1’ %)

V(:,x}(g)) £+ CD(_X,____{)?(;_‘X) (E)Wb +.dgdm . (35}

We shall call the latter equation the kinetic formulation of (1).
It is important to notice that the function # = 1 — } satisfies

P*(x, &)

dh + divg.(f’(?(> E)E)df = ( Vi (‘E)) dt - O(x, E)V(r,x)(g)dwt —dedm. (36)

We can now introduce a defihition of an admissible solution. Let us first introduce what we meant,
under the stochastic measure here,

Definition 3.2, We say that amapping m from C into the space of Radon measures on {0, T] XM % R.is a stochastic
kinetic measure if! '

o forevery € Co([0, T] x M x RY the action {m, ¢} defines a P-measurable function.

(m, Y L2 = R;
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o m vanishes for large & if By = (L€ R | £ |2 R}, then
hm Em(C(]([O TIXMXB)) =0

s for every ¢ € Co(M X R), the process

te $(x, E)dm(six, £)

/[0 XMxR
is predictable,

Definition 3.3.. The measurable functiop it + [0, T] x M x & — Redlost sureliy continuous with respect to time in
the sense that u(-,-, &) € C(R*; H™1(M)) for P-almost every w € Q, adapted with vespect to the filtration. {Fil s an
adniissible stochastic solution to-(1),(2) if

o there exists Cy > 0 such that E(esssuplem’n ()l < Ca:

» the kinetic function b = sign, (u — &) adapted with respect to the filtration {73} satisfies (31) with the initinl
conditions 1(0, x, §) = sign  (uo(x) — &) in the sense of weak traces and h satisfies (36) with the initial conditions
F’(O; x,&) = 1~ sign, (up(x) — &) i the sense of weak traces.

We:shall also need a notion of the generalized stochastic kinetic solution..

Definition 3.4, A measurable function w v k(.- @) € L0, T] x M x K)) 0 Cer{[0, T); H (M % K)) (with-
Crr(X) we denote the set of left and right continuous functions on X), for some k' € N and any K cC R, adapted
with respect to the ﬁltmfwn {F1}, bounded betiween zero and one and nan-smcﬂy decreasing with vespect fo £ € R
such that b = —9gvy . is the generalized stochastic kinetic solution fo (1), (2) if there exists a non- negatr'oe stochastic
kinetic measure m such that h satisfies {35) and the inftial conditions h(0,x, &) = sign, (up(x) — &) in the sense of
weak traces.

Cleatly, if we have the admissible solution to {1), (2)-then Wwe have thé generalized stochastic kinetic
solutiofi as well. Initerestingly, vice versa also holds which follows from the standard uniqueness argumerits’
(see e.g. [6]). The concept of the generalized solution used hete is essentially the same as the one from
[141 except that we do not require boundedness of the p-moments, p € [1, vo), of the measure v, ; (see [14,
Definition 3.3]), We note that the equation considered here is somewhat simpler than the one in [14] since
we do not have cylindrical Wiener process and we require somewhat stricter conditions on the coefficients
{(compare in particular (4) and (5) here-and [14, (2.1), (2.2}, {2.3)]). Although insubstantial, the relaxation
of the condifions seems sufficient to avoid additional requirements for the generalized stochastic kinetic
solution from Definition 3.4.

4. Informal unigueness proof —doubling of variables

‘Tn this section, we:shall mformally show how to get uniqueness. Formal proof does not essentially differ
from the procedure given in this section but one needs to infroduce several smoothing procedures which
significantly complicates some steps of the proof. Therefore, for readers’ convenience, in this section we
essentially explain the basic ideas of the proof. We also remark that, in order to simplify the notation, we.
‘will denote by dx the measure on the manifold instead of usual dy(x)

Let k' (t,x, £} and J2(t, y, L) be two different generalized kinetic solutions to (1), (2) (see Definition 3.4).
Then '

dh' + divy(¥' (x, i )dt = —3 (q) (’" % )dt +@(x, VAW, +deddmy, (37)

R + d_ivg(_f’f(y,fc)ﬁ)df = a( (y' 8,2 )dt_cp(y, CWVRAW, — ddm,. (38)
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By (26), the following holds:
AH2) = IdrE + W2k — B(x, E)D(y, Ot @ vidt. (39)

Multiplying (37) by W =121, y,0), (38) by ! = Ki{t, x, &), adding them and using the geometry compat-
ibility conditions (3), yields:

2K + AR + B (x, &) - Vgt dt+ B (y, ) - VgyhPdt
—H29; (‘D &) )dt-+hla (qﬂ(y’a )dt+h2¢)(x,£)v1dwt — W' B(y, Ly dW;
+ 12pdim(t, %, &) ~ W edmna(t, y, Oyt (40)
Inserting (39) into (40), we get
AR + B, EYD(y, OV @ VAt +TF(x, £) -V i dt + BTy, L) - v, 10t
= —h20; (@ 0,8) 1 )df hla'c(cpz(—éwl_ﬁ)dr+(ﬁq5(;,§)vl — K@y, VAW,
+ B2y (b x; E)dt — W Acdma(t, v, D). (41).

Wenow choose the nen-negative test function ¢(t, x, y,.&, {) = p(x— yhi{E—0), where p and 1 dre smooth
.non-negatnve functions defined on appropriate Euclidean spaces. Mult:lplymg (41} with @ and integrating’
over (0, T) x M? X IR? we get

f [ BT By, Ot - yyots - Qg @)
M? R

ffhlthx VP& — QATdEdydx

M&‘Rz

- f [ [ ptx=s9te = 0000 3005, 0 0 @yt

0 M2 RE

T

+f1c£f!7'(x L&) VJ,xh1(fX Hiz(, ¥, Op(x ~ YW(E — Odldidydxdt
T

+f f f P, 0) - Vot v, DIt x, E)p(x — y)E — DACdsdydxds

b oM R

T
20 By _
= f f f g)%szt,y, Qplx =Y (& —~ Qv (E)dldydxds
T np e :
T
N e PN o
* f f f 5% E)p(x— Y)Y (& - Qdviy , (Q)dedydxdt
4] MZ ]R!
T .
v [ [ poc—yipte - oy, Dot vl y(icayaxan

0 M2 R2
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T R

- f f f plac— YIP(E — O (8, x, E)0Ly, OV, o (O EdyidxdW,
B MR
T

= [ [ [ oty e - O3,y sy

i M2 R?

= [ [ [ o=y - e x . oagix.
0 MR
By using integration by parts with respect to L and £ in the first and second and in the last two terms on
the right hand side in (42), and using dgh' = ~v' and g2 = v2, we obtain:

| [ F xRy, oot - ypee - oicasayax (3)
Mz RE

f | x5, ot e ~ Oodcaziyax

l\.{‘ R

0 M R

T

w [ [ [ 7000Vttt 0y, - it ~ Otcaayasar
0 M2 R2
]

w [ [ 70090yt 3, 0 x, D005~ 9t - Dczaya

G M2 R?

T
= [ [ [ 3520t ypte - i 00ty

0 M2 R

_ By, )

. P02 o — y00E - D, Qi €yt
J ) Tz Y
U MR

T
+ f f f Plx—YIP(E - DB, Y, DG, E)v, o (E)ATdydxiW,

0 M2 RZ
T

- f f f P = YIW(E - O (6, x,2)D(, Qd"f:,y) (Q)d&dydxd W,

0 M2 R?

%H

f f U= Y)9LE — O (Ot , Ly

‘M2 R
f f PO = YNE — L (EVdris(t, y, C)ddx,
b2

Rz

a%_} =]
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~ Finally, moving the third term on the lefthand side in (43) to the right hand side and using non-negativity
of the measures nry and np yields

[ [ ey, 0pt -yt - Diaziyix | (49)
M2 ORZ 3
[ 7t ot~ gt - Otz

Mi R

f f f P, 8) - Vil (E,x, EVELL,y, Qplx — YIW(E - )dldEdydxdt

0. M? R?
T .
+ Df f f 'y 0) - Vayh2 (e, y, QI (%, )plx = VY& — D)L Sydxat
T
1
<% f f f (D0, £) = DAy, D plx ~ Y(E ~ DA, vy

f (x— y}gb(ﬁ C)hz(f v, D)D(x, E)dv(txj(é)d’:dydxdwf
R?

erL
f f (x— yhp(E - C)h‘(f X, 5)‘1’(y,C)dv(,y)(c)d(sdya!xdl/vf
M2 R*

Setting () = 6(E) and p(k) = 8(x) and rearranging if a bit, we obtain

f f (T,x, E(T, x, E)dEdx
M R

< f f Hhiadsdx - f f f T, &) - Vol (E, x, E2(, X, E)dEdxdt
M T 0D MR

T
= [ [ [ oot e, ndeaxamw, (@5)
0 M R
Another integration by parts provides
f | f KM, x, ST, x, E)dEdx (46)
M R

T
s'f f I f“f f f O (x, VL x, EVR(E %, E)AEAW ()
M R 0 M R

where we used the geometry comp_a‘f__ib_ﬂ_ity conditions to eliminate the flux term.
By using non-negativity of ! and k2%, we have after finding expectation of square of (46) and taking into
account the Itd isomefry
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E[( [ [raxorax adadx)z} @
M R
:
E|( [ [ wigagax) |+ n@"nifs[ [(] | #exsmesx fs)disdx)zdf].
([ ] -

From here, using the Gronwall inequality, we get

E [(: f f H(T, %, EYR(T, , z}dsdg)-z'] S E [( f 10 (%) —-uza('xndx)?]_ (48)

LM =® M

From here, if assume that #yg = ifz0, we get almost-surely for dlmost every (f,x, &) € [0, 00) X M X R:
B X, E) (1= B2 (%, £)) = 0.
_ This implies that either #'{t,x,€) = 0 or #3{,x,&) = 1. Sirice we can interchange the roles of i* and
K2, we conclude that 1 and (tare actually the only values that #* or #? can attain and- that #* = k2 = h.

Since h is also non-increasing with respect to & on [0, c0), we conclude {taking into account the initial data
hg.= sign, (ug(x) — &)) that theére exists a function 1 : [0; 00) X M — R such that

h(tf X:,- ‘E) = sign+.(u_(t,- X) - 5) (49}
We thus have the following corollary which is proven in the final section.

Corollary 4.1. The gerieralized stochastic kinetic solution to (1), (2) has the form (49). If the function u satisfies the
second ftem from Definition 3.3, then it is an adniissible stochastic solution to (1), (2).

5. Uniqueness - rigorous proof

In this section, we shall formalize the arguments from the previous section. To this end, it will be
necessary to express (35) in local coordinates, So, assume we are given g generahzed stochastic kinetic
solution k. To prove uniqueness locally we take a.chart (U %) for M and assume, without loss of generality,
that x(l) = R%. Define the local expression of # as the map (in order to.avoid proliferation of symbols,
we shall keep the same notations for global and local quantities but we shall write X to denote the local
variable)

HRYXRIXRXQ R, X E ) =h(t v %), £ 0)GE)
where G(%) is the Gramian corresponding to the chart (U, «). Similarly, for x € R4 we define

D%, £) = Dle(R), &),
f(%.£) = M (®), &) 1'% &)= T (%), &) = a(% ) (50)
Vi (A) = Ve (AGE),

and mi{t, %, &) will be-the pushforward measure of 1 with respect fo the mapping .

With such notations at hand; we now rewrite (35) loeally in the chart (L, x) into an equation in terms of
(8%, £} .and hz(f %, &), which are two generalized kinetic solutions to Cauchy probléms correspanding to
(1) with the initial data 1o and g, respeehvely Below, we use the Einstein summation convention and we
remind that g = (al, Ly =7 = ' oS Also, sirice the Equahons are to be understood i in the weak
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sense, we need to-add the Gramian in each of the terms below except in ity and iy, since the cotresponding
partin these terms is implied there by the definition of the pushforward measure. This is why we introduce
the conventions from (50).

2
= —85 ((D (X, "E) Ei' g)(E)) dt + X, E)VU g}(g)de + a‘gdm] ;
dkz(f ¥.0+ div'}—,(a(j‘r,_ 'C)_h_z)dt- + hzrij (Pt 5. Cydt -
& z(y, 0) _ -
- ac 1}2 Y)(C) dt [D(Yf C) i, y)(C_)dW; - acdmg

‘We introduce two mollifying functions wy € DRY), @, € D(R) where d is the dimension of the manifold
M, such that.w; > 0,7 = 1,2 and f,,ml = f wp = 1, Taking a;,(X, &, £) = ywl( )(112( ) for some:§, 7 > 0,
and using convolution, (51) and (52} yield (below and in the Sequel subscripts 6 and # denote ¢onvolution
with respect to the corresponding variables):

AL, + divs(a(x, EAL )t + gh dt -+ (r,{}.(sz)ak %, '5_);;1-)_} d (53)
) hr

—Dx ( 1 zr,i)(‘f)dt) + (@ EWle (o dWs + dsdditize,

I+ divy(ay, DR Mt + ggrdm(rf Selt, 5, r:)hZ) dt (54)

DZ ; T .
=P y)(od*) = OOV Card s = Iz

ar

where
73, = dive(a®, £, — diva(a®, £}
7y = divya(q, Qs — divs{a(y, OB, ).
These terms converge to zero as §, 7 - 0 according to the Friedrichs lemma [30].

Now, multiplying (53) and {54) with hz = hz A4y, and b} = B} (4, %, &), respectively, and using (26);
we obtain

AG L) + (P, € (oD, OV Dt (55)
+12 diva(a(x, R}, Vit + B divy(a(y, O )i
+ (1*;; (et %, O ) W2 df + (rf Fiat, . c)hZ) It =
- g},.r??%fjdt - y‘% it + hﬁ AP, a)v.(, 5 (5))5 rr:nfv& - héﬁ_(m(y, ) 55N AW
2

J

+ hz agdml 5, r(t %, )it - ha raidmlh,r(t ¥, Ok

Next; we choose rion-negative functions-p € DR?), i1, € D(R) such that .ﬁzﬁ p= fR = 1. Using the
test function p (% — PIre(E — C)(P(Hy) with py(®)= Lp (2 ) P&y = },!,b( ) for some ¢ > 0, and integrating
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(55) over (0, T), the equation is rewritten in the variational formulation (recall that 4! and #? are continuous
q

with respect to teRY):

[ [ 115,035, 0.5~ 9pute - D 52 sty
i
. v
- ff 4,5, ,.(X E)hg 5;(3’: C)Pt( Y)Vf(é. C)qﬂ ( )dédCdXdy
R R2
T
+ (FE, divela(, &AL, + B, divy(a(y, OFE )
L1 '
+
X e (%~ F)pe(E ~ C)cp( )d&dCdxdydW,

i f f f @, x,rf)hl) + (T, $0F) 1)
0 p

jice3

% pels = )pe(s = O (52 )dEdCdxdy

2

f _(gﬁ % %r + girha r hz ((IJ(x, g)v(f ) (E)s, rt hg ,((D(y, C)V(f 7) (C))h r)
1 R¥ R

 pes= 9)9elé = Oop (5 | dtCastyav

T
43, 0) D%, &)
<[ [ [0 FF2a00) BT a),

{}dez

— (@, £} €N AP O & = (s - Op (5 asacamasas

T
an f (20,3, Dstm 50 (t:%,8) = B, 00,3, g (1,7, D)
0 241‘

R?

X Pl = P& - C)qv( )dEdCdxdydt

We shall analyze this equality term by term. We start with the terms from {56)-(58). We have:

[ f T, BV (5, Oipe R — 955 - Oso( )dCdédydx

R¥ R#
R R?
T
- [ [ [ onten o050 [pke - 0p (52} 90 -9
0 R R?

el

1 .. X+ ¥
+ 5Pe&=Ppu(E - OV (5 ) [dcasdgat

{56)

(57}

(58)

(59)

(60}

(61)

(62)

(63}
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%:—1

+

[ [ [ats o e 8709.0-[p - 0p (22 o)

Ry R2

=

~ 2 Pel = el - L:)an(i I cazagasar

AT O (7,9, 0pels — e - o (25 ) dcasagas-

e

Il
a%_

[ 14,005, £0,00,5,0pe(x ~ 3bele - Op (T g

%—: E%
.,%

E%

f (8%, ) ~a(5, ) Vpul& ~ 9 0%,V (69, 0pule ~ O (S Y ) dcdedyasat

=

]R

e

- % fff(ﬂ(x; 6) + H(Yr C)) V(p( )hé r(f X, E}h (f ')‘r',-(:)pe:(i . }_’)l,bb(é; _ C)dcdlsdj?didf

0 R R?

The penultimate term in (63) can be rewritten as (below dV = dld&dydxde):

T .
[ [ [s.0-aw.0)-Vputs- 538 050705, 006 - 0p (22 Jav = Y

'R ]de Ri

f [ [ er-aw.00-v(Zo(32)) i .5 97 3, 0t - 09 (23 Jav =

0 ]1.‘{M R%

f [ [ 0-as.00- 2500yt 005 07505, 00e ~0n (3T )av -

4] ]de R2
- %,&) — "{(_‘_ 1 . y . %4+

f [ [BR2ED. Lop| b e 575,00~ 0p (3T Jav =

0. R:?J [RZ ¥

T.
fff__ak_(az+yfei)_ — @ (¥, szazkp@)h (EF+ez, E)hm(t 3. 00E - Op (5r-‘|- Ez—z)dV
0 kﬁ R A -

where z = We notice that; as 7, 6, £ — O {in any order), this term becomes

T -
[/ f a5, O, ENEE 5, E)p3) fm 2 ple)iz dEdyat ©5)
0 R R )

T .
- f f f divy a(§, L §; R, Hp(§)dEdydt

D]Rﬂ‘

2 f f f Paxlt, 5, EHL(E, 5, OH2(E, 5, E)dEdydt, )

¢ R R
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due to properties of the mollifier p. Thus, from (65) and (63) we conclude thatas 7, 5, &£ — (rin any order

{56) + (57) +(58) 2 67)

f f (BT, y,g)(p(x)dgdx f f (‘h1ih_2)(i,.£)(p(i)d£di

®» R

f f f a(x, IR, %, &) V(RdEdRd - f f f I (R)a(t, % EMM(E, %, SV, %, &)L,

Term (69} is easy to handle. We simply ltet7,§,¢ = 0 to conclude

59) — f f f or (Rt %, EH p(RAEARL. 68)

In order to prepare handling (60) and (61), we use regularity of the function ® (recall that® € C}(R*xR)).
‘We have ' ' B

T
P . G2 ’
ff f ( (% "E) %! x}(g)) (f .8, r(C} (x ‘:v) (f % 5, r(é) (23 r((:)} (69)

0 R R2

X pe(X = F)e(€ ~ C)tp( )dCchdydx — 0,
-and similarly

T

[ [0t avh@), (06.0%,/0),, ~ (0 02,6) (26, 05,5, 0) [x 70

0 RA R2

X P&~ I0l& ~ Cp(“ 2 JaCdEdgasdt — 0.

In a similar fashion, we have

f f f W (), 105,90 = (20, 0% ), 1, (.5, 8)x

¢ R¥M-RZ

X pel — y)l,b,;(c,-—(:)qo( )dCdr‘;’dydxde

T
= ff f [(1)(5&1 E)V-[l_t,i‘},ﬁlr(g)h (t y: C) - {D{Y! C) (i )y ﬁr(c)hér(h i, cE)]X

0 R R2

X sl = P)elE - C)tp( )dCdrdedxdW: f Fagred Wi
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‘where
g = [ [ [((0% 00, -0 &) (ha),, e 3.0
B¥ R2 '
m((tb(.?,-C)v?, 2@),, = 20 (50, A%, g)]
X pe(f = P)pelE - C)rp( )dCdEdydx

r : . . . dhl (it . d! i,
and g3 5. — O-as 3, v — 0 alinost surely. From here, using’ %) ok

integration by parts, we:have the following conclusion:for (60)

[ [ [Ter viq@), Bs0-(06.0%,), 1,65 0]

0 ¥R

X pel® = F)el& — C)cp( )dCdédydxdW:

f f f O (%, WM %, O %, £ (X) dEARAW,

& rh—nﬂ

where we used the procedure leading to (65).
Having in mind (69), (70), and (71), we conclude that (61) has the. following asymptotlcs

f I ((pz(x'é) éx)@) 3, 0k = WiE - Op (3 )cdedyanaes

0 IRZ" R2

f [f (‘D G2 g,,)(o) A % D0 - 9L ~ O (T )dcazayasar-

0 R¥ R?
T
0

B f f | f (0%, 8v5(@),, (26,072 5(0),, X

¥ 1’2

X pels - 9)ps(E = D ( : )dCd«Sd dsdi—

rﬁ_!_
£

f (0% (), 7,5, - (04, 0,40, 0,5, 9) x

0 R |2
X puls - 9t ~ 0 (52 )dCdéd?dide =
T
1
im 1 f f [ (65,8~ 0,07 et s = Qo (S )b () g
0. RM R

T.
f f f & (%, E)p GO 1, %, ER(, %, E)IEARAW,
1] d

)3
T = Vuna b and —=G— =

1681

Vi)

71}

(72)
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T
f f f D' (%, L) (5%, EF2(E, %, E)AEARAW,. (73)
0 R R

Finally, we want to get rid of the entropy defect measures from {62). We use the fact that h* and #? are
decreasing with respect to § (i.e. ) and that the measures n and m; are non-negative. We have after two
integration by parts (keep in mind that 2y (£ — §) = —dip(& — €)}

T
f f f (12,0 9,09 0(8, %, €) = 153, (1,3, £)cma,e,t 3, D) 7
¢ RY. R2

%Pl = y)gbz(‘,—c)cp( )dadf:dxd"

T
_f f f (v(zr-,ﬂ;e;a(.C)"”.L_ﬁ;f.(ff X, 8} + ng,x),»:,a'(‘E)”??;ﬁ:.r(-fr"37'! _C)_f)x

0 R R

X puli= 9l - D (52 )dgdtdsdy < 0.

Finally, from (67), (68), (71), (72), and (74), we.conclude after letting 1,6, ¢ — 0 {first 76 ~ Q and theri
& — 0) that {66)-{62) becomes:

T
f f HMT, %, EHKT, %, Op(R)dEd% + f f fl"ij{)”c)ak(t,i, EVHL(E, %, )2 (E, X, E)p(RdEdxd
R R 0 R¢ R
T

< [ [Wiowaess [ [ [0 vowuios dsisa

R R 0 R R

T
+ | || %R ¢, % OB %, EpRdEdRIW,

I

‘From here, using the definition of the integral over a manifold and recalling (50}, we see that it holds

| [ #erx e p6etnp s (75)
M R
.
< f f i, B, £ (PO - f f f{f:‘-*h_zxr, %, EYCONax, £) - Vop(dEddt
M R 0t MR

+

/]

Since we are on the compact manifold, we can take @ = 1 which yields:

Z

f & (x, T, %, E)GX)p(dEdxd W,
) B
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f BT, x, ‘,)hZ(T X, §)G(ic(x))dEdx {76}
. R

=

< f f HA (% E)H2(x, EYG(ctx))dEdx — f f f HIR)E, %, E)G(x(alx, &) - V1 dEdxidt

™

T
N Uf f f %, T, x, E)G(x()MEIXAW,.

We arrived to (46) plus a ferm which does not affect using the Gronwall inequality and Ito isometry which
give uniqueness as in {47). Remark that the Gramian has no influence on the procedure since it is a positive
bounded function. .
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Dr GORAN POPIVODA bira se u akademsko zvanje docent
Univerziteta Crne Gore za oblast Vjerovatnoca i statistika sa
primjenama na Prirodno-matemati¢kom fakultetu Univerziteta
Crhe Gore i ria nematiénim fakultetima, na period od pst godina.




Goran Popivoda

Biografija

Gioran. Popivoda je roden na Cetinjiy 9. cktobra 1984 godmc. Osnovnu §kolu i gimuaziju
7avIEie je u roduom gradu. Dobitnik j¢ diplotie ,Luéa™ %2 0(111(?:1[] uspieh u syl Tavvadini
osnovnog 1 srednjeg dkolovania. Getvorogodiiuje studije na Priroduo-matematickom fakulbatis
o Pm'dgmfi{-:_i-, sinjer Matematika 1 zatunarske nauke, zdvisio je 2007. goding, sa prosjednen.

ocjenom 9,76.

U toka studiranja bio je dobitnik stipendije koju Viada Republike Cme Gore dodjeljuje

talentovanin: uGenicima i studentima i sligne stipendije Opstine Cetinje.

Magistarski Tad pod nazivom .,;Vinerov. procés”, odbranio _]C u septembru 2010. godine., U
martu 2011 godine upisuje doktorske studije na Prirodno-matematiékom fakultetn na sinje-
ru Matematika, & dolctorskae chamtacun pod NazZivor ..Ei*btlemi usluvn'd-Gmmovill procesa’
odbranio je 28. oktobra 2017. godine. Na magistarskim i doktorskim studijama radio je pod

rukovodstyom prof. di Simse Stamatovida.

Jedan je od koordinatera takiniCenja Ohmpl)add Zlianja glan je Komisije na Drzavnom
talonitenju iz matematike od 2008, godine. Na Balkanskoj matematickoj olimpijadi (od 2011,
godine do 2019. goding) i Medngiarodno] fatematicho] olimpijadi (od 2018. goding) je voda

flmna.

Na Prirodno-matematitkom fakultetu, Umvcrniet: a Crne Gore.od februara 2008.. do oklobra
2018. radio je kao saradnik u nastavi, Jzvodio je viezhe na predmetima: Teorija. vierovatnode,
Vierovatnoda 1-statistila, Statistika, Analiza 1, Analiza 2, Uvad u kombinsaterika, Diskretna
matematika, Diskretna matematﬂ a 1, Diskrétia matemat ika 2; Slutajni procesi, Metode opti--
mizacije, Laiici Markova, Matematika V, Aktuarska mab ematika, Qsnoviie mnatematic ‘ke 1 sta-
tisticke motide, Matomatiks, Matomatika 11 Mat enratilar 2 (pml]odn} a Getirl prodiveta ua

Metalurako-tehnologkom fakuitetu).

U oktobru 2018. godine izabrasn je u gvanje docenta: Univerzifeta Crne Gore. Izvodi nasta-

Vi na pre druetimar Vicrovabnoda i st afissika, Lnnr_ i Adarkowva, IH[()u‘;a i 1110/{1[11;1 matemeatike,

“Teorija. izradunljivosti, Statistilea. 1 farmaciii (na Medicinskom faleultetu) 1 Matetatika IV (na

Gradevinskoin fakultetu).
Oblasti njcrovoy nantnog 111L(‘1(‘b£]\’dll}r¥ s teorija vicrovatuoée, slutajui procest, ckstremi

Cangovih procesa, statistika i diskretna matematika.
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Bpoj: 04-29/17
Hopu Can. 30. janyap 2020. roaune

Ha ochoBy unana 58 ctas 3 Tauka S W unana 75 3aKoHa 0 BHCOKOM -obpazoramy (,.Cnyxbeny rnacHuk
PC™ 6poj 88/2017, 27/2018 — ap. 3axoh. 73/2018 n 67/2019), unana 67 crdas | Tauka 5 Craryra
Ynueepautera y Hosom Cany 6poj 01-173/1 oa 13. debpyapa 2019. roaxHe, 4ynawosa 2, 3 W 4
fpasuannka 0 GHKUM MUHHMANHUM. YCIOBHMMA 32 H3DOp ¥ 3BAE HACTABHHKA HA Y HHWBEPIUTETY Y
Hosom Capy 6poj 04-179/10 01 9. oxtobpa 2018. rogune n unara 7 TpassnHuka 0 HAYUHY H TOCTYIIKY
CTHUAIA 3BAMba M 32CHUBANA PALHOT OAHOCE HACTABHHKA Ynueepswre'ra y Hopom Cany 6poj. 04-179/7
on 12. jyna 2018. roavne, Cenat Yunsepsurera y Hosom Cany Ha ceawnuy oapxanoj 30 jaryapa 2020.
FOAKHE, JEIHOTNACHO j¢ NoHeo

OOJNYKY

Jp Cama Kowux Gupa ce vy 3Barse penosuor npopecopa 3a yxKy Hayuny ofiact Ananuia i seposatHolia
Ha Tlpriponno-matemaTiukom dakyarery Yiausepsutera y Hosom Cany.

Oanyxa ce npumersyje 04 JaHa 3aKbydesa Yrosopa o pady 1uua usaOpaHor y 3Bame HacTaBHHKa M3
crapa | ose-oanvrke ca aekaHon MaxysreTa.

O6pasznoxcibe

Ha ocuosy omnvke JexaHa H_pnpo;uno-ma‘remamuxor faxkynrera VYuusepsaurera y Hosom Cany
‘0fjaB/beH je KOHKYPC 38 W3DOop HaCcTABHMKA Y 2BAME BAHPERHOr HITH PEOOBHOT ﬁpod;e_cop'a 3a Yy HayuHy
obnacr Awanusa w BeposarHohia Ha [lenaptmany 3a marematuky # nthdpMafuxy' [Ipupoano-
maTemaTnukor dgaxkynrera Yuusepauteta y Hosom Cany. Konkype je objasnen y micry duesnux gana

27. centembpa 2019. ronnne.
Ha o6jaBibenn KOHKYpC NpHiasuAa ce Kanauaatkamwa: op Cama Komsuk.

Oanykom Hsbopror seha Henaprmana 3a martemaruxy u nudopmatiky [Ipuponso-maresarnuxor
darysnrera Vndsepsutera y Hosom Cany 6poj 0601-692/7 on 9. okrobpa 2019. roavke umenonaua je
Komucuja 3a aucare pedcpata o NpijastcHUM KaHANAATHMA 35 M300p y 3Bamke HacTagHMKa, ¥ cieaehem

CacTaBy:
«  p Cresan [Muavnoenh, peaoaitn npogecop INpuponno-maromarnukor hakynteta Yrusepsurera y

Hosom Capy (yxa nayuHa obnactT AHanuia n BepoBathoha)

- p Mapko Henemios, penosiy npagecop Fpxpoaro-matemarnukor daxysreta Yuusepsutera v
Hosom Cay {yxa Hayuua obaact Ananuia # eposatrolia)

- Hp [lawsjena Pajrep-Fupuh, pegosun npotecop [lpupoawo-maremartuukor — dakysrera

Vunaepaurera y Homom Cagy (y»ka nayuna obnacT Anannsa v aepoearnolia)
~  HAp Tatjana Howenosuh, penoesn npogecop Texnonowsxor daxynrera Hosu Can YHuegepauTera y
Hopom Cany (yxa HaysHa obnacT AHanusa 4 seposatHolia).
}{omgcuj:a_ 3a nucame pedicpara o KaAHAMAATHMA 133 Habop 'y sRalke HaCTasHWka je nana 29. oxroGpa 201 9.
FOOMHE .;uoc:.'raanna H3bopuom Bel'iy Hemaptmana 3a maremaTiky w MHpopmatuky [Ipupozto-

matemarTuukor daxynrera Yunesepsutera y Hosom Camy, pedepar Gpoj 0601-692/8 ox 29. okTobpa

Ap Sopaina Hsnhitha 1, 21000 Hoau Can, Gpikja - Teactos: 021 4532020 « E-nowite: uns@uns.ecys - GPSA5.247488 19.833974
Pr, Zoragia Dindica 1, 21000 Novi Sad. Serhiz - Phoiic: +381 21 4852020 - E-mail: uns@unsae.rs- GPS-45.247485 10.853974




2019, rojumie ¥ xome je yrepiumm npeuior ga ce ap Cama Kok wialepe y sBame penosior
npotheeopa. ' '

Peepar Kosmeije crasmen je mua ysia jaenocri 1. wosembpa 2019, rogune, objanmusatsem: 1a
WiTCplieT Crpannig Yuutepinrera y Hopon Cany.'y Bunreny 6p. 1592 on 1. nopembpa: 2019. roaue.

MsGopue sehic MlenapTmana 3a MaTeMATHKY nHipopmaTuky. [lpupogno-maTemaTHukor ¢akynteTa

Yanseparera ¥ Hosom Caay wa ceaniti eapianoj 9. aeuembtpa 2019, rogune yrspauno je peysrare

pana: |

1. obaBesnn ciemenTH:.

1.1, CrocoBHocT 3a Hactasin pag MOM Pe3YATATM Y HACTABHOM paily- ¥ NPeTXoaHOM H3GopHOM
nepuony

1.2, CnecobracT 3a. HaYHHO-HCTPAXHBAYKH, OJHOCHO YMETHUYKM pad WK PE3YATATH Yy Hay4HO-
HMCTPaXHBAMKOM., OIHOCHO YMETHHYKOM PAgy ¥ NPETXOAHOM H3GopHoM nepuoay

2. 'u3boprH eneMenTH:

2.1 Crpyuno-npodiecronanin RonpHHOC

2.2, JlonprHoc axagemckoj W Lwinpoj 3ajenHiun

2.3. Capanwsa ca IpyrsHM BUCOKOWKOACKHM, HayYHO-MCTPAMMBAUKMM, ORHOCHO HWHCTHTYLMjaMa
KYNTYPE HANW YMETHOCTH Y 3€MIbH 11 HHOCTPARCTRY

u yrepauno [peanor opavke o wabopy ap Caree KoK Y 38athe penoBHOT npotecopa.

[pupoavo-marenmarnuki  dakynrer Yuusepsurera y Hosom Cagy OOCTABHO je AOKYMEHTALM]Y

Aponicany Mnanos 4 [TpaBunHitka 0 HAYIHY W NOCTYAKY CTHUAHka 383Hha H 3aCHMBAE PagHOr OJHOCA

HacTaBHMKA YuusepauTera \ Hosoy Cagy Crpyunom sefiy 3a npepoavo-maremaTuuke Hayke Cenara

Yuugepanrera v Hosom Cany.

Crpyuno Behe 3a npupoano-maresariuxe. nayke Cewata VuusepiautTeta y Hosom Cagy Ha ceanHum

oapxano] aaHa 17. jadyapa 2020, rOAKHE 4AN0 j& NOIHTHBHO MHLLILEHE O Npeanory OAnyKke o Haﬁ_dﬁy‘ Ap:

Came KomsHK y 3Base peaosHor ripodecopa.

Wmajyhiu y Buay csy aoctasrbeny RokymeHTauujy, Cenar YHUBep3uTéTa je Ha ceaHHIy oapxanoj 30.
Janyapa 2020. roaune jeHornacHo AoHes oanyky Aa c€ Ap Cama Kowuk u3abepe y 3pame pemoBHOr
npodecopa 3a ysiy HayuHy obnacy Ananusa u BeposatHoha ma Ipupoaxo-matemaTuiukom. gakynTery.
Vuueepauteta y Hoepom Camy.

MTOYKA O IMPABHOM JIEKY:

OBa'o,anyKa-.je- KOHAYHA W NPOTUE € He3aJ0BOJLHI yugcHULM Konkypea MOry nokpeHyTH yrpasHu. CITop
npea Ynpastum cyios y Beorpaay, Hemarrina 9, y poky oa 30 1aHa oa AaHa mpujema. 3a nonuowese

Tyk0e 32 NOKpeTakbe YIPaBHOT criopa npeaskiena je Takca y usHocy 04 390 aunapa.

ny‘reM PakynTeTa
_ Vnuacp:;u"reTa y Hosom Cagy
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