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A numerical inversion of the bivariate characteristic function

Andjela Mijanovi¢*, BoZidar V. Popovié?, Viktor Witkovsky®
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ARTICLE INFOQ ABSTRACT
Article fiistory:- We propose a numerical algorithm for thg-;'nver_siqn ‘of the bivariate characteristic function;
Received 30-March 2022 This will allow the complex probability distribution specified by the characteristic function
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copula function. We. will.also propose an algorithm for generating random numbers for the
case where the bivariate distributicn is specified by its charactesistic function..This_. algo-
2020 MSC: rithim will be based on the conditional charactesistic function. The coricept @nd application
62H20 of the algorithms will be illustrated using a version of the bivariate logistic distribution
G2H10 specified by its characteristi¢ function,

G2HD5 -
65005 0 2022 Elsevier Inc. Al rights. reserved,
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Keywirds:

Numericai inversion

Bivariate charactétistic furiction
MATLAB _

Bivariate logistic distribution

1. Introduction

Consider a random variable X on-a standard probability space (£2.F, P) and denote by H(X) its charac_teri'stic function

(CF). Assuming that the probability-density function {PDF} exists, the CF of the random variable X ‘is defined as the Fourier

transform of its PDF. The CF plays an importaat role-in probability theory and statistics. Dealing with CF is very often much
easier than dealing directly with PDFs. The analytical derivation of the PDF using the invérse Fourier transform is only-
possible in the special cases. Therefore, in most practical situations a numerical derivation of the PDF from thé CF is an
indispensable and effective too}, see e:g. [1,12,14,15},

The numerical inversion -of the CF in the univariate case can be dene under mild assumptions based on the inversion
formulae proposed in [10] and on the use.of the discrete Fourier transform approximation and the fast Fourier transforin
-algorithm as described in [16]. The algorithms are implemented in the MATLAB toolbox CharFunTool, see [17]. Davies {2] has
_ derived a-bound on the absclute value of the induced numerical integration error when the Gil-Pelaez inversion formula
is evaluated using ‘the trapézaidal rule. As pointed out in [12;13], it is possible to derive an automatic choice of controt
-parameters so that this erroris small. '

* Corresponding author, _ o
E-muaif addresses: andjela.m@ucg acme (A, Mijanovid), bozidarp@ucg.ac.me-(B.V. Popavit), witkovsky@savba,sk (V, Witkovsky),

hl‘tp_s:',’_{dni‘arg';‘_]IJ_.I.UIGIJ.amt.202_2.12?5_’t}?
0096-3003/© 2023 Elsevier Inc, All rights resérved.
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We now consider a random vector X = (X3, X;3, which is on the standard probability space (Q, F, P} with PDF f (11, 22)
and CF

+oo pdoa
@ty L) =f. f e‘-(""*fﬂ"f(xl_,x;)d_xl_dxz, ()

where i,t; ¢ R and 2 = 1, _ _
Assuming that [ (4, t2)] is integrable aver g2 [7. Page 101), there exists f(¥;, %) and we have

o -[ e o -i(tx+t'.'r) )
feam) =g [ [ etstig e gy as, o)

There are at least two motivations for this manuscript:

1. to provide a numerical algorithin for the inversion the bivariate CF using the ideas presented in J12] and J13),

2. to provide a numerical algorithm for generating random samples for the case where the bivariate distribution is specified
by its CF.

The former allows the practical use .of bivariate distributions _speciﬁecl.by their CE. For example, if the bivariate CF is
inverted, it is possible to obtain the corresponding copula finction, The copula function plays. an important role in médelling.
dependencies. {cf. [11]). Once. we have a copula function, it would be- very useful to calculate the values of the Pearson
coefficient; Spearman’s rho-and Kendall's tau:-as measures of the associations between two random variables.

There are some algorithins for generating random samples i1 the imivariate case, e.g, [8]. In [4), the universai methods
for generating random variabies with 2 given CF were proposed. We also refer ‘to [4] for the miost comprehensive litérature
review on numerica] inversion of the univariate CE

In this note, we'propose.an algorithm for generating random numbers from the bivariate CF. The proposed zlgorithm is
based on the conditional CF, Ir should be emphasised that the approach preposed here is a pioneering work in the feld
of generating random numbers when the bivariate distribution is specified by its CF..In [3), the inversion of the bivariate
‘Mellin transform was studied, The authors provided an algorithm for the case of bivariate random scaling.

All theésé algorithms are illustrated for the case' where the bivariate logistic distribution is specified by its CF. Such a
specification will appear for the first time in the literature, There ara many versions of the muitivariate logistic distribution,
For more details, we refer to [4] and the references. therein. It-is well known that the logistic distribution plays an important
role in practise. The-very toimprehensive study on the application of the logistic distribution can be found in [2].

The fna_nus_cript is organised as follows. In Secticn.2 we describe the algorithms for numerical inversion of the bivariate
CF and for generating random rumbets when the bivariate distribution is specified by the CE-In Setrion 3, we illustrate the
constriicted algorithms in the case of the bivariate logistic distribution specified by its CF.

2. The algorithms for the aumerical inversion of the bivariate characteristic function and for the random numniber
generation

First, we give an oveiview of the resuits obtained in [13]. Assuming that ¢ is @ known CF and F is the CDF rorresponding

to ¢, it can-be shown that in the univariate case F and ¢ are related as follows

Foo % _ i“]:? f:w ( A ;[?(szlﬂi])dr (3)

where Ar[y(t}}_:y(f) + y(—t)..

In [10] an alternative inversion formula was detived based only on the integration of reat-valued furictions. in this case
the PDF is givén by

+ac \ .
f&) = %/ﬂ e~ (f))dt =

~ ;lz'hn 2 WM (4 1 0.5), (4)

=0

for each hy > 0, where 3t stands. for the real part of the complex number.
If we assume that x is a continuity point of the CDF F, then in FiG] it is given by

b 5 +§ s( e~ih1-(v+d.5)x¢_(h1 e +.0‘5.)_)_)

T2 M{v+0.5)

5)

v=0

for each l; > 0, where  stands for. the imaginary part of thé complex number.

2
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Let us now consider the'case where a bivariate distribution of the random vector X = (X;,X,) is specified by its CDE As
a starting poeint, consider the following relation from (13},

. o1
Fy.%3) =5 (F(0) + Fx2))+
1 +oa. phoe ¢5(r1‘r2)'e—i_(l‘1xr+tjm) ) ) ]
— . — dtydt; — =, . 6
. fu A _(Qr, Arz[ T ] Jdty 7 (6)
where Aq, - Aply(ty, &) =y(4 A Y=t t) +y_'(_t1,—t2)+'y(—'th—r2-)_, F(x1) and F(%3) are mdrginal distribution func-
tions defined by (3). _ _ _ _
Using Theorem 2 and Corollary 2. from [13], the [ast equation can be rewritten as

. | ;
Fl, %2) =5 (F(x;) + Flxz))—
2
R S o TR g (s SV .
1 f f m(fﬁ(h,.fﬂt’ T )_dﬁ.drz - 3—1 R
0 Jese

"~ 2n? ity
1, . :
e (FO) + F(xg)) -
T, S SN (@b, by)e-ithnshandy g 7
- 2—3._":-»2—1’1.1’12 12}.02;“* Ot ( b ) ~ (7)

where F(xy) and F(x) are marginal distribution functions given in () and by = hy{vy +0.5); by = hy (1 +0.5) for each
fr,, iz > 0. Similarly,

1 oo pos . . S
F%) =50 f f Mle MM+ (e, 1))ty dit,
¢ =20
1 s S _ . _
gz >3 R(e-Pma+badgg(p, b)), {8)
’ Ui=ﬂ-l’z_=—f_x‘

The algarithms were successfully imptemented in the MATLAB toolbox CharFunTool (see below for more details). Once we
‘have- gbtained the numerical algorithm for the-inversion of the bivariate CF, we can also calculite the numerical algoritheis
Tor the copula function, This allows us to calculate, for example, Pearsan’s correlation coefficient and Kendall's tau,

The. integrals in {7} and (8) are evaluated approximatély using simple quadrature. This procedure requires the use of
Riemiann sum rules-on the intervals {0.T) x (=T.T), whére. T =N .dt is-a sufficiently large upper limit of integration in the
frequency domain.

If the optimal values of N and T are unknown, one can first apply the. well-known six-sigma rule as. a simple rule
of thumb, This means that the value of dt can be calculated as follows: dt = 27 / max — Xmin), Where Xy = mean(X) +
Bstd(X) and Xy, = mean{X) — & std(X), where mean() is the mean and std() the standard deviation of the random vector
X (assuming that they exist). _

Based on that, here we p‘_ropuse the following implementation of the algorithm forthe numerical inversion of the Bivari-
ate CF. The algarithm is available in the MATLAB foolbox CharFunTool as ¢£2Dist2D,

Step 1: Determine the bivariate CF of the random vector (X;,X,) as an anonyimous function -of the 2-dimensional input

parameter £, Le. such function that evaluates the characteristic function for arbitrary vatues t = (¢;, ). Subsequently;
from this bivariate CF derive the marginal characteristic functions CF1 and CEZ as the anonymous functions of 1-
dimensional input parameters ty and &y, respectively (cf1{t;) = cf(lf1, 0]) and ef2(ty) = ef{[0, 1)),

Step 2: For a specified (¥ x 2) matrix of values » evaluate CDF and PDF, which are on the lefe-hand side of (7) and (8},
Alternatively, we can specify a (1 x 2) cell array, where x{1} is the vector of Xi values and x{2} is the vector of x;
values. Then the algorithm shall construct 2 meshgrid of the X-values by x = meshgrid(x{1}, x[2}¥ '

Step 3: Calculate the mean and-standard deviation of the random vector X — (%1, X7) friom the given marginal CFs usirg
the higher-order methods for approximating thie deérivatives. In particular, we use the following estimates

. yo  B3(cf168))  23(cf1(28))  83(cf1(38))  2(cf1(4d))
mean(X} = ( 55 T 38 YT ioBs T 2808 )

w0y ) = { 203 _ IBREM(@B)) | 2R(A1(28))  16%(cF1(38)) . 207(ch1 (48))
B N - TR or- - 56052 )’

std(Xi) = /Moy (X,) — mean? (X;)
where § is chasen tolerance. for numerical differentiation {as a default value we use §'= 1074} and mo; de-

notes thé estimate of the second moment. Similarly, caleulate mean(X;) and std(X;) so that then mean(X} =
[mean(X;), mean(X,)] and std(X) = [std (X)), std(6)):
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marginal and the bivariate characteristic functions are evaluated and stored as cftd, ¢ft2, and cft using the fol-
lowing MATLAB code:

Step 4: Apply the six-sigma rule and calculate drt as described above. Thien calculate the values of ty. &, -t where the

t1 = (0.5+(0:H) ) #at(1);
t2 = (0.5+{0:N)) *ds (2);
t3 = (0.5+(-N:NJ )7t (2);
cftl = cE([tl O¥tll);

cft2 = ct([0*t2 12]);
fet1,442] = meshgrid(1,t3);
o= [$61C:) t42(:)1;

cft = cf(£);

i

Step 5: For the specified values of x; and x, determine the marginal PDF1 and PDF2 and the marginal CDFI and .CDF2
using thie explanations. in. the.:A]gari'thm 1, d.e. witly (4) and (5).

Algorithm 1 Determination of the marginals PDF1 and CDF1.
1: El= exp(-1 # %1 * +1')

Z pdfl = real(El * cftl) * de{1) /pi _

3: cdfl = 0.5 - (imag(Fl ¥ cftl./ 1) % dt(1)/ pi)

Step 6; Determine the bivariate CDF and PDF as described in the Algorithm 2, i.e. with (7) and {8)

Algorithm 2 Detrmination of the bivariate COF and PDF.
Ve =db(l} ¥ de(2) / (2% pitpi)
2, E = axp(-ix x * ¢*)
cpdf = o* rea-l(_E_I * cft)
if .~ isMeshed then
[£1,72] = meshgrid(cdfl,cdf2)
¢df = (f1 + £2}/2 - §,25
else
cdf = {edfl + ecdf2)/2 - 0.25
tedf = edf(:)
10; eftt = eft./ £{:, 1.7 t{:,2)
11: €df = edf - 'c * real(Escftt)

Ll - I S

Stép 7: Determine the interpolates of the bivariate PDF and CDF using 2-dimensional barycentric:interpolation, The al-
gorithm InterpBarycentric2D interpolates an. arbitrary twu‘-_c_li_rnen_sidnal function, based on the nx.m dimen-
sional matrix of fupction values, say fun]d, evaluated at ali combinations {meshgrid) of the original sample points
% (x01d) and y (yOL1d), to the new query points (With new ceordinates), say xNew and yNéw. The algorithm uses
the singular value decomposition (SVD) of the.matrix fun014d. The reslt is a factorisation of this matrix into three
‘matrices such fhat-fuz_mlc_in,-q-,,_ = UnenSnsm¥ e Where U.and V are orthogonal matrices, and T denotes matfix trafs-
posing. The algorithm uses barycentric interpolation of the columns of U and ¥, The result is'an N x M dimensional
matrix of interpolated values funNew evaluated for all combinations xNew and yNew, or a vector of funNew values.
of the length of the number of pairs in the specified. combinations xyNew = {xNew, yRew).

Step. 8: Determine the interpofants. for the marginal quantile functions (QF1 and QF2) that evaluate the required quan-
tiles for any’ probability value out of (0,1). QF is calculated from the precaltislated (known) values of xGiven and
cdfGiven, where xGiven is a vector of x values where the cdf have been precalculated and cdf Given is a vector

of the known edf values precalculated at'xGiven. The evaluation is based on barycentric interpolation.

Step 9: Geénerate the copU]a—cdf"(C'qpulaGdf.)'_'a_nd.copula_-pdf {CopulaPdf) for giver 1y, ii;-_s (0, 1). First, .in the: step 8,
calcilate the quantile functions QF 1 and QF2 for the margina! disttibution atuy and uy. According to [11], the copula
CDF can be defined as

CopulaCdf(uy, tz) = F(QF1 (uy), QF2(u)).
wlhiere: F.is the bivariate CDF of the random vector X, Then, in the step 7, generate. an interpolation of the copula CDF
by barycentric intefpolation. In the Algorithm 3 the most important steps-were reviewed. InterpBarycentric2D

4
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Algorithm 3 Copula CDF.
1: if iscell{u12) then

ul = ui2{1}
u2 = 1u12{2}
x1New = QFi{ui)
x2Heéw = QF2{u2)
¥120ew = {x1New, x2Naw}

else _ _
xi2lew = [QF1(u12(:, 1)), 0F2(u12(, 2))]

¢ CopulaCdf = InterpBarycentric2b(xl, x2, Zcdf, x12New)

S R

is a function created in step 7 that evaluates (interpolates) the copulz CDF, based -on the nxm dimensional ma-
trix of CDF values Zcdf (represented as fun0ld in the step 7). The bivariate CDF is evaluated for all combinations
(meshgrid) of x; and x,. The Algarithm 3 evaluates the CDF values at the given néw points gF1(uy) and qF2(us).
Similarly, we can generate the copula density function, if in the function InterpBarycentric2D we.use the bi-
variate PDF function for distribution of the random vector X.

Step 10! Generate' a randorn sampie of size N from the bivariate distributionX using' its bivariate CF. The algerithm is
based on using the marginal and conditional CFs {which are known or derived from the bivariate CF) to compute the
marginzl and conditional CDF_s,_ and on this basis approximates the required quantiles (the sample values) of the distri-
butioni using the appropriate interpolation algarithms. In particular, interp2 is used for fast linear 2D interpolation
and interpl orthe mere precise barycentric in_terpolation-'(.InterpB_aryCe'n;tric)'_i's used for 1D interpolation,
First we need to declare some input values:
nPts is a number of points.used for setting the initial probability values which are derived by using Chebyshev points
in the interval [0,1]; If empty, nPts = 101. _ _

nTrapRule is the number of points used for trapezoidal integration. If empty then nT¥apRule = 29,

chebyPts is the number of Chebyshev points used in inner calcuiations to create the: vector of values x, xe
Pimin. Xmiax], where the CDF of the distribution -specified. by its CF is evaluated. If empty then chebyPts = 28;

SixSigmaRule is a multiple of standard deviation which specifies the rule for estiniatinig the principal’ domain of
the distribution. If empty, by default SixSigmaRule = 6.

S0 we have the fo!loWin_g' steps.

1. Generate- nPts Chebyshev points (of the second kind} in the given interval (domain = [0,1]), together with the
row: vector of weights for the Clenshaw-Curtis quadrature {over the given interval [0,1]).

2. Use the Gil-Pelagz inversion (5) with the Riemann suin used for integration to evaluate the quantiles of the
marginal distribution X, (con_tinuous-uni_variate}_speci_ﬁed by its CF, baséd on the use of barycentric or linear in-
terpolation of the fitted CDF. The. quantiles of the distributioti of X, were evaluated in a vector whose values are
Chebyshev points from [xMin,xMax] of size chebyPts.

3. Derive the conditiorial charactetistic function from the bivariate CF, te. CF of the distribution of Xy at X3 = xq,
'In special cases, the explicit form of the conditicnal CF is known, otherwise the conditional CF can be evaluated
numerically at certain values of its argument ¢, as suggested in [5]. Use the fast Gil-Pelaez inversion {5} with

. -Riemann sum to evaluate the quantiles of the conditionial distribution Xy at X; = x,.

4, Use the MATLAB functions interpl and .:‘ﬁnter.p.? for fast linear 1D and 2D interpolétion and to generate a
randorni vector. '

X2 = interpi (prild,x_2,pNew(: 233
4l ':"mi;e'rpzfp'i'ﬂld;_p2'CIld_.'-_, x_1,pNew (s, 1), plew(:,2));

wlhere pNew = rand(¥,2) and prOld represent Chebyshev points generated in the first step,
{p101d,p201d] = meshgrid(prold). Here x; is the matrix of quantile values of the conditional dis-
tribution. of the random variable X, evaluated for all pr014, conditional on. all values x; == QF2(proia),

5. In the end, we can calculate Pearson’s corrélation coefficient (p) as p= corr (Xi,X2);

3. The bivariate logistic disﬁ“ibution specified by its characteristic function

.We--Will illustrate described algorithm in the. case when the bivarfate logistic distribution is specified via its characteristic
function. In this way let us define ‘the multivariate beta furiction as
Flan)T(@2)...T' ()

B{a_']e'azr RS ai’l:) = r'(a]_ +"R2_+ . + ﬂ“J s (9]
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where
. ke o
') =f et de, {16}
o
is: the standard gamma function.
Let us-consider the function

@y, b)) = 281'([1“1‘“;"._"1218:(‘1 ~ oyt 1 —iogt, 14 1'071;.,['1 +iozty), (11)
where { is the imaginary unit, my gt 6 eR, o000
Theorem 1. Theﬁz_nctfon #{ty, ;) defined by (11} can be considéred as the characteristic function.

Proof. Using Bochner's theorem {6, Page 31] it is enough ta Pprove that function ¢(t). ;) is positive definite and ¢(0,0) = 1.
The last condition can be readily checked.
Let us now prove positive definiteness. It is. enough to' prove that

il . ; P . .
_ C; Ck_Ei..b”-k} B(] — fO’*[ ﬂ.{"r’k]_, - ff)'z ﬂ;“"k),-] + f((}"| C{E‘i’k}—l- O’Iﬂg‘k)_)) >0, (12)
Jik=1 ' '
where ﬂzgj'.k)'z't_y?.& r,“‘].- agj"") =t —'.ték") B - d?-‘"’m; +a§‘"”m2 and ty, ¢ are real numbers for-all jik=1,....n.
By means of (9) and (19) the Eq. (12} reduces to
n B a i .
> ciege’ UG ky = Z cieet I, k)
=1 j._k:}
; - _ . . .
= f f 3 cice! P et moaad® el biggad g oxmsou gy g
?h-; f.k:]
cpp W . . .
:fff i chei(m_, rlm+m1£§ﬂ)‘){—i’rrgrF)s_—i_frzfzm HI_.(".' l‘_1m +rr2r£3.)128-—-x—5—udxds dit > 0;
g, =l

where.
GG J) =T (1 — io10f* T (1 ~ iepad )T (141 010 4+ igali®)y,

1.5 = f T g gmx gy f T g g g f T el i g
and Ry =[0; 4oc). | |
Now it is abvicus that function {11) is the characteristic: fuhction, 3
Since ¢(t),0) = e ™ B(1 —ioqty, 1 +ioity} and -gf}_(o,_._r'z‘) = e2"M2B(1 —igyty, 1 +igyty) one can conclude that marginal
characteristic functions coincide with CF of the logistic distribution with parameters my, oy .and 1y, oy, respectively.
Definition 1. The prdbab‘ility distiibution of the random vector {(X.Y) whase CF is given by {11} i$ the bivariate logistic
distribution with paraimeters my, m, e B, o, oy = 0 or shortly
(X,Y) ~ BivLogistic(my, my, o1, 0) .
Moreover, -its marginal distributions are logistic distrikutions ie. X ~Logistic(my, oy) and ¥ ~ Logistic(my, o3).
The next lemma will detive the cross-moments-of the randem vector (X,Y).
Lemma 1. Let (X, ¥) be a random vector with BivLogistic(rity, my, oy .33). Then it-holds that
. 5

EXYY=mym; + 0105 fﬁ- : (13)

Proof. One can see that

. 1 ¢ty tz)
E(XY) = AT . (14)

f #U-Ifz_-—-ﬂ

After some tedious algebra we obtain
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82%%5?2 = —mympe T — gyt (1 — iaat)T (b, &)+
=o' (1 —ig )T —i026)T (B, t)) W (b(ty, 1)) ~ W (1 — i=('J‘2f2_j)]_+
=018 (1. —1a3t)T (1 ~ 1 0365) T (B, )Y bl t5)) — W (1 — o)) +
~0102T" (1 ~i018 )P (1 = 1035 T (bt ) (1 — iy )%
(¥ (1 —iogty) = ¥ (bt )]+ (1 ~ foy8) x
[—i0aT (1 — iay) P (b (ty, )W (1 — f ooty ) (Bt £2) 3+
103 T(1 — 103 P+ 1oty (Y2 bty t2)) + 4 (b(t; 2011},

where a(ty, &) =mly +1aty, bty ;) =1 +iosh +iogty, ¥ and .y’ are digamma function-and its fitst derivative, respec-
tively. W |
Hence, fwe sett; =6 =0, then-'fmm'(\m:) we get {13). O

Now we are able fo calculate Pearson’s correlation coefficient of the random vector (X,Y) from Defnition 1.

Theorem 2. Suppose that (XYY ~ BivLogistic(my, my, v, 03). Then
1
pX;Y = _'Tx
where px.z.y_--sfﬂﬂds for the Pearson's coefficient of correlation between random variables X and Y.

. ) ) ) . - ) 2.2
Proof. From Definitiont 1 we clearly have that EX =myq, EY =m3, Var(X) = l-;il- and Var(Y) = ”‘—3'-’1.'Then by means of
Lemma 1 we cdn easily arrive at the assertion of this theorem, O

3.1, Conditional .characteristic function

Let us consider the random vector (X,Y) from Definition 1. The main goal of this section is to find a conditional CF of
the randomm variable X |Y. By Fourier's integral thegrem’

S e . .
eulgl) = s f_ e (u, vidv, {15)

where g(uly) is the conditional CF of the cenditional logistic r.v. X[Y, g{y) is density function of logistic randoin variable ¥
and. ¢ (u, ¥) is the joint CF defined by {11).
Now, the Eq. (15) turns out to be

e — ) o

uly) = _ e P o) I 4 o 1+ )y
w{uly) TR - ( 21 +io 521)
it is obvious-that the gamma function can bé seely in the terms of the Fourier transform F as
L L o ] . .
F(e(-‘““’*“";-%e_—f ’;w) = -1 4oyt ioyw 16
_. . W (1+10y W) (16)
and _
Ctoyimp i N g . o _
¥ .E-_""_i_z e - 2 w == _j_,e.lw_(v—mz-)[‘- 1 +fo- wh. 17
(“ ) Wi ( W) (17}

Using the Parseval's identity for the Fourier-transform, representations (15) and (17) are reduced to

(o2 pEoe _ . g
-2 f e"“("‘Z.“‘f).l"_(_l =1V (1 + ioqu + ioyt)dy-

2n .
rbnd tuy tty r;";’_“l P A

= e et 7 glHolg e (18)
-

Now, we are going to-solve the integral on the right-hand side of Eq. (18). Using subistitution 2 =5, one gets
v i, bFEm P . . et mi: ey
./ P P 0% g=e% g o o'zf " st aE Yo St e
—nq /0
. . . ) . . . : . e ; 2=
The integral in the last equation can be solved using the following stbstitution s(l+ g I=h

ks

o masy f 0,8
Gae 7z et s—dh = 2 —
mi—y \ ZHio U “maey & 2T

o '(1+E“z) (T+e*-’.:)

7

h‘l-i-l'cf'. I

[+ ioyu).
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CF of the Conditional Distribution
T T 1

1

1 — _
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0.8 |

CF

’0.2‘ L i i i 1 | . 1 ; :
-10 -8 -6 -4 -2 ¢ 2 4 g 8 10

Fig. 1. CF of the cont!it_iqnal standard logistic distribution for y =@ CF of the conditional logistic distfibution for my =1, my =7 o =0.1, oOp = 0.2 ¥=2,

After some algebra we obtain

2-1}- f eMIMNT(1 —io91yT (1 + ioy U+ igs1)dy

h [y
e %2 . _.
- ; ‘mIoy 2+i‘q,ur(.2+ ioyut).
o2 (1 —+ B )

Finally, we arrived.at the expression for the conditional CF as
ML (1 — o i) (2 + oy 1)

_'l‘j’—ﬂ!!]-) foru

(1 +e =

puly) = {19

So, we have proved the following theorem.

Theorem 3. Considering the random vector {X,Y) ~ BivLogistic(my, ma, a1, 02) then the CF of the random varighle X|Y is given
by (19)

“The Fig. 1 illustrates the CF of the conditional standard logistic distribution in case when y = 0.
3:2. Copula function. Spearman’s rho and Kendall’s tau

In this section we will give a. figure of the ‘copula fanction corresponding to the bivariate logistic disteibution® given by
its CF (11). _

Let us define Kendall's tau and Spearman’s rho coefficients. These definitions can be found in (11],

Let (X, ¥y) and (X3,Y;) be independent and identically distributed random vectors; each-with joint distribution fune-
tion H. Then the population version of Kendalls tau is defined as. the probability of concardance minus the probability of
discordance ie. '

Txy = P[4 = X) (Y1 = Y3) > 0] - P[(X — X3) (Y7 = ¥5) < O]

Suppose that (X;,Y;), (6, Y2) and {X;.Ya) be three independent random véctors With a common joint distribution func-
tion H. The population version The population version pyy, of Spearmans rho is defined to be proportional to the probability’
of coticordarice minus the probability of discordance for the two vectors (X7, Y1) and (3. Y3) ie

Pry =3(PLXG = X) (Y1 —¥5) > 0] = P[(% — X3} (Vy ~ ¥5). < O)).
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Table 1
The mear values of the Kendall's tau, Spearman's rho and Pearsoi's caefficient of correlation i case
of bivariate logistic distribution with parameters m =[1.3].and o = {01, 03).

Pearsun correlation coefficient  Kendall's ¢ 'chefficient Spearman’s p coefficient

N. rmean. sc mean se meary 5

50 04896 . 5.5015¢—04 03302 4.0342e-04 04660 5.3125¢—04
100 04970 '2'1._?'32'3_9 — D4 0.3338 1_;'9_624::’ -4 04745 2.6168¢ - 04
500 04983 57171205 03318  3:9233¢-~05 04755  5.2646¢ - 05
1000- 94983 29782 - 05 03329 2.027%-05 04774 2.7115¢ - 05
2000 05000  1.4399e - 05 03337  95740e—06 04787 128180 —05
5000 : 0.{1997 ' '5,81{_178' — DG 0.3331 3.9854¢ ~06  0.4780. 5.3636e — 0G
10000 0.5G01 2.9187e - 06 03334 19570e-06 0.4784 2.6235¢--08

Table 2-
The mean values of the Keodall's taw,-Spearman's rho and Pearsen's coefficient of correlation in case
of bivariate logistic distribution with parmeters m = [~1.2) and & = [0.5,0.8].

Pearson carrelation: coefficient  Kendall's ¢ ‘coefficient Stiearman's p coefficient
N rean sé mean se ‘mean 52
50 04887  5:5030¢ - 04 03294 4:0163¢~04 04649 529742 —(4
100 04973 2.7295¢'— 014 ‘03338 19565004 D4747 26H8e— 04
500 04983 5714%e—95 03318  3.9208¢-05 04755 526528 05
1000 04990 2.8935e- 05 03330 1.9725e 05 04776  2.6229e— 05
2000 05013 1,4262e-05 03339 99633206 04790 1337005
5000 04999, 5.5453¢—06 03334 3.8690e~-0G 04784 5217306
10000 05000  2.9076e—06 03334 1.9331e-06 04784 -2.58760-106

F

CF of the Conditional Distribution
; L : !

g 10

Fig.2. Copula density function of of bivariate logistic-distribution with parameters m — [1:3] and &= {0.1,0.3}.

In.Tables'1 and 2-we report the mean values of Kendall's taw,.Spearman'’s rho and Pearson's correlation coefficient. We
generated 1000 samples and calculate the mean values of the correlation coefficients together with their standard errors,
Observing the results from Tables:1 and -2, we can see that the standard errors take very small valyes. This suggests that
our algorithm for generating random numbers works very accurately.

We have proved that Pearson's correlation coefficient is constant for each parameter value. From the above tables based
on the numerical simulations, we can conclude that Spearman's rhe and Kendail's tau are alse constant, e, do not depend
on the value of the parameters of the bivariate logistic distribution.

Figures 2-5 show the ‘copula and density copula Tunctions obtained using Algorithm 3.
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PDF COPULA of the Bivariate Distribution Specified by the CF

Fig. 3. Copuia function of bivariate logistic di‘st_r_ihuri_dn ‘with parameters i ={1,3] and o = [0:1,0.3].

COPULA of the Bivariate Distribution Specified by the CF
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Fig. 4. Copula density function of of bivariate logistic distribution with parameters m =[-1,2] and & = ['G_.S..U:S],



A Mijanovié, B.Y, Popovié and V. Wi(k_uvskj! ‘Applied Mathematics and Computation 443 {2023) 127807
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Fig. 5. Copula fisiction of bivariate logisfic distithution with:parameters m ={~1,2] and g = [0.5, 6.8},

4, Conclusions

In this manuscript we provide two algorithms

1 The _algo'rit_hm for-invei‘tihg‘i the bivariate CF, and _
"2, The 3lggrithm for random number generation in case when bivariate distribution is specified by its CF.
The first algorithm enables the practical application of bivariate distributions. in the case of specification by CF The sec~

ond algorithim:is based on conditienal CF and enables a deeper investigation of such distributions and numerical verification
of the thedretical results. '

As an example, we Use the bivariate logistic distribution specified by its CF and compute various-measures of assaciation.
In our future worls, we would like 1o expand the bivariate logistic characteristic function to obfain -measures of association
‘that depend on the parameters of the distribution.
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‘Trebinje, Republic of Srpska, Bosnia and Hercegovina, pp. 175 -187, ISBN 978-99938-47-52-6.

Andrija Vuginic. Vladimir Bogzovid, Dubravke Culil)r.k, “Viadimir Crnajevié, "3D Rekonstrikeija




CONFERENCE:

PRESENTATIONS

koristeci slike sa interneta i algoritaim postepenog rasta regiona", Medunarodii naudno-gtruéni Sim-

‘poztjimm Infoteh - Jahorina, March 16-18, 2011. Vol. 10, Ref, E-IV-20, P. 742-745; ISBN 978-999038-

624-6:8.

Vladimir Bozovie, Dani¢l Socek, Rainer Steinwandt and Viktoria Villanyi, 10th International Con-
ference on Computational and Mathematical Methods. in Science and Engincering CMAMSE 2010,
"Multi-authority attribute based encr vptlon with honest-but-curious central authority”, June 26-29,
2010, Proceedings, 2010, Alicante, Spain, Volurme 1, . 260- 271.

Daniel So'c:e.k_'. Viadimir BoZovié and Dubravko Culibrk, "Practical Secure Bionietrics Using Set
Interseetion as a Similarity Measure!, in Infernationdl: Conference on Security and Cryptography
(SECRYPT 2007}, July 28-31, 2007, Barcelona, Spain, pp. 25-32, ISBN: 978-089-8111-12-8.

Daniel ‘Socek, Vladimir Bozovi¢ and Dubravko Culibrk, "Issues and Challenges in Storing Biomet-
ric Templates Securely”, International Conference on Risks and Security of Internet and Systeins
(CRISIS 2007), July 2-5, 2007, Marrakech, Motoceo, pp. 75-81.

International conference on Recent advances in Pure and Applied Matlematics (ICRAPAM 2015),
Istanbul Turkey, "Notes on Grapls Extremal with Respect to Some Distance-Based Topological
Indiees”, June 3 - 6, 2015.

Cetvrta Matematidka. konferencija Republike Srpske, Republic of Srpska, Bosnia and Hercegovina,
"Extremal values of certain topological indices over some special classes of graphs", 6-7 jun, 2014.

Treta Matematitka kuntcmnmja Republike Srpske, Republic of Srpska, Bosnia and Hercegovina,
"Orbits of k—sets of Z,,", 7-8 jun, 2013.

Druga Matematitka konferencija Republike Srpske, Republic of Srpska, Bosnia and Hercegovina,
*The minimal detour index il bicyclic graphs”, 8-9 maj, 2012:

Infoteh, Jahorina, Republic of Srpska, Bosnia and Hercegovina, "3D Rekonstrukeifa koristedt slike
sa interneta i algoritam postepenop rasta regiona”, 15-16 mart 2011,

Kongres matematitara i fzidara Crme Gore, KMECC 210, Petrovae, Cina Gora, "Oswrt na krip-
tografiju", 7-10 oktobar 2019.

-Kongres miatematicara i fizicara Crne’ Gore, KMFCG 2010, Petrovac, Crna Gora; "Faktorizacija

konatnih grupa’, 7-10 oktobar 2010.

10th International Conference on (‘0111put’1t1onal and Mathematical Methods in Science and Bagi-

‘neering CMMSE 2010, Alicante, Spain, "Multi-anthority attribute hased encryption with honest-

but-curious central authority”, June 26-29, 2010, .

2008 Southern Regional Algebra Conference, Umvmsztv of Colorado, Colerado Springs; Colorado,

USA, "Free mappings and factorization of groups", September 26- 28, 2008.

Thirty-ninth Southeastern International Conference on CDl’Ilhllla,l“OllLS Graph Theor y, el C‘muput-
ing; Boca Raton, Florida, USA, "Bipartite graphs with no isolited vertices and k-tuples of distrete

intervals", March 3-7 ", 2008,

International Conference on Security and Cryptography (SECRYPT 2007), Barcelona, Spain, "Drac-
tical Secire Biometrics Using Set Intersection as a Stiitlarity Measure"; July 28-31, 2007.

Titernational Conference on Risks and Security of Internet and Systems (CRiSIS 2007}, Marrakech.




SEMINAR
PRESENTATIONS

THESES AND
DissERTATIONS

COMPUTER. SKILLS

LaNGuaces

Morecce, "Issues and Challenges in Storing Biometric Teniplates Secuvely™, July 2-5, 2007.

Titegers conference, University of West Georgia, Carrollton, Georgia, USA, "The distribution of the
Sizé of the Tntersection of a k- Tuple of Intervals", Gctober 27-30, 2005,

Thirty-sixth Southeastern International Conference on Combinatories, Gl aph Theory; and Compiit-
ing, Boca Raton, Florida, USA, "The: distribution of the Size of the Infersection of a kTuple of
Intervals", March 7-11, 20085,

Department of Mathematics, Florida Atlantic University, Algebra and Cr ypio seminar, "Rank 3
permutation groups and block designs”, September 19, 2006.

Mathematical Institute of Serbian Academy od Sciences and Arts; Belgrade, Serbia, "The problem
of isomorphism of group rings", November 22; 2002.

Vladimir BoZzovi¢, "Algebraic and Combinatorial Aspects of Group Factorizations". Ph.D. disserta-
tion, Department of Mathematical Sciences, Florida Atlantic University, December 2008.

Vladimir BoZovic, "The Tsomorphism Problem for Gr oup Rings", M.S¢. thesis, Faculty of Mathe-

matics, UIHVB].‘:ItV of Belgrade, March 2003,

¢ Programmable Environmeénts: MS Visual Studio.. Dreamwesver, Maple, APL, Magma, GAP,

LaTeX -
e Languages: -_C_fc-'i"-“,:*‘, Paseal, HTML, PHP, XHTML and €88

‘Serbian {native language), English (fluent}.




YERI3Hier v Réaipg
MATERL ER A SENYATET

Anpeea: Crynentor 1pr 1, 11600 Beorpan, PenySmika Cpnja
Tes.: 011 3207400; daxe: 011 2638818; E-mail: officcbu@rect.bg:ac,rs

BERE HAVUHUX OBJIACTH Beorpag, 21. debpyap 2022. romune
HPKPOI[HO-MATEMATH‘IKHX HAVKA 02-04 Bpoj': 61202-370/2-22
Ch

Ha ocuoBy wum. 75 3akons o BHCOROM 00pazosamy ("CryxOenu rnacuux PC",
6p. 88/17 u 73/18), un. 48 cr, 5 1aw. 1 Craryra Yhusepsurera Y Beorpany (,Inacuux
Yrausepsureta y Beorpany™, 6p. 201/18, 207/19, 213720, 214/20, 217/20°% 230/21), un.
13 cr 1 Upasunsnka o pehiuma Hayunux ofnacTs Ha. Yruusepsurery v Beorpamy
(.Inacurk Yiupepsurera y Beorpany”, 6p. 134/07, 150/09, 158/11, 164/11, 165/11,
197717 7 208/19), @1, 21 ¢1. 1.18%. 1 Ipasunnrka o HadWHY H TOCTYIKY CTHIAKA
3BamA K 3aCHHBAIRA PANHOT OJHOCA HACTABHUKA YHMBepsuTeTa y Beorpany (,.I'machux.
Yuusepsurera y Beorpany”, @p. 200/17 u 210/19) u IIpapuTHAKE O MUEHHMATHEM
YCTIOBUMA 33 CTHIAHC 3Bama HACTABHMKA Ha Ynusepautery y Beorpany (;, TitacHuxk
Yuusepsnrera. y Beorpazy", 6p. 192/16, 195/16, 197/17, 199/17 u 203/18), a Ha
npesyor Vsbopuor eeha Maremarsuxor — daxymrera, Gp. 724/4 ox 21. jamyapa 2022.
roguee, Belie Haydimx o6nacta TIPUPOJHO-MATEMATHUKHX ‘HEBYKA, Ha @NeKTHOHCKO]
cemumTH onpxano]j 21, gebpyapa 2022, rojwme, Koweno je

s
4

" OAAYVKY

BHPA CE nmp Bojema Murnoiniesrli 'y seame BaHpegHOT npodecopa Ha
YHHBEP3HTETY Y Beorpany-MaremaTinixy QaxyiTeT 32 yxy Haywity ofnact
Beposarnoha u craTHCTHEA.

C;)G-p a3NoXewne

Maremazuuxn daxynrer (,,Paxynrer™y je naua 3. noBem6pa 2021. ropunre y
dacomuoy ,Jlocnosr” ofjasuo Kouxypc 3a n3op y spame BaHpezHOr mpodecopa 3a
yixy Hayny o6nacT Beposatholia . eraTicTaka, 360r notpeba Gakyitera.

Hseeurraj Komuenje 3a npunpemy mssenrraja. o TIpHjABIEEHHM KaHAHNATHMA
CTaBIBCH  j& Ha YBWAR japHOCTH maHa 20, mememGpa 2021 romune Ipexko Beb cajra
‘Paxyirera.

Ha ocnoBy npexnora Komuchje 3a npumpemy Hssemraja o TIPHJABIBEHHM
xanmuniaTiuma, MaGopuo pebe Daxynrera, ma comuum ofpwaioj gawa 21. jaryapa
2022. rosmire, foHeno. je oIyKy 0 YIBphHBaksY mpemyora Ha ce kauauoaT Xp Bojana
Munouresuh uzaepe y 3same BaEpenHOr Npodecopa. '

Qaxynrer je amama 26. jamyapa 2022, romuHE HOCTABMO YHHBED3HTETY
KoMIIeTaH 3axTes 3a u300p y 3Bame Ha NpONHCaHHM o0paciiuma.

VHUBEPIUTET je XOMAETHY JOKYMEHTAnM}Y Kafy je HOCTABHO thaxynrer crasno
Ha web crpamnny Yiupepsutera gana 14, hebpyapa 2022, roxnwe.



Befie Hay4HHMX OGNACTH TIPHDOXHO-MATCMATHYKMX Hayka, He SNEKTPOHCKO]
cemHuLy onpxanoj 21. defpyapa 2022, rogune, pasmatpano je 3axTes (axyirera n
YTBPAUNO 53 KaRIUAaT HCUYasa YC/IoBe nponucaHe @1, 74 u 75 3axoda 0 BHCOKOM
obpasopamwy, Wi, 135 Craryra Yuusepsurera y Beorpany, xao ¥ yCIIOBE IIpOIHCAHE
Kpurepujymuma 32 cTHIARE 3BAma RACTABHMKE HA YHUBEDIHTETY ¥ Beorpagy, ha je.
LOHETA OJUTYKa KA0 ¥ H3PELiH. ' '

1Ioyxa o mpaphiom JeKy:

Hporus 0BC. OIYKE KAHAWIAT NPHjaBEeR Ha KOHKYPC MOXE H3jaBHTH. JKanly
Cenary YHurepsurera, npexo dakynrera. Xanba ce gocrasmsa Gaxyirery y poxy of 8
flane O HaHa JOCTABILARA OITYIE, ' '

Hocrapura;
- Qaxynrery (2)
- 8pXHBH YHHBED3HTETH

£.5. 7027,




bojana (Emizabera) Musomesuh

Jarym pohiea: 15. (pebpyap 1989.

Mecto poljersa: [Tangeso

Crapocr: 33

HpAaBBAHCTEOL CPIICKG

Konrakr tenedpor: +381 63 8467149

ENeKTPOHCKA ajpeca; bojana®@ matf.bg.ac.rs

Wurepner crparuma: http://poincare.matf.bg.ac.rs/~bojana/en/

OopasoBame

2012-2016 okTopcke cryaunje, Yuueepsuinem y Beozpady — Marmepamuuiu gpaxyamem, Maremaruga..
Apocex oueHa - 10:00/10.00 | HacoB nucepTauiije; - Acigmonicka CEaJCMEa: HENAPAMEMAPCKUX
mecmosa aacrosarntx Ha. U -cmamuteninxaia u V—cm_amucmmc_a_ua--_ca' HedezgnepuraHis it cidbo de-
2EHEPUCAHILL Jezzpo | MeHTop: nipod. ap Tlasne Mnageaceuh

2011-2012 Macrep cryanje, Yuusepsumem y Beozpady — Mamesiamiuxi aryamem, CTaTUCTUKA, AKTY-
apCKa M (hHHAHCH]CKa MATEMATHKA. '
np_occ_rc ouena - 10.00/10.00 | macnon Mactep Tese: Jesujesu npoyect u npobaex. npavz Gocmusarsa
dumoz Hisow

2007-2011 OcHorse cryauje, Viusepsumen y Bbeozpady — Mamemamuvuru dhaxyamem, CraTHoTuka, ak-
TYapcKa M (PHHAHCH]CKA MaTEMATHKA.
npocek oltena - 10.00/10.00

2003-2007 Cpeama mkona, Mamemanuura 2unnasiujo y Beozpady.
npecex ollesa - 5:00/5.00, mocunau gunome "Byk Kapanuh”

Hayuna narepécosama

HeNapamMeTapcKa CTATHCTHKA, TCCTORH CALTACHOCTH € PacTIofReAoM, aCHMINTOTCKA e(PHKACHOCT
‘TECTABZ, TEOPHja NOY3RAHOCTH, AHAMI3A NPeXHBIbABAKA, CTATHCTHYKE JyGHHE, mpobneM He-
Hoerayyiinx nogarTaka

ITy6aukanuje u yaemha ua xondepernujama
~ 28 Hayqsux paznosa (26 ua SCI smern 1xM21a, 6xXM21, 8xM22, 11x M23)
~ 46 caommrema (IiTaMNIaHa y U3BOAY MIH HEeJIHHH) Ha Jomalium i Ha MeByrapogam XoH(pepe-
IHjaMa 04 Kojux je 8 mpegaparmba mo HO3UBY Ha UCTAKHYTUM MeDyHapogHIM KotdepeHLtjama;
1xM31, 7xM32, 25xM34, 1x M63, 8XM64 u jenan pan M33 kareropuje.
OnaGpanu nayusy pagosy
[M21a] M. Cuparié¢, B. Milo¥evi¢, M., Obradovié New consistent exponentiality tests based on V-empirical
Laplace transforms with comparison of efficiencies, Revista de la Real Academia de Ciencias
Exactas, Fisicas y Naturales. Serie A, Matemdticas;, (2022), doi: https://doi.org/10,1007/513398-
021-01184-3 TF2020=2.169.
[M21] M. Cuparié, B. Milogevi¢, New characterization based':e_xp_OnentiaIi't_y. tests for randomly censored
data, TEST, (2021) _doi:-htt_ps /{dot.org/£0.1007/s11749-021-00787-7 TF2020=2.345
[M22] B. Ivanovi¢, B, MiloSevi¢, and M. Obradovié.. Comparison of symmetry tests against some skew-
symmetric alternatives in iid and non-iid sefting. Computational Statistics & Data Analysis:
106991, 2020,
[M21] M. Jovanovi¢, B. MiloSevi¢; Yd. Yu. Nikitin, M. Obradovié, and K. Yu. Volkova. Tests. of
exponentiality based on Ar-no]d—VilIas'enor'ch'aractér'i_zation and their efficiencies, Camputational
Statistics and Data Analysis, 90:100-113, 2015,

15



M21]
M21]

[(M22]

[M32]
[M32]
[M32]
[M32]
[M32)

[M32]
[M32]
[M32]

[M31]

[M32]

2022~
2016-2022
2013-2016
2011-2013
2011-2018

20112012

B. MiloSevié and M. Obradovié. Some characterizations of the cxpon_cnt’i_al distribution based.on
order statistics. Applicable Analysis aiid Discrete Mathematics, 10(2):394-407, 2016..

S.G. Meintanis, B, Mile$evi¢, and M. Obiadovié, Goodness-of-fit tests in conditional duration
models. Statistical Papers, 61(1):123-140, 2020.

B. MiloSevi¢, Asymptotic Efficiency of New Expenentiality Tests Based on a Characterization,
Metrika 79(2):221-236,2016. ISSN 0026-1335, IF2017=0.948

Ipenasama 0o nosusy

Independence tests for randomly censored data: novel proposal and the review of recent develop-
ments, GOFCP September 2-42022, Rennes, France (coauthor M. Cuparié)

On the IPCW approach for testing independence, ISNPS' June 20-25 2022, Paphos, Cyprus
(coauthor M. Cupari¢)

On testing independence-of count data, CMStatistics 2021 (virtual), December 18-20 2021,

London, England (coauthor D. Bucalo Jelic)

B. Milo§evié, Goodness-of-fit tests for censored data: a look at the past, present and future research,
StatMod2021 (virtual), December 3-4 2021 Rouen, Rouen, France (coauthor M. Cupari)

On Bahadur efficiency in goodness of fit 'tesr.ing:. A Review of recent results and challenges,
International Workshop of Greek Statistical Tnstitute, September 2021,

New distribution-free goodness-of-fit tests for the Pareto distribution, CMStatistics 2020 (virtual),
December 19-21 2020, Lendon, England {coauthors J. Allison, M. Obradovic¢ L. Raubenheimer,
M.Smuts)

New consistent characterization based.-goodness-of—ﬁt:t'es'ts_, European Meeting of Statisticians,
July 22-26 2019, Palermio, Italy (coauthors M. Cuparié, M. Obradovig,)

New consistent goodness-of-fit tests based on V-empirical Laplace transforms, CMStatistics 2018
December 14-16 2018, Pisa, Italy (coauthors M. Cuparié, M. Obradovié)

Some recent characterization based goodness of fit tests, 20th European Young Statistician Meeting,

-August 14-18, 2017, Uppsala, Sweden

Characterizations of symnelry via central order statistics-and the applications to .goodness-of-fit-
festing, CMStatistics 2016, December 9-11,Seville, Spain (2016), coauthor M. Obradovié

Yuupepaurercka yubeHuny

Ocriosu: cmamucmisice, Maremariaxu daxynrer, 2021, ICBH 978-86-7589-149-9

Eneptermu dpunancujoxe namemesiamue. (xoayrop mpod. Ap Cnobomanka J anxosuh) VMCBH
978-86-7589-117-8 Marematuuxu dakynrer, 2017.

' PajgHo nckycTBo

BaHpeAuN tpocpecop, Yrusepsumem i Beae_pac}y —Mamenamuuxu daxyamen.
nouent, Ynusepsumem y Beozpady — Mameaimyuiy thaxyamem.
ACHCTeNT, YHusepsumem y Beozpady —Mamenamuicy gharyrmen,

‘CAPASHHK Y HACTABN, YHuaepsumemn, Y Beoepady — Mamemamuury haryrmem.

HacTaBHHK, Mamemamy uka aumnazuja y Beozpady.

2 HacraBue akTHBHOCTH

Teopuja sepopatrohia, Yeon y cratuctuky, BpemeHcke cepuje ca npuvenama y rHanCHjama,
Caryuajan ripoueen; Enementit dhnatenjcke MaTemaTike

2/5



2012-2013

2013-2015

2015-2016

2016-2017
2017-2020
2020-2022

2016-2021

2022-
2021-2022.

2013-2019

Maj 2022

HOBeMOap
2021
jyu 2021

'HOBeMOap

2020

HoBembap

2019
jym 2019
anpun 2017

2018
2013
2012

2014

Teopuja-seporarioha, ¥Box y cratucTuxy, Bpemencke cepuje ca npuMeHama y uincHjama,
Cnyuajum mponect, Enementy dunascificke maremaTnke, Beposatroha u craTicTnka (nagop-
MATUYAPH)

YBon y cratucTuKy, Bpemencke cepije ca npumenaMa y purancujama, Cayyuajuu nponecy, Ei-
eMerTy (bUHaHCHjCKe MaTeMaTrke, BepoBaTHoha 1 craTicTHKA (MHEpOpMATAUAPH)

VEop y craructuxy, Bpemencke. cepuje ca npuMeHamMa'y unadcujama, Caydajun mponect, Ey-
EMEHTH (pUHAHCHjCKe MareMaThke, BepoBaTHolia M cTaTHCTHIA (unopmatiapn), Opabpana
TNOIMABRA CAYUYAJHHX polleca

JluseapHu cracTvcTAMKN Mopesn, CTaTHCTHKA (nuropmartiyapy), Yeon y Bepoparsohy, Ene-
MEHTH (PHHAHCH]CKe MATEMATHEE

JInHeapH# CTacTHCTHYKY MopenH, CTaTHCTHKA (urpopmaTHuapn), Veon ¥ BepoBaTHORNY, Ene-
MEHTH QHHAHCH]CKE MATEMATHKE '

JIMHeapHH cTacTHCTHYKK MogenH, CTATHCTHKA (nHopmaTiTIapn), Veon y BepoBaTHONY, Ene-
MEHTH (PUHAHCH]CKE MaTeMaTke, CTaTHCTHKA 3a AYTOMATCKY ‘aHAM3y NoAaTaka

KYypCCBM Ha HOKTOPCKUM CTyAMjama: TecTyparbe CTATHCTHYKUX XUIIOTESE, Croxacruvka (itaan-
CHJCKA MaTeMaTHKa, JinHeapHn CraTHCTHUKH Mofeny, EMmpujcku cayuajuu nponecn

HpojexTn

COST Action HiTEc: MC member

Hpojekar ¢mmancupan ox crpane MurncrapcTra, NHPOCBETE, HAyKe W TEXHOIOCKOT pasBoja
" Yuanpeliewe HacTage.y 082CTH CTATHETHYKE o6pane nogaraxka” (YHOC): PYEOBORETAI

IIpojexar unancupai on cTpaue MusucrapeTtsa HPOCBETE, HAYKe M TeXHOJOWKOr passoja:
“TeoMeTpuja, eAykalmja ¥ BU3yam3anmja ca apumMeHama” [174012]: uctpaxkisay

WnTepHanmonaiya capagma ¥ MOGHIIHOCT

IIpenaBarba 1o 1Mo3uBY Ha CeMUHAPHMA 1 OIPKAHU KYPCEBH

Yuusepsuter y Jamuiy ._(EPABMYC+ pa3MeHa HACTABHMK)

StatCon 2021 On-line Workshop, North-West University " Characterization based goodness of fit
tests — construction-and properties”

Kypc "VBOR Y CTATHCTHYKO 30K/EySMBAtRE” V oxBupy Epacmyc rpojexra AIA

StatCon 2020.0n-line Workshop, North-West Unvier.éit_y "Bahadur efficiencies of goodness-of-fit
tests”

Kype 3a CTyneHTe NOKTOPCKIX i MacTep cTyauja “Characterization based:goodness of fit tests
and their asymptotic properties”, Vamsepsuter y Ceswmu, Hlnianuja

Belgrade Summier School: Introduction to R

IpepaBame "Characterizations of probability distributions, goodness of fit tests and Bahadur
asymptotic efficiency” Ha cemmuuapy Onjena 3a MatemaTuky Ceeyuwmriura y Ocujexy, XpBaTcka
Jetwe/3uMcKe mkose

CRoNoS Winter Course on Time Series, Tlnsa, Wranyja

Mathematical Models in Economics and Computer Implementation, Hepm, Pycuja
International Summer Academy 2012 on Advanced Stochastic Methods to Model Risk, Vim,
Hewmalixa

Summer School of Financial Mathematics, JbyOssana, Cnopenuja

345



2021
2015

2012

2010-1012
2009,2010

2014-2019

2016—

Opalpane Harpajxe n Npu3RAama

Yuemniie Ha IpeCTHHHOM CKYIy MatemaTiiapa “Heidelberg Laureate Forum”

‘Harpana 3a Hajfiosn nocerep: Characterization based symmetry tests and their asymptotic

efficiencies, Analytical Methods in Statistics, 2015, Tlpar, Yemxka
Crymenr remepaumje MaTemarmaxor tharkynTera momebeHa of CTpase Y'HHBepaureTa_ y
Beorpaay

”Hocureja™ crunenauja Poraa 3a Mitaae Tanente Peny6mike Cpbuje

Harpapa sa Hajomser cTyaenTa Maremaruiikor dakyinrera

Penezentcre akTuBHOCTH

PELEHINPani pajjoBd Y cieehum waconmicnmMa Statistics; Journal of Statistical Computation and
Simulation; Revista de l4 Real Acadentia de Ciencias Exactas, Fisicas y Naturales. Serie A.
Matemadticas; Computational Statistics & Data Analysis; Annals of the Institute of Statistical
Mathematics: Iranian Journal of Science and Technology, Transactions A: Sci'enc'e,_Mat-hemati.—.
cal Communications; Filomat; Journal of Statistical T heory and Applications; Open Journal of
Mathematical Sciences; Journal of Statistics Applications & Probability; Mathematical Com-
munications; Statistics and Probability letters; Teaching of Mathematics; Mathematica Slovaca;
Hacettepe Journal of Mathematics and Statistics; Mathematics; TEST; Symmetry, Tournal of
Maultivariate Statistics. . |

Hucate Nperiena panosa 3a Mathematical Reviews

- Hayuue 6ase

ORCID:0000-0001-8243-9794 | ScopusID: ID: 56162427700 | Google scholar: Bojana Milogevié

MenTopeTBO 3aBpIHMX PagoBa, AOKTOPCKHX Te3a W JOK-
TOPCKHX CTyaMja

Kommietan  cnucak  oppamennx:  macTep  pafosa je HocTymaw H4  CTpaHMum

http://poincare. matf.bg.ac.rs/ bojana/masteri/

TPeHYTHO

20172021

2022
2021
2021
2020
2021

MeHTop 16 pajiora

MentTop 3a n3pany nokTopeke gucepraumje

Mapwja Ilynapuh, “TecToBu carnacHoCTU 3acHoBanu na L2 u [ PACTOjalBMMa M HHXOBA
ACHMIITOTCKA ShUKACHOCT

MEHTOP JOKTOPCKHX CTyauja

5 CTyReHaTa

Ocrane akageMcke akTHBHOCTH

Opranmsanuja koudepeniuja

Ynan Hay4HOT 0fGOpa Meljyﬂapo.ﬁﬂe_ KOquepeHm{je- CMStatistics 2022

Ynan 'nporpamcx{o‘r-og60pé.'xo'ﬂq)epcnu_nje 711. cnmniosyjym Maremaryika. i npunMeHe”
Oprauusarop cecnje #a MehyHRapaHoj xonhepenunju CMStatistics 2021

OpramusaTop cecHje Ha Mel)yHapasoj koudrepertmju CMStatistics 2020

YnaH HayHOr on6opa MehyHapoaHe xougiepennmje “22nd European Young Statisticians Meet-
ing”, Greece .

5



2019

2019

2021-
2019

2019

2022-npeceHt
2020-caga

2019-capa

2018-caga
2018-canma
2018-

2021

2021
2013

2021-
20192021
2014,2015

2017-

2004-2006

Ipeacensnk opraHnsaluoHor oabopa mehyHapoase xoudepernyje “21st European Young
Statisticians Meeting”, Beorpap, Cp6itja

Hnan opranmsauuoror onfopa Ilpeor cycpera Martemartuuapa Cpbije u Ipue Tope, Byasa,
Hpna Fopa

VpeqHImITEO

Enutop enexkrpoHckor gaconuca “Bernoulii Society Bulletin e-Briefs”

‘Koemurop kmure aberpaxara 21st European Young Statisticians Meeting— Praceedings, Faculty

of Mathematics, Belgrade, ISBN: 978-86-7589-137-6

Koenurop s6oprvka panosa 2/st European Young Statisticians Meeting- Book of Abstracts,

Faculty of Mathematics, Belgrade, ISBN: 978-86-7589-135-9

Unaucreo

International Association for Statistical Computing: member of the Board of Directors
CMStatistics working. group

American Mathematicadl Society

European Women in Mathematics

Bernioulli Society

WORLD.MINDS communnity

Honynapusawja Hayke

Hpenasame 7 O HefocTajyhnM rl_onaumma*.’ H2 CTYASHTCKO]- KOH(epeHIMjI "Caspemena MaTeM-
aTHKa u npumesne - AFTERMATH”

Emucuja nuknyca "Hosu cprcky ymoen™ (PTC) noceehena npofnemy HepgocTajyhux mogaraka
Ipenasarse y okeupy cecuje ”Ha mramuma CTaTHCTHKA ocTaje” Ha Komapry (7 ceépHja mpexa-
Bawa - CTAaTHCTHKA CBYAA OKO Hac),

- Bemtune n apyre nadopmanuje

TIporpamepcke BemwtuHe: R, C++

CTPaHH eI EHITIECKH, PYCKI

AxaneMcKi KoopauHaTop capamie Matematiykor (baxynrera u YHuBepsurera 'y Jamuuu y
okBupy Epasmyc-- npojexTa

lpefcepHux KoMHcH]e 3d OAGPaHy pafiOBa M3 MATEMATHKE PenyGnuuke cMoTpe MTaiux Tane-
HaTta

Tev munep wa Taxmmvesy Kammia Challenge-International high school competition, [Tepm,
Pycuja

wian Cageta MareMaTHYKOT thakyarera YHuBepsurera, y Beoerpany. (y mepuony 2017-2021
TIOTIPECE NHUK) '

Herpaxusauka cranuua [Teruunna: dusuxa
OCHOBHA MYKHYKa HKOJA: KJIAEMP

5/5
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ODLUKU
O IZBORU U ZVANJE

Dr GORAN POPIVODA bira se u akademsko zvanje docent
Univerziteta Crne Gore za oblast Vjerovatnoéa i statistika sa
primjenama na Prirodno-matematickom fakultetu Univerziteta
Crne Gore i na nemati¢nim fakultetima, na period od pet godina.

-

~. SENAT UNIV-E'R'Z_'ITET. RNE GORE
TN PREDJW
o

fof.dr Danilo Nikol ié, rektor




Goran Popivoda

Biografija

Goran Popivoda je roden na Cetinju, 9. oktobra 1984. godine. Osnovnu Skolu i ginmaziju
zavigio je u rodnom gradu. Dobitnik je diplome ,,Lu¢a” za odlican uspjeh n svim raztedima
osnovnog i srechijeg gkolovanja. Cetvorogoditnje studije na Prirodno-matematic¢kom fakultetu
u Podgorici, smjer Matematika i radunarske nauke, zavrdio je 2007. godine, sa prosjefnoin

ocjenom. 9,76.

U toku studiranja bio je dobitnik stipendije koju. Vlada Republike Crne Gore dodjeljuje

talentovanim udenicima i studentima i sli¢ne stipendije Opstine Cetinje.

Magistarski rad pod. nazivom ,,Vinerov proces”, odbranio je u septembru 2010. godine. U
martu 2011, godine upisuje doktorske studije na Prirodno-matemati¢koni fakultetu na smje-
1 Matematika, a doktorsku disertaciju p'@d_l‘la.zivom . Ekstremi uslovno-Gausovill procesa”
odbranio je 28. oktobra 2017. godine. Na magistarskim i dokterskim studijama radio je pod

rukovodstvom prof. dr Sinife Stamatoviéa.

Jedan je od koordinatora takmienja Olimpijada znanja i &lan je Komisije na Drzavnom
1:.-‘:ik-m‘if:’é:‘nj_il iz matematike od 2008. godine, Na Balkanske] matematitkoj olimpijadi {od 2011.
godine do 2019. godine) i Medunarodnoj matematickoj olimpijadi (od 2018. godine) je voda

tima.

Na Prirodno-matematickom lakultetu, Univerziteta Crne Gore, od februara 2008. do oktobra
2018. radio je kao saradnik u nastavi. Izvodio je viczbe na pre'dmetima:' Téorija vierovatnole,
Vierovatnoda 1 statistika, Statistika, Analiza 1. Analiza 2. Uvod 1 kombinatoriku, Diskretna
matematika, Diskretna matematika 1, Diskretna matematika 2, Slugajni procesi, Metode opti-
mizacije, Lanci Markova, Matematika V, Aktuarska matematika, Osnovne matematicke i sta-
tisticke metode, Matematika, Matematika 11 Mateinatika 2 (posljedija cotil predineta na

Metalursko-tehnoloskom fakultetu).

U oktobru 2018. godine izabran je u zvanje docenta Univerziteta Crne Gore. Izvodi nasta-
vu na predinetima:; Vierovatnodéa i statistika, Lanci Markova, Istorija i filozofija matematike,
Feorija izratunljivosti, Statistika u farmaciji (na Medicitiskom fakultetu) i Matematika IV {na

Gradevinskoin fakuiﬁt-:t-u) .

Oblasti njegovog nanénog interesovanja su: teorija vierovatnode, sluéajni procesi, ekstremi

Gausovili procesa; statistika i diskretna matematika.
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Radovi na konferencijama i kongresima

{1

G. Popivoda and S. Stamatovié. *Some asymptotie results of the eonditionally Gaussian
processes” . In: 17th international conference on- Fxtreme Value Analysis. Zagreb, 2019,
G. Popivoda. “The double-sum method from Pickands to Piterbarg”. In: International

Congress of Mathematicians. Rio de Janeire, 2018.

G. Popivoda, Z. Kavijani¢ Vukievié, and V. Bozovié. “On the Topological Indices over
‘Chemical Trees”. In: 7th European Congress of Mathematics. Berlin, 2016.

G. Popivoda and Z. Kovijanié Vukitevic. *Clhemical Trees with Extremal Values of Some

Topological Indices”. In: International Conference on Recent Advances in Pure and Ap-

plied Mathematics (ICRAPAM 2015) 3-6 June 2015 Tstanbul, 2015.

G. Popivoda, Z. Kovijanié¢ Vukidevié, and V. BoZovié: “Extremal values of certain topo-
logical indices over some special classes of graphs™. In: Fourth Mathernatical Confernce
of the Republic of Srpska. Trebinje, 2014,
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Doc. dr Bozidar V. P opovié

Adresa: Svétogara Markoviéa 22,
81000 Podgories,

GRNA GORA.

‘Dabum rodenjar 15.06.1079.god,

Mjesto rodenja; Podgorica.
‘Kontakt telefon: 068 (86951
Driavljahat?d:- Crnojorske,
~E~mails boezidarpopavic@ginail.coin

Obrazovaije

2009~2011, ! Doktoy -matgmati_"kih'.nauka_! Univerziteta Nigu, Prirodn_q_-mate’matiéki
god. | fakultet, _ | .
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. februara 2012, godine, o _ o
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. god, i tet, _
1994-1898. i Mather_’i;atiélca'igirn_nm:ija, Podgdrica_g.

god. ;

Professionalng iskustve

Diecombar i Univerzitet Crae Gore - Prirodne. matematigki fakultst. Docens
2016, 1 daljc
2014~ |
decembar !
2015. god, ! o
2013-2014. | IPSOS Strategic Marketh@g

[

i
1

Univerzitet Criie Gore. Suradsifl

o gad , ,.
2010-2013. | Zavod za statistku Crns Garé.
god. |

_ { Pomioénik direltota, -
2004~ ; Republisky zayod za statistiki Srhije.
Widgod. ; »
I _'@djgljéi}ié z& matematitke metode,



Gostujudi profesor
AN 2014l ¥ Univ.erzit‘el;'jI{ﬁlabrija',;I’ﬁALIJA.-
W14, godi
Vijesihe
Softver | R, SAS, SPSS, MATLAB, Interned, Rxplorer, MS Office.

Interesovanja

! Vremenski fizovi, nfihiﬁkgx:jbni} procasi, teorija ragpodiels, specijalng funekiie; pio-

¥ grgmiranjew Ben,
Profesionalne obhuke
Oktobar { Universitat u Nojgately, Bvajeasla,
2009. god. ;
USmfene"pr'ezentac'ij’e-_
9010. 1 MASSEE Madmsrodns ‘kongms.n'immumearajméom‘, Olirid, Malkedouijs;

Clanstvo w organizacijama

2010. { dafje. f Bernolli Saciety, sekeija 20 Mabhismatizku statistily I werovauodu.

Jezici

Engeski f c1 niv'q ‘
Ruski | gavor i pisanje.

Recenzije za SCI/SCIE asopise

; Statistics, _

¢ Statistios.and. Probability Lotlers,.

| Applied Makbheiiatics aiid Cotnputations,
{ Filomat, '

! Statistical Methiods and Applications,

I Journal of Applied Statistics,

i
1

Urednistvo
Jhnu_z;r’-".?ﬂlﬁ‘-'-'} urednile 2asopisa’ ProbStat Forum,
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i BV Popovié.(2010) AR(I] bling seties with appioximated beta marginals, PUB-
: BICATIONS DE LINSTITUT MATHMATIQUE, 88 (8): '87-08, ISSN: 03501302
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1551-1558. TSSN:0167-7152.
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{597, I8SN: 0885-7177.
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i Time Serfes Model, Markov Processes and' Related Fields, 17: 637-850. TSSN:
1024-2053. h
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i G. M. Cérdeiro, E,- I&{,M;-_Oneg;u__", B. V. Popovi¢ (2013} Thegamma-.]};qmax.
distribution, Jotrnal of Statistical Coriputation and Sintdakin, B85 (2)::.505-319,
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Kontakt osobe

{ ProE dr Kpns_tdhtinas_ Zografos, vedovi . profesor Uiversitasa u-Janjini, Grika,

1-e-mail: kzograf@uoi gy
5 “Prof; AdF Ganss M. Gordeiro, vodvit pm_fésqr--l?'edt_eralnng:ruxlivel'_ziteta—u Pertipm-
i buco; BRAZIL, p-mall: gausseorddito@us], éoin. by

- Pral. dv Tibor K. Pogdny, r_e&ibvni-_pi‘oféso';; Pomorskog falulteta, Univerziteta n
¢ tijedi, HRVATSKA,-&mailpogani@pfil.hr
Piof, dr Miroslay M. Ristié, redovai. profesor Priretine metemalitlog falnlteta

Univerziteta u Nisu, SRBITA. eomails miristie72@gmail;com
| Prof. dr Filippo Domima, redavni ~profesor Univerzitebs v ICalabriji, TPALLIA.
i email: Ldomma@unicaliit:
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ODLUKU
O IZBORU U ZVANJE

Dr SINISA STAMATOVIC bira se u akadersko zvanje
redovni profesor Univerzifeta Crne Gore za predmete;
Vjerovatnocéa i statistika, na studijskom prografau Matematika |
ptedmete; Vjefovatnoda 1 Statistika na studijskern programu
Raéunarske nauke na Priredno-matematitkom fakultetn u
Podgorici.

Ik "\_M-- —_
_-Ljubisa Stankovi¢



Biografija dr SiniSe Stamatoviéa, redovnog profesora na PMF-u uPodgorici

Roden. 24. jula 1957. g u Splitu, Osnovnu-Skolu i gimdaziju' zavr$ia v Titogradu, Za ostvaren;

uspjeh u-oshovnoj i srednjoj gkeli dobia nagtadu Luda prvog steperia, '

' P’:‘[r._odnoimatemaﬁéki fakultet u Beogradp, Odsjek za matematiky, smigi B (fimeritka matematika
8a ki_her’ﬂ@t-ikom}up’is_ad19.75;_,- g Diplomirao 1979, g, _ _ _

Poslijediploniske studije: na Katedri teorije vjerovatnode Prirodno matematitkog . fakulteta. o
‘Beogradu -upisaa. 1880, g. Magistarski rad &iji je nasloy “Granitne teorerte za glanove uopstenog
‘varijacionog reda” odbtanio 1983, _ )

U toku 3kolske 1980-81, | 1981-82. botavie na naudnom usavrfavanjuy na Katedr teorije
‘vjerovathode Mehanidko matematitkog fakulteta (Meh-mat) Moskovskop drzavnog univerziteta. {MGU).
Redio pod mukovodstvom akademika B.V. Gnedenka. '

Utoku. Skolske 1988-89, boravio na naut"ijzom'usa_,vﬁa‘}{anju*ria Katedri stugajuih procesa i statistike
Meh-mat-a MGU., Radio pad rukavodsivont pre fesora . G. Zuibenka,

Doktorsku disertaciju &iji Je- naslov “Asimptétsko ponaanje’ procesa odredénih statistikori sa
vremenskim pomjeranjem” odbranio 1993, g, fia Matematitkom fakultets u Beogradu. __

U toku Skolske 1997-D8, boravio na nautnof-specijalizdciil ria Kateds; teorije vjerovatnods Meh-
mat-4 MGU. U foku specijalizacije radio sa profssoiom V, 1, Piterbargom.

Neposredno naken diplorirania’ sé kao agistent pripraynik zaposlio na Institutu za niatematiku -j
fiziku w Titogradu, Institit je. ubizo prerastao u Prirodno matematicki fakultet i na njemu radi u
kontinuitetu od 1979, g. _ '

U zvanje asistenta jzabran 1985, g wzvanje docenta 1994, g.; u zvarje vantednog profésora 2000,
2. uzvanje ,red'p?nqg.pmfes‘ora'-20051515-. ' ' " _

Oblast nauénog interesovania su- g_kstr_emi--Gaﬂsoﬁli_.-s_luéaj;lih procesa i statistika Spektrdlne
_gustine, '

Govori engleski i ruski,

Izvodena nastava na prédmetima:

“Teorijavjerayatnote,

o
@ Matematitks stafistika,
0 Stuajni proeesi,

a Teorija rizika,

o Markovijevi lanci,

©  Vremenske serije:
Mentosstvas

Mémqr magistarskih radove

- Zotica Via&ié; Metod regresije, odbranjen 2006, o
Vesna Boskovié: Neparametarske mietode u statisticl, odbranjen 2008,
Ivan Vujadié; Puasonov protes, odbranjen 2009, _ "
Ozren-Sekulovid: ‘Bkstremi slutajnih nizova, ddbranjen 2010,

Goran Popivoda: Vinerov proces; odbrarijén 2010,

U LR e



Meéntor specifalistickibi Fadova

. S. Radgjevit. Neki ftetodi  yefavanja  matemiatitkih ‘zadataka, specijalistiéki 1ad na
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