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1. Anton Gjokaj, Holder continuity of
ball to a spatial domain with C! boundary, Indagationes Mathematicae, Volume 33,
Issue 5, 2022, Pages 10611070, ISSN 0019-3577,

U skladu sa ¢lanom 38 praviia doktorskih studija Kandidat. je cjelokupna ili dio sopstvenin
istraﬁivanja_ ~vezanih  za  doktorsku disertaciju  publikovao u

fasopisu  sa

quasiconformal harmonic mappings from the unit

https://doi.org/10,101 6/j.indag.2022.05.003

2. A. Gjokaj, D. Kalaj’_, Quasiconformal harmonic mappings between the unit Ball and a
spatial -domain - with C‘-"_‘ Boundary; Potential Analysis, Volume. 57, 367-377 (2022),
hitps://doi.org/10.1007/s11 118-021-099719-v

U radu objavijenom u EaSOplsu Ingadation

kvazikonformnih harmonijskih preslikava
se daje veza izmedu p-Holder koeficijenta
_ feséen
1 vrijednosti

xe[0n)

R A

Holder neprekidnost za kvazikonformna harm
B C R™ u prostornu oblast sa C* granicom.

U radu objavljeriom u Sasopisu Potential Analysis _'dok'azanaje_ Lipschitz neprekidnost

nja iz jedini¢ne lopte B u prostornu oblast sa (14
granicom. U ovom radu su-date i.dvije verzije Hardy-Littlewood teoreme za

sup (1 — BxiD2=#ITu ()l

B ok iyl
es Mathematicae kandidat Jedokazao uniformnu
onijska Bloch preslikavanja F iz jedini€ne lopte

prostor, kod koje
(1 < 1) u odnosu na tagku 1 € S; 1j.

herp) — w (@)l
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Quasiconformal Harmonic Mappings Between the Unit
Ball and a Spatial Domain with ¢ * Boundary

Anton Gjokaj' - David Kalaj'

Hocehved: 17 June 2020 / Aocapted: 2 March 2021 / ?ublisl‘mf online: 26 March 2071
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Abstract '
We prove the following. I f is a harmonic. quasnccnforma} mapping between the uhit bafl
in R® and a spatial domain with-C1= boundary, then f is Lipschitz continuous in B. This
generdlizes soma known results fora = 2 and unpmves some others in higher dimensional
CHSE, :

Keywwds Harmonic mappings - Quasmonfnrmal mappings - Holder continuiny -
Lipschifz continnity

Mathematics Subject Classification (2010) Pﬂmﬁérg':sﬂéﬁﬁ « Secondary 31B0S

71 Introduction

Forn » 1, letR” be the standard Euclidean space with the norm |x[ = (x] + "'
whete x == (X1, -0 s %n). We denote the vnitball [x e B™ : |x| < 1) by B, and is baundafy,
the nnit sphere tx g lem s lx] = 1} by 5. ;

Let i/ B o a domain. Wesay Jf = (fy, ..., fo) ¢ I =+ B isaharmonic mapping if
the functions f; are harmonicreal mappings, i.e, satisfy the n-dimensional Laplace equation’

L
Afy == E Difj=0
]
Leat
1=
Pl g = R
£1 David Kulaj
davidk @ucg.acme
-Anton Cjoks)
antendj@ucg. acme

! Farulty of Natural Sciences and Mathenitics, Unwzmz}r of Banteaeg, Cetingshi e b, 1006,
Poagoricz, Montenegro

£ Springer



363 _ A, Gjoke], . Kalof
be the Poisson kernel for B, wherex € B, % ¢ 5, and

PLui() = f P, D)tk ) (§)

the Poisson mtegral ‘of continuons. ftmcnnn % oK S, whera o dendtes the normalized surface-
area measwre on 8. Then P[u}(x) is continuous on H and harmonic on B. Since we will
focis on continuous finction « on B, that are Iiamwmc on B, then we will usually expresy
them using the Poisson integral a5 :

it = P[uig}(x}.

A homeomorphidm f : U - V, where U, V are domaing in R, will be called K
quasiconformal (see [271) (K = 1) i £ is absolutely continuous on Tines (i.c. absolutely
continuous in almost every segment parallel to sonse of the coordinate axes and thers exist
partial derivatives which are locally 1 in-t‘agraiﬂe in Uy and

197663 = RS
Tor all points x e T7, where
UV F(x)) == inf {If '(x}hl Jah =1},
A function & : I C B* —» Rissaidinbe p,-Hﬁlder continzous, & & CAE T

sup D) ~ Sy
ryeldy X :}’.f*‘

Sirsilarly, ong defines the class CH#(l/) to consist of all functions & & CY(UY} such
that V& € CA(U). The above two defi mtmns gxtends in a natoral way t0 the case of
vector-valned mappings.

We say that a domain £ < R hag Che hcmndafy if there is. a € diffesmorplism
G B 0.

Pavilovit in [26] showed that harmonic qum;mﬁnfoamal mappings of the unit disk in
1? onto itself are bi-Lipschitz mappings. From then, several important resulis have been

obtained regarding harmonic guasiconformal mappings in 122 and the Lipschitz continuity.
Thie second author in [8] proved that every qaasiconformal harmonic mapping between Jor-
dan domains with C1-% houndaries is Lipschitz continuous on the closute of domain. The
resule in [8] was extended in [91 for Jordan ﬂemams with only Dini’s smooth botndaries,
Lazely, in {13] it was peoved the Holder continuity (but in general, Lipschiiz continuity does
not hold) of a harmanic quasiconformal mapping between two Jordan domains having culy
¢ boandaries, Other imporent results Tor i = 2 with different conditions and seitings can
be foand in [1, 4, 6, 11, 12, 15, 18, 18-20, 23, 24] and i in their references.

For higher dimensional case there are some important resisits also (see e.g. {2, 10, 17,
21). Ia [10] it was proven that a quasiconformil mapping of the nnit ball entoa domain
with C2 smooth boundary, satisfying Poisson differential ineqnality, is Lipschitz conting-
‘ous. This implies that harmonic quasiconformal mappings from unit ball B to & with €2
boundary are Lipschitz continuous. This was also proved by Astala and Manajlovic in [2]
using 2 slight modification of the following siatement also proved there: a harmonic K-
quasicoaformal mapping from B to B is L;psch:tz with the Lipschitz constant depending
on the-value of X, dimension of n and disi( f (@), 8.

Cur meain result generalizes the resnlt in [S] and improves the mentioned corgllartes in
2} and [10]. If feady as follow,

@' Springer



Quasiconforiral Harrrionic Mappings Betwaen the Unit Ball._

Theorem 1.1 Let f: B — K" bea q_eeﬁ._f{c_pnﬁ:r}nﬁngammnfg {geh) mapping, F(B) = 2,
and 352-€ CY%. Then f i Lipschity continious in B.

The proof of the corfesponding resalt for 2.dimensional case in [8] uses conformal map-
pings, however conformal mappings in higher-dimensional setting are very rigid, and this
is why we niged 10 find another way to deal with the proof of Theorem 1.1, The initial ides
lies on the following simple approach_ Let i & § and Fi) = g & 39 We can sappose that
4 = O and the tangent plane of ¢ at 39 is x,, = 0, This can be obtained in the following.
way: Using-z isometry L we can postcompose £ such that we geta function f from 5 to
€, f(m) = 0 and the tangent plane of this pointon #1715 v, = 0. Observe that § isalso
harmonie and quasiconformal, because it is composed by a isometry, The Lipschitz conti-
oty for function f would yield the proof of this property for the fanction. F also, because
the isometry preserves the distances, :

The proof is given in Section 3. Ituses an iteration procedure, Befare that, in next section,
we give sonie basic preparations through Theotems 2,1-2.4.

2 _ﬁuxilia_ry Results

“The next theorem s of general interest: on the gther side irplaysan impartant role in proving
Thearem 1.1, Sonte versions of it for = 2 can bc} foand in {7 and [22].

that h!(‘f) wu{’?}[ = M lg"”ﬂl‘"} Vns e & ,f or some f.t. £ (ﬂ, I)_ Tf:g}j wehave o= C{M1 T )
such that ._ :
Wil = e} < ¢,

where x = rg, r {0, 1.

Progf Throught the proof, the constant € can--chaisge- its value, Using the Poisson integral.
formula we have :

o 1~z N
ay= [ B,
(1 2 = 28, 3
Observe that .
Vulx) = j Bz, o), @1
5
where

o E2 00+ WP 20 50 —nl — 1P (14 5P — 28, )T e =ty

O 8) | (TP = 28,2
- 2 (P — 2. x)) - nl - bef3x ~4) (22)
{14+ 1P =20, x3) 27
o 2 (P 2 ) a0 — P~ 1 |
(-2t 5) (Tok fef2 =28, 1)) E

@ Sprin_ger




70 : _ A Giokaj, . Kala}

Let i & R” be an arbitrary vector. Then :
{Velx), k) = f {@ (x-..?i). RyuE)do(g). {2.3)

Since (2.3) is e for every harmionic fun;:tion t 3 B —» 1, taking the constant fanciion
u(y), we get

0= f (0(x.8), -‘:}uir;r)da'{é} 2.4y

which, together with (2.3}, gives ns :
(a2 b} = [100. 5. ) ~ o @), @9

Qn the gther side |

24, B (L4 Bl = 248, ) — nCl — <P)x — B, "
(1 + I =38, =) |
(1 — beP) b €11
1~s1~ - =

lx]
2k
i 3!*‘(24- niihl.

In the last inequality it is nsed the fact that 1— |5} < Jx~&), whichis obviously true from
the geometrical point of view, but it is alss eqaw:ﬂent to {& x} < Ix] (Cauchy-Schwarz

meguality).
From {2.2), (2.5), (2.6} we pet

HVue), B < (2 D)k f R

= 2xlffa] 41 {2.6)

e DY |{h] - 2 k]

g} — ]

do{%) 2.7
e ”2&_ af a{§) &N

As-h was taken arbitrary, then

) ()]
IVa (o)l < @n & .,}f {1+ lx!z - 2{E, x})z FIo @), @8

which is equivalent to.

(147 =208, )
= @n+2) f W) = bl gy, e9)
(@ »-r)? g = 1) |

[Valrmt = (3a4-2) f

where x = rgy, r == [z] € [0, 1).
Using the condition of the theorem we get
e e} #
Vit < M2 42) f k]
(G~ r)z +rl - gt

Because of the symnetry, it is ennugl’i tc& show the requited insquality for
B (1,0,...,0) :

-do(k), (2.10)

& Springer



Qussiconformal Harmanie Mappings Behveen the Unit Sall_
1stCase r = |x| = 1. :
As the integrand function 1n (2,10) depends only on the first coordinate of &, we use the
“following representation ([31, Appendix AS): :
- @2-20)%
s, (a=n? + 2= 2))%

Ialrp] < M(2n =2}y f (-1 ----tz) " dona($)dx,
1, :

whete o,z denotes the res;}ecﬁve.ncrmaiized surface-area measure on the ghitsphere 8,0
in R, The constant Ty depends on # and the volumes of the unit balls in B gnd #o—1,

From this, it follows

W A=A

| " oot
wuenl < € [ doaty [ ST (1) ¥ e oap
—1 {1~ ) (2 - 20)7

En-3

dx

4 =+ r(2-2x)) ((1 — )b @ Zx}}igg

. ST . | a2
. | 2§ ﬂ;;_‘l {—x) : ( ) I—~x ) ix.
€232 S f{l-. - _,:,z 72 --lt}} 0= +r2—30 dx

Sincer 2z . we gasily get

of

l1-% - -z <
A=rPr@=20) T (0 =P (T =) ~

1,

s0

1 -]
o _ (I~x)" . :
Vil = C j; T TR (2:12)

First, nsing the substitntion 1 = x = /%, then £ = &, we have
g ==

+Z bt o PP S
. ¢ _ {1 —r} B _
Vilryy] =€ —— il = Ol ] SN [
ﬂ_ﬁ- L
Vielrmll < C(1 = ry= > _ds.
IVt £ €1 = Y= L s

As the last integral converges we finally have :
[Cu(rpil =r)i™* < C, (2.13)
forre [.-:',;j, 1), where C depends on M, g and » only,
2ndCase r=|x| < { |
Here the proof is quite straightforward. Since .
£ =yl =ry=e 2.1

o T T KL e ae 2’3-1'111._]‘: (2,14)
=) berly ~ 5192 | (%)
uging (2.10) we get __
[Va(rn)(l =)' < M (25 4 2)27F, {2.15)
We conclude that the inequality is trae for all 7 € 10, 1), with the final C being the larger
of the obtained constants on the RHS of (2.1 3)and (2.15), 0O

@ Springer
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The idea of the proof in Section 3 will be based on obining locally the € condition of
J on the unit sphere for < 1, by increasing sz, In relation to a fixed pointy € § this will,
in one moment, give us & similar inequality as the one from Theorem 2.1, but for B> I
50, on this step, we need a different version of the previvos statement which is given in the
following theorem, However, the proaf of it is very similar to the proof of the previous one.

Theorem 2.2 Letu : B C R+ R be o &ami_ma.fc Junction, 7 € §. Assume that {i(€) -

a(l = MY — 0¥, V& € 8, for some > 1, Then we have € = CU{M, o, 1) such that
Vutep)l < C,

Jor every r e [0, 1). "

Proof The proof of the theorem for » € ['%, !) ig identical t0 the previous theorem untit

(2.12). :
1 gt " | i
{1 —-x)"r e 2
e : dx < (e gy = 2
./.:1 1=+ (1 =3) "‘-‘f;_i( WA=
shaws that the inequaliy is true. :'
Forr € [0, 1), similor to (2.14) we see that f_
_ & ‘*_'?ﬂﬁ .
(1 =) 4 rft = pH%
is bounded, 5o therefors again from (2,10 we have our inequalicy. 3

The next celebrated theorem will also be used. The proof can be found in 31

Theorem 2.3 (Mori’s theorem) Let ghea X aqué:'fcanforma't’ mapping of B onte B, n > 2,
with g(U} = 0, Then :

180x) ~ g < M(n, K)lx = yIP,
forallx,y & B, where f = Kk '

We collect now the following useful result. The proof can be found in [25]. We will
formulate it in the form which corresponds o our notation and uge. :
Theovem 2.4 Let u be a real frarmonic _ﬁmcn'on én B aid o€ (0, 1) such that

HuQra)l ~ le(pil < C(1 ~ ry* vr e [0, 1), 1ES, (2.16)
where C iy indepéndent of r and 1, ther u Iy g-Beilder continyoug in B, ie.:
by — ly)f = Mix — ¥,
foralix,ye B,
Using the previous theorem we can easily prave the following lemma,

YLemma23 Letubea real harmonic funciion on B and p. € (0, 1} s2uch that
(V@) € €~ re @, 1, 5e 5,

where C does not depend on.r and n, then a Is p-Holder eontiuons in F.
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Proof To prove this lemma, from Theoreant 2 ; 4 :c is sufficient w show the relation (2.16).
We have
uln) = ulrn) = f B u.{!?i boy e Doty (2.17)
¥
where yr 15 the radial segment with endpoints rr; andn,
Therefore, we have

: 1
et = ] < ey = wtol = [ et i

(2.18)

<C f = ayptar = ¢4 :::' .

3 Proof of the Mzin Result- Theorem ?L'i-

Proaf First, let we prove the Hélder u:anmm:ty of f = (f1,..., fu)- Tndeed, Tet G be a
quasiconfarmal diffepmorphisi (recall that £ has OB boundary} from B to © which i
Lipschitz continuous mapping up to the boundary, such that G(0) = 7(0). Then the map-
pingg = "o f is a K guasiconformal mapping (as a composition of two quasiconformal
mappings) of B onto B, where £{0) = 0. According to Mori’s Theorem 2.3, there exists a
canstant My (i, X’} such that 3'
18(x) — gON < M1 (m, K'Y bs— 5% T,

forallx, y € B7.

As f = G og,then f satisfies a similar meqaahiy, being a corposition of Lipschitz and
Hislder continnous functions:

LG = £ 2 Cale = yif, ER5)
forallx, y € B where B & (0, 1), and the mns!ﬂut Cy depends on My and the Lipschitz
constant of G.

in view of the remarkafier the formulation of Theorem 1.1, there exists a neighbourhood
€2 of the origin in R%1 which is the projection of 32N B(0, o) in B™1 and a C= function
$ : O = K such that §2 r-B(0, p) can be expressed ag the graph of ©, iz poiniy of
a2 11 B{0, p) are of the forme _

_ (S TRE ‘ﬁ{ﬁ; SR ) ) ¥ (3.2}
Whﬁl"ﬁ ({J'_: 4wy ;’1—-1} & C)-
The function ¢ has the properties ©(0,...,0) = Dand D; O ..., 0) = 0, for all
Jje(lL2,...,n=1],and |
VO = VO (@) < Cal =ol%. 33)
The constant C is the same forall points g € an becauss of the € condition of 3.
Also,
[92) ~ )| = [(VS{), ¢ —_-' w} P < [Fd(e)lig — e, (3.4

where ¢ belohgs 1o the segment [, w]..
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Using {3.3) we get :
(Vo) < IVOEH + V() — VO(£)] (3.5)
< Gl b fo = £1%) = C2 (101% + 1 = o)),
IV} < [VO@) + [V (c) = Vw)| (3.6)
2 Colol” +e = &) < G (jl®* 4+ 1L = 0),
which yisids

(Vo) < Camin {{¢F°, [} + I = o).

Therefore, from (3.4) we have: :_
184 = B@)| < Colt ~a| (min {1217, 1]} + [ ~ wl®), (37

forall £, ewin 2, ::

Let F = (Fy, ..., Fy) = flg or P[F] = - Notice that F is alsp O in §. We will use
the notation F{#} = (F1eE), .o, Fuma D). F, as F, also satisfies (3.1). In view of 32)we
have that in-a small neighbourhood of 5 in $, F, iz of the form

P =0(A®), ..., R

We may also assume that this neighbourhiood of % is of the form V() = Bip, 8)n s,
where § is small enough positive constant for allg € 982, Indeed, Tet {J(g) = Blg,r,ynaQ
be the neighbourhood of ¢ in 352 such that after the isometry Lg (the one that sends g to
0 and which makes the plane x, = 0 the wngent plane of 352 at point 0), LyUtg)) is
the neighibourhood of O which is the graphic of 2 function as in (3.2). Farthermore, we can
choose ry small enough, such that for every point g & g}, the image of J{g) under the
respective isometry L , is a graphic of a fanction,

Observe now U{g) = By, Z)naq. The collection {{/(2),caa is a cover of 32,
As 3R is compact, there exists a finite subcollection {U{g: )1z, which covers 352, Let
p=min[, .. T }- Since F is continnous on a compact, there is 2.5 > 0 such that if
B1 &9l = 8, 51,52 € 8, then |F41) — F&a)| = §. This ensures that the fmage of every
V{ny = B(x, 5) N § under F is contained ina B(gy, rg;) N30 = Uig ;). and furthier, after
the mentioned isometry is done, this image is the graphic of a function as in (3.2);

We pet back to our fixed 7, such that £ (i) = 0. Ni o

() = Futid] = 10 {F &)} ~ o0 3.8
< GiF @l (min {IF @I, 0f + (Feg) o)
= CalF @ < CHegyg - y+oB,
forall ¢ ¢ V(y). The function F, is bounded, became F = f|5 is hounded (| F(£}| < &,
forall & € 5), soif § € S\V () then :

Pl = Fall < 2M < —pomsplf — gl (1300, (3.9)
Taking M = max {Cf‘*‘“ Ca, sz.;%} we get
[Fol®) ~ Folp)] < Mg = |78 (3.10)

foralls € 8.
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Now, from Theorem 2.1, we have __
VLGl = € ~ )81 e 2 10, 1),

As f is quasiconformal mapping then
!Itfl_xl 1/ omi
e | iy :
fogei IR
Taking, hy = &; and hy = ¢, for v = rpwe have
IV £l = K|V folem)] < K - C(1 o AyUF8-1,
forall jef{l,...,n~1). :

‘This implies :
(V£ {rn)l < €1 = pfi+edf—1 (3113
where C is 2 new global constant for ali Jje{l, .., n}, andallr i, 13,

We want to prove (3.11) in B, Let z; 7 e an arbitrary point-on § and £(y;) = .
Let L, be the_.-isometry that sends gy t6 (), with X == O being the tangent plane of L, 4, {B52)
at Lfn (Ql} =0 . _ : .

fetl, of = f= ( ;. j;;) Then f has all the properties of the fanction I with
gy it pluce of p: at f{m) = () the 1angent plane of the surface qu' (882} is x, = Gand f (713
has a neighbourhood in I, 4 (32} which can be expressed as a part of a graphic of tha form
(3.2). Using the same procedure, we conclude that '

IV Fitrm)] < C(1 = pUFere-1,
forall j € {1,...,n}, and all r € [0, 1). Constant C is universal and it doss not depend
on n1, because 5 and M dre independent of the choice of y & §. As f o= L;lf,
(L;;‘ isalso a_n'i's_umatry) we get :

Fi® =by 4+ 3 a4 /i 8),

£l f.
Jeil, ... nls0
VI = 1 v i) 512
bl

where {a; ;] <i.jn 1620 Orthogonal matrix, Fran;l (3.12) we have:

H ': -
IVHEN < 3 lapliv @)l (3.13)
Kk 5
‘e ‘4
= _(E_l?m:ﬁ)_ .
F25%
In the Iast inequality it is used the Cauchy-Schwairz inequality and the orthogonality of
matrix {aj e]iejacn. TKIng £ =rgy woget

[V £i(rm)| < /nC() < rybeei—t,
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As the point 1 was arbitrary we conclude
IV 50 < CGF = YO0 p o ),

forall x ¢ B. L .

From Lemma 2.5 it follows that f; € CUPOF(B), forall § ¢ {1,...,nj and so F &
CREB (F), __ 5_

We could have chosen # < § (by decreasing i, if necessary) so the numbers (1--oj* g £
1, for every k. As 1o > 1 there exists a unique integer &y such that (1 + )8 < 1 and
(1+a) 78 > 1. Repeating the procedure, we get that f € COTFA(E), | cli+s
{B)}. Note that such procedure for two-dimensional setting and different purpose has besn
used in [22) and in [14]. Similar to (3.8) it follows that [Fo(£) - Fo(p)) < M -
HOE vr ¢ 5 This time, using Theorem 2.2 we obiuin

IVSfa(rn)] < C,¥r &0, 1)

Using the samé order of implications, first we get the same inequality for gvery Jfi on
poinis rij. Then, using the isometies, we get the inequality on every point of B8 for a global
constant £, This implies trivially, by mean vnine_.iimquﬂity; the Lipschitz contineity of
function fin B, : 0

Acknowledgements: We eie grateful fo the snonymous referce for o number of corrections that have made
this paper hetger, :
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CURRICULUM VITAE OF PROFESSOR. M. MATELJEVICA

Year and Place of birth : 1949; Valjevij (Serbia;)

Bachelor degree :  Mathematics group PMF (Faculty of Natural Science),
Belgrade 197.3
Master thesis :  Inequalities in H? and their extreiial properties

{in.serbian: Ne]edna.kostl u HP prostorima i njihova
ekstremalna bVOJbtva) Magistaiski rad, 1976

Doctoral thesis :  DBstimates o_f_norms_ and extremal problems in H?!

(in serbian: * Ocene normi i ekstremalni problemi u H'7),
1979, PMF in Belgrade

POSITIONS HELD: :

o Assistant at PMF (1973-83)

« ‘Docent (assistant professor) 1983-89

e Associate professor 1989-95

¢ Full professor 1995 onwards

e Chairmen of Department of Compléx Analy:;is since 1995:

e Head of project Mathematics, Mechanics and Computer sciences {in serbian “Matematika,
Mehanika i Ragunarstvo™) since 1995.

e Vige-dean'at Department of Mathematics 19?9.5.

» Founder and chief of Seminar for Complex Aéna'ly\sis (GFT) since 1991.

» Dean at Department of Mathematics (-Fa;t:ultg}'r of Mathematics) 2007- 2014.
SCIENTIFIC RECOGNITION:

o The City of Belgrade Science Award for 20[}6.

» Award ” prof. dr Vojislav Stojanovié”, Union of university professors and scientists of Serbia,
2010 : '

« Editor (member of editorial board) for several scierice journals: ”Filomat” (2009- },” Applicable
Analysis ‘and Discrete Mathematics” (2008- ). ?The Journal of Analysis” and "Publications
de PInstitut Mathematique” (2011- ). '

» Corresponding member of Serbian j&_cadem_y j;:)f Sciences & Arts from 2012~ 2018.
o Academician, Full member of Serbian A"caderiny of Sciences & Arts from 2018- .
VISITING POSITIONS HELD: :'

» Wiiiter semester 1981 at university Wil}_s(:ons;infMa.dison.

o Winter sémester 1988 as associate professor &t University of Pittsburgh



e Associate Professorship during 1988/89. at Wayne State University; Detroit.

PUBLICATIONS:

s He published about 140 scientific papers in. wiell internationally known journals ineluding Jour-

nal d’Analyse, Studia mathematica, Pacific Journal of Mathematics; Mich. Math. J., 4. Math.
Anal. Appl, Proc. Amer. Math. Soc., Proc. Edinb. Math. Sac,, J. Math. Chem Lect.
Notes Math., Ann, Acad. Sei. Fenn. Math ; Potential Analysis, MAT.OH etc.

He délivered about 30 invited lectures and 'abb:ut 10 plenary lectures: IWWA. _U':S'A,_N evanulina

Colloquium Switzerland, 4 lectures at Finish -Ruinanian seminar, Obofwolfa;ch, GGrotzsch con-
ference, invited by Polish and Bulgarian academy of science,...; His paper are quoted about
1670 times.

The results with proofs, -concerning Teichmulloi* problem, Gehring’s problem, the isoperimetric

Inequalify; harmonic and analytic functions, are cited in known: Monograph see,for example,

p.100,

Lectures on Quasiconformal Mappings: Second Edition Lars V. Ahlfors with additional chap-
ters by C. J. Earle and 1. Kra, M. Slu:-..hll{ura J. H. Hubbard, University Lecture Series 2006;
162 pp; Volume 38,

and

E Reich, Extremal Quasiconformal Mappmgs of the Disk, Handbook of Comiplex Analysm
Geometric Function Theory, Vohume 1, edlted by Kuhnau, 2002 Elsevier Science B.V.

Among the other things, he has solved Sinai’s p1o’olem (Sinai is awarded with Abel prize) and
he has showed that HQC mapping between Lyapunov domains-are bi—hpshltz (well known problérm’
in HQC-theory) recently. :

TEACHING RESPONSIBILITIES:

¢ Courses taught include Mathematica [ &. II Analy51s I & II, Theory of Real and Coniplex

functions, Complex Analysis

o Graduated courses taught include: Analyals on ‘manifolds (USA) Complex Analysis{USA),

Conformal invariant, Quasieonformal mappmgs Complex dynamics, ete.

INVITED LECTURE SERIES:

—

. In the Chinese University of Hong Kong, Horig'Koog, during Oct., 2001
. In Warwick during 30 Nov - 30 Dec., 2003
- In Warwick during 5 Dee - 20-Dec., 2004

Special course in "Quasiconformal mapping and ‘Teichmuller spaces” na Scola Normala. Supe-
rioara, Buchurest, 2004.

. In the University -of Helsinki, october 2005.

. Several plenary lectures at Helsinki-Turky Sofnina'r, october 2005.

Five invited lectiré at INTERNATIONAL WORKSHOP ON HARMONIC MAPPINGS AND
HYPERBOLIC METRICS, (IWHMHVIOQ) DEQEMBER 10 - 19, 2009



8. Two invited lecture at HQM2010 Invited Speakers, ICM 2010 Satellite Conference, Inter-
national Workshop on Harmonic¢ and Quamconforma] Mappings, (HQM2010), IIT Madras,
August 09-17, 2010. :

9. Plenary. one-hour lecture at the eighth mterna,tlona.l .conference on Computational Methods
and Function Theory (C\&FT 2017}, July 10 -15, 2017.

DESCRIPTION ON CONTRIBUTION EROM BOOKS AND MONOGRAPHS:

¢ Notable books:
1. M. Mateljevié, M.Jevtié, Analiticke Flmkcije,-_ zbirka, Beograd, 1986

2. Book - monograph Kompleksne funkcue 1 & 2, Beograd 2006, Drusive Matematicara
Srbije

3. M. Mateljevi¢, Kompleksna Analiza 1, Zdvod za udibenike, Beograd 2012.
4. Book - monograph, Monograph, M. Matel;e\nc Kompleksna Analiza 2, Zavod za udzbenike,
Beograd 2012. :

5. M. Mateljevi¢, Topics in Conformal, Quasmonformai and Harmenic maps, “Zavod za
udzbenike, Beograd 2012

¢ Theresults with proofs, concerning Teichmullér problem, Gehring’s problem, theisoperimetric
inequality, harmonic and analytic functions, are cited in known Monograph.

Short biography of M. Mateljevié

Dean at Department of Mathematics (I‘aculty of Mathematlcs) 2007-2014. Corresponding mem-
ber -of Serbian Academy of Sciences & Arts from 2012-2018. Academician of Serbian Acadeémy
of Sciences & Arts from 2018 {(Nov 8). Winter semester 1988 as associate professor at University
of Pittsburgh. Associate Professorship during 1988/89. at Wayne State University, Detroit. Thé
winner of the City of Belgrade Science Award for- 2006. His research is related to harmonic maps,
quasiconformal mappiugs, geometric inequalities and elliptic partial differential equation. He pub-
lished about 130 sciéntific papers in well mternatmnal]y known journals, which are quoted about
1670 times, and notable books Topics in Conformal, Quasmonforma.] and Harmonic maps 2012
and Kompleksne funkcije 1 & 2, 2008. He delivered about. 50 invited lectures and about 20 ple-
nary lectures: IWWA USA, Neva,nnlma Colloguiun Switzerland, 4 lectures at Finish ~Rumaniai
seminar, Oberwolfach, Grotzsch conference, Computational Methods and Function Theory (CMFT
2017),invited by Polish and Bulgarian academy of bDILHCE,



List of publications, M'atel'j_evié%,' M., 3/19/2023 133 tada

List A

1. Mateljevié, M., On linked Jordan curves in B, Mat. Vesnik 12 (27) (1975), 285-
- 286.

2. Mateljevi¢, M., The isoperim etric meguahty and some extremal problems in I,
Lect. Notes Math 798 (1980), 364-369.

3. Mateljevié, M., Pavlovié, M., On the integral means of derivates of the atomic
Sunction, Proc, Amer Math. Soc Vol. 86 No.3- (1982), 455-458.

4, Mateljevie, M., Pavlovie, M., Behavior of power series with positive coefficients
and Hardy Spaces, Proc. Amer. Math. Soc. Vol. 87 No.2. (1983), 309-316.

5. Mateljevié, M., Pavlovi¢, M., Le-behaviour of the integral means of analytic
Junctions, Stucha Mathematxca Vol. 77 (1983), 219-237.

6. Mateljevié, M., Pavlovi¢, M., New proofs of the isoperimetric inequality and
some generahzat:ons J. Math Anal. Appl, 98° (1984), 25-30.

7. Mateljevié, M., Pavlovié, M., Mulﬂpkers of H" and BMOA, Pacific Journal of
Mathematics 146 (1990), 71-84. :

8. Mateljevic, M., An extensions of the area theorem, Complex Variables 15
(1990), 155- 15'? :

9. Mateljevi¢, M., Pavlovié, M. Some inequalitics of isometric type concerning
analytic.and sublzarmomc ﬁmctzons, Publ. Inst. Math. Belgrade 50 (69) (1991),
123-130,

10. Mateljevié, M., Pavlovié, M., An extenszon of the Forelli-Rudin theorem, Proc.
Edinb. Math. Soc 236 (1993) No.3, 375-389.

11. Mateljevié, M., Note on Schwarz lemma, curvature and distance, Coll, Sci.
papers of the Faculty of Science Kraglgevac 16 (1994), 47 — 51, Zbornik
konferencije.

12. Matcljevié, M., Dual of the Bergman space defined on a hyperbolic plane
domain, Publ. Inst Math. Belgrade 56 (705 ( 1994), 135-139.

13. Matcl_]ewc M., Pavlovié, M., The best approximation und composition with
inner funct:ons Mich. Math 1. 42 (1995), 367-378.

14. Mateljevié, M., Estimates for gradient, BMO and Lmde! of theorem, Publ. Tnst,
Math. Belglade 58 (72) (1995),162-166.

15 Mateljevié, M., Markovié, V., The unique extremal QC mapping and uniqueness
of Hahn- Banach extensions, Mat. Vesnik 48(1996), 107-112.

16. BoZin, V., Markovié, M. . Mateljevié; M., The unique extremality in the tangent
space of T eichmuller space, Integral Tr ansforms and Special Functions 6 (1997),
223-227.

7. Markovi¢, V., Mateljevi¢, M. New version of Grotzsch principle and Reicli-
Strebel mequahty, Mat, Vesmk 49 (199?), 235239,



18.
19.

20,

21.

22.

23,

24,

25.

26.

27.

28.
29.

30.

31,
32.
33.

Jormulas, MATCH Commun. Math Comput. Chem. Volume 59, 2008, No 2,
257-268.

Bozin, V., Laki¢, N., Markovic, V , Mateljevi¢; M., The unigue extremality,
Journal d‘Analysc ?'5 (1998), 299~ 338

M. Mateljevi€, V. Markovié, New versions of the main inequality and
uniqueness of harmonic maps, 1. d! Analyse Math 79, 1999, 315-334.

Ani¢, 1., Markovié, V., Mateljevi¢, M. , Uniformly Bounded Maximal &-disks,
Bers. Spaces and Harmonic Map9 Proc Amer. Math. Soc., Vol 128, No 10,
2000, pp 2947-2956,

M. Mateljevié, The unique extremalzq; I, Mathematical Reports Vol. 2.(52) No.
4, 2000, 503-525, plenarno predavanje na: The VIII th Romanian-Finish
Seminar, Tassy, 23-27 Avg 1999.

1. ‘Anié, M. Mateljevi¢, D. Sari¢, Extremal metric and modules, Czechoslovak
Math. J., 2002, Vol 52 (127), No2 225-235.

M. Matelj evié, A version of Bloch theorem Jor quasiregular harmonic
mappings Rev Roum Math Pur es Appliq 47 (2002/2003) 5-6, pp 705-707, ISSN
0035-3965, pleriaro predavanje ; na: The IX th Romanian-Finish Seminar,
Brasov, 27-31 Avg, 2001.

M. Mateljevié, Estimates of the modulus. of derivates of harmonic univalent
mappings, Rev Roum Math Pures Appliq 47 (2002/2003) 5-6, 709-711,
plenarno pr edavanje na: The IX th Romanian-Finish Seminar, Brasov, 27 31
Avg 2001; ina Funk_tlonethe_orlq 11-17 Feb 2001, p. 7, Mathematisches

F orSChungSIn31mt Oberwolfach.

M. Mateljevié, dhlfors-Schwarz lemma and curvature, Kragujevac Journal of
Mathematics (Zbornik radova PMF) ‘Vol. 25, 2003, 155-164, Zbornik
konferencije.

M. Mateljevic, Dirichlet's pr mczple distortion and related problems for
harmonic mappings, Publication I'Inst Math - Belgrade, nouvelle serie 75 (89),
2004, 147-171 (special number Quasiconformal and Harmonic mappings, special
guest editor M. Mateljevic)

M. Mateljevié, Dirichlet's pnnczpz’e uniqueness of harmonic maps and
extremal qc mappings, Zbornik radova 10 (18), Two topics in

mathematics, editor B. Stankovié; 2004, 41-91.

I. Gutman, M. Mateljevié, Note on the Coulson infegiral formula, 1. Math.
Chemlstry, Vol 39 (2006), No 2, 259-266.

Kalaj, D., Mateljevié, M., Friner estimate and quasiconformal harmonic maps
between smooth domains, J. d'Analyse Math. Vol. 100 (2006), 117-132,

M. Mateljevié, Distortion of harmonic functions and harmonic qudsiconformal
quasi-isometry, Revue Roum. Math. Pures Appl. Vol. 51 (2006), 5-6,711-722,
plenary lecture; http://www.imat.ro

M. KneZevi¢, M. Mateljevis, On the quasi-isometries of har "MOonic quasi-
conformal mappings, J Math Anal Appl, 2007, Vol 334, No 1, 404-413.

M. Mateljevié, Quasiconformal and Quasiregular harmonic. ana!ogues of
Koebe's. Theorem andApplzcatzons Ann. Acad. Sci. Fenn.-M, Vol 32, (2007),
No2,301-315.

M. Mateljevié, I Gutman, Note on the Coulson and Coulson-Jacobs integral




34.

35.

36.

M. Mateljevié, M. Arsenovié¢ and V. Kojié, On Lipschitz continuity of harmonic
quasiregular maps on the unit ball in R*, Ann, Acad. Sci. Fenn., Vol, 33, No {,
2008, 315-318.

M. Mateljevit, Versions of Koebe 1/4 theorem for analytic and quasiregular
harmonic fithctions and apphcanons Publications dé¢-l'institut Mathematique,
Nouvelle serie, tome 84 (98) (2008), 61-72.

M. Mateljevié, Unique extremality of quasiconformal mappings, Yournal

- d'Analyse Math, Vol 107, No 1, 39-63, 2009.

37.

38.

39.

40.

4].

42.

43,

44,

45.

46.

47

48,

49.

V. BoZin, M. Mateljevié, Energy of graphs and orthogonal matrices, 87-96, in
Approximation and Computation - In Honor of Gradimir V.-Milovarovié,
Editors: W. Gautschi, G. Mastroianni, Th.M. Rassias, Series: Optimization-and
Its Applications, Springer Verlag, Berlin - Heidelberg, Vol 42, 2010.

Mlodrag Mateljevié, Milo§ Arsenovié and Vesna Manojlovié, Lipschitz-type
spaces and harmonic mappings. in the space, Ann. Acad. Sei. Fenn-M, Vol. 35,
No. 2, 2010, 379-387. -

Miodrag Matel_]ewc Ivan Anié, Stephen Taylor, Asymiptotic curvature bounds
Jor conformally flat melrics on the - plane, Filomat, Vol 24, No 2, 2010, 93-100.
Miodrag Mateljevié, Vladimir Bozin, Miljan Knezevié, Quasiconformality of
harmonic mappings between .Iordan domains, Filomat, Vo! 24, No 3, 2010, 111-
124,

Vladimir BoZin, Miodra g MatelJ ev1c Some: counterexamples related to the
theory of HOC mappings, Filomat, Vol 24, No 4, 2010, 25-34.

David Kalaj, Miodrag Mateljevié, Harmonic quasiconformal self-mappings and
Mobius transformations of the unit ball, Pacific I. Math, Vol. 247, No. 2, 2010,
389-406.

David Kalaj, Mlodrag Mateljevie, 0n absolutely conformal mappings,
Publicationes Mathematicac. Debrecen Vol 77, No 1-2, 2010,.33-38.

M. Mateljewc and M. Vuorinen, On harmonic quaszconfor mal quasi-isometries,
Journal of Inequalities and Applications, Volurmie 2010, Article ID 178732, 19
pages doi;10.1155/2010/178732; arXiv: 0709.4546v1

Miodrag Mateljevié, Viadimir Bozm Ivan Gutman, Energy of a polynomial and
the Coulson integral formula, J Math Chem, Vol 48, No 4, 2010,  pp 1062-1068,
DOI10.1007/s10910-010-9725-7

Kalaj, D., Mateljevié, M., On-quasiconformal harmonic surfaces with rectifiable.
botindary, Complex Analysxs and Operator Theory, Vol 5, No 3, 2011, pp 633-
646, DOT: 10.1007/511785-010-0062-9.

. Kalaj, D:, Mateljevi¢, M., On certain nonlinear elliptic PDE and quasicoifomal

mapps between Euchdean surfaces, Potential Analysis, Vol 34, No 1, 2011, pp
13-22, DOL: 10.1007/s11118-010-9177-x.

David Kalaj, Miodrag Mateljevi, Quasiconformal Harmonic Mappings and
Generalizations, J. Analysis, Volume 18 (2010}, 239260, Proceedings of the
ICM2010 Satellite Coriference International Workshop on Harmonic and
Quasiconformal Mappings (HQMZ{}IO) Editors: D. Minda, S. Ponnusarny, and
N. Shanmugalingam,

Miodrag Mateljevi¢, Topics-in Confo: mal, Quasiconformal and Harmonic maps,
3aBon 3a yubennke, beorpan, 20 12



50.

51,
52,

53.

54.

3.

56.

37,

58.

59.
60,

61.

62.

63.

64.

63.

66.

Miodrag Mateljevié, K OMH.?IBKCHQ andnusa.2, 3aBoy 3a yuberuke, Beorpan
2012,

M. Mateljevié, Ah{for&Sehwarz lemma and curvatire, Kragujevac Journal of
Mathematics 25 (2003) 155-164.

‘M. Mateljevié, Note on Schwarz lemma, curvature and distance, Zbornik

radova PMF 13(1992) 25-29.

M. Mateljevic, M. Svetlik, 4 confrzbuf:on to the development of functional
-.z‘hmkmg related to convexity, The Teaching of Mathematics, 2010, Vol. XII1, 1,

1-16.

M. Mateljevié, A. Rosié, M. Svethk A problem from the PISA assessment
relevant io calculys, The Teaching of Mathematics, XIV, 1 (2011), 15-29.

M. Matel;evnc A. Rosi¢, M. Svetlik, Neki zadaci sa PISA testiranja i njthovo

reSavanje pomodéu kalkulusa Zbornik tadova, Sedmi struéno-metodicki skup pod

nazivom Inovacqe u nastavi matematike, Matemati¢ko drugtvo Istrai Agencija

za odgoj i obrazovanje Republike Hrvatske, Pula 13.-15.10.2011., ISBN 978-

953-56797-0-7 (izdava¥ zbornika je preuzeo rad 55.)

M.Mateljevié, M. Svetlik, Odnos izmedu oblika rezervoara i visine stuba.
tecnosti u rezervoaru, 317- 333, Spomenica akademika Veselina Peri¢a,
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Mateljevié, M., Some inegualities of Isoperimetric type concerning analyrzc

Junctions, Math Balkanica (1994),
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Dirichlet’s Integral, Filomat 25:2 (2011), 91-108,
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14. Miodrag Mateljevié, Schwarz Lemma and Kobayashi Metrics Jor Holomorphic
Functions, Filomat 31:11 (2017), 3253-3262.
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26. M. Mateljevié, Quasiconformal maps and Teicmuller theo_ry extremal mappings,
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38, M, Mateljevié¢ , Neki aspekii teorije potendcijala, vizualizacija, varijacioni ra\v cun i primene,
Akademske besede knj. 2, 2019,. redovinih \v clanova SANU koji su izabrani.- 8. novembra 2018
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Biografija :

‘Marijan Markovid je rodlen 21. apiila 1982. 3. v Komm.s-z;a;efg@o: je pimnaziju Stbbodan Skerovid u Podgorici
“2001. ¢, Potom je 2005. g. diplomirasna Pﬁrqdnﬁ-mat_i:ni’ﬂii_ék&iri_"'fakultetu UG,

-Na"Malemaiiékém [fskultetn Univerziteta u Bengeadis fe 2. - vktobra 2012, g. odbranio mugistarski rad pod
nazivom Vﬁ'r:}'cima Karlemanove nefednakosti, Na, Maremé'ﬁé}_dm Eakulrety Univerziteta u Bcograc’lu je il juna
2013, g. vdbranio doktorsky disertaciju koja riosi nazwi.,oper:men iska ne;ednakosr i prastori-analitikil ﬁmke;;ﬂ -
Mentori za njeny.. Jzradw su bili profesori Misdrag Mattlje\uc ¥ David KalaJ Dlsertacga. istraZuje povezanost
1cherlmemﬁke nejednakosti sa analifigkim i harmanijskih' preshkavan_;tma injeni. djélow su ob_]a'.fl_]enl u sljedeulm,-
mdo\rlma. M. Markovié, A sharp fﬂeq:m!m' forholomorphic ﬁmc‘twns on:the polydise, Proceedings of the Amer-
ican Mathematical Society 141 (2013), 1693-1704, D. Kalaj, M. Markovié, M. Mateljevi€, Charaihegdory oid
Smirpgy type theprems for havmbnic thappings of the unit. disk -onie smfm‘e!' Amiiales. Academiae scientiarum
Fennicae, Matliematica 38 (2{)13) 565-580 t M. Murkovié, S!:m p inequalities aver the whit polvdise, Jommal of
Functional Analysis 268 (2015), 26472671, :

Od decembra 2016, g. zaposlen jé kat dotont na Pnrodnn—matemattci\om fakultety Univerziteta Crne: Gore.
AngaZovan j jE na Filozofskom Fakultetu, u NikSicu aa predmeuma Matematika.1, 11 I na. utiteljskom studx_;u- a
nd PMFu izvodi nastavn na predmetu Funkeionalna dnaliza, Prethodnn i u périodu od 2005 do 2007. .z, bio
‘$aradnilcn nastavi na Pnrpdno-malenl_ld_tr“kom fakultelu Unlv_emz_te_ta C€me Gore, a1 periodu-od. 2607, do 2{]1_0;_};.
bio.je zaposlen na pacioniinom projekin Kompleksna analiz na Prirodino-matematitkom fakultetr UCG, Bio je-
rukovodilac biletelarnog projekia Konformna ¢ kvazikenforana analizasa Slovenijom v periediiod 2018, do 2020..
L | Q
U skorijem vremenu imao je izlaganj na aljedci'é'i'm'konferentijama M. Marko¥ié; Equality.of the Blochi-and
the Lipschitz. narm of a mapping; Trodi centrainio-evrapski seminar za kompleksnu anatizu, Krakoyv, 12-14 apnl'
2019 ‘M. Markmrxc Nonvamsimrg uf exu em{rlx nione ettrema! pmb!ems Jor zznaiyﬂc f wetions, Drugi centralno-
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tion 45.(2017), 243~271
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BIOGRAFLIA
OSNOVNI LICNI PODACI

BPordije Vujadinovié je roden 1985. u Plievljima. Osnovnu $kolu je zavigio u Ulcinju i Podgorici, a
gimnazijii “Slobodan Skerovi¢” u Podgorici. Osnovne studije iz oblasti ‘matematike. zaviSio je mna
Prirodno-matemati¢kom fakultetu ‘v Podgorici; 2004. godine, Poslijediplomske studije iz oblasti
Matematicke anabize je zaviSio n# istom fakultctu, gdie je i odbt‘anio'._m_agistarsjku tezir pod nazivom
“Integracija na apstraktiim Pprostorima.{ maksimalna funkeija™ aprila 20190, godine,
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