Statistics and Probability Letters 110 (2016) 185-190

Contents lists available at ScienceDirect  STATISTICS &
PROBABILITY
ETTERS

Statistics and Probability Letters

journal homepage: www.elsevier.com/locate/stapro

Extremes of Gaussian fields with a smooth random variance @CmssMark

Goran Popivoda *, SiniSa Stamatovié¢
Department of Mathematics, University of Montenegro, P. O. Box 211, 81000 Podgorica, Montenegro

ARTICLE INFO ABSTRACT
Article history: In this paper we investigate the probabilities of large extremes IP (supycr & (t)n(t) > u), as
Received 10 June 2015 u — 00, where &(t) is a centered homogeneous Gaussian random field, n(t) is particular
/}iecelvtetcjll?grgwsed {)orn;é?sDecember 2015 smooth field independent of & (t) and T C R" is a closed Jordan set.

ccepte ecember : .
Available online 30 December 2015 © 2015 Elsevier B.V. All rights reserved.
MSC:
60G15
60G60
Keywords:

Gaussian fields
Homogeneous random fields
Random variance

1. Introduction and main result

Let £(t), t € R", be a homogeneous Gaussian random field and 7(t) another random field being independent of & (t). We
will consider the product random field & (t)n(t) investigating the tail probability of its supremum.

The tail behaviour of random variables has been studied in numerous papers, see e.g., Jessen and Mikosch (2006),
Hashorva et al. (2015) and the references therein. The asymptotic theory for large extremes of Gaussian processes and fields
is well developed see e.g., Piterbarg (1996, 2015) and Azais and Wschebor (2009). In the recent years several new results
show the asymptotic behaviour of extremes of both smooth and non-smooth Gaussian random fields, see e.g., Cheng (2014),
Cheng and Schwartzman (2015) and Cheng and Xiao (in press).

Random processes and fields of product type have been extensively investigated in the literature. Recently, Piterbarg and
Zhdanov (2015) considered the product of two Gaussian processes. Analysis of extremes of product of random processes is
an interesting topic which arises in various contexts of queueing theory Arendarczyk and Debicki (2011, 2012), insurance
mathematics Debicki et al. (2014), time series analysis Kulik and Soulier (2015). Our investigation in this paper is in the line
with those of Hiisler et al. (2011a), where is considered product of stationary Gaussian process & (t) and the smooth processes
n(t), random parabola and more general process which is two times differentiable in the neighbourhood of its essential
supremum. Hiisler et al. (2011b) considered the product of the locally stationary Gaussian process and the processes which
are less smooth then those of Hiisler et al. (2011a).

In this paper we shall consider extremes of the product of a Gaussian random field and a paraboloid-type field, where
the Gaussian random field has a constant variance and a covariance function of (E, @) type. We shall formulate below
our assumptions on both the Gaussian field and the multiplier. In order to calculate the exact asymptotic behaviour of
the product random field, we will calculate this probability under a fixed multiplier and then average the behaviour over
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all values of the multiplier. For the first part, when the multiplier is fixed, we will use well known asymptotic results for
Gaussian fields.

Let the collection @ = (ay, ..., o) of numbers be given, where 0 < «; < 2,i = 1,...,k, as well as the collection
E = (eq,...,ey) of positive integers such that Zf;l e; = n, and let us set ey := 0. Each pair (E, @) is called a structure,
Piterbarg (1996). For any vector t = (tq, ..., t,) € R"its structural modulus is defined by
k E() %
lew=>_( Y. &) .
i=1 \j=E(i—1)+1
where E (i) = Z}:o ej,i=1,..., k We denote by «(i) the number from the collection « that corresponds to ith coordinate
of thevectort,i=1,...,n.

Let T C R" be a closed Jordan set such that 0 € T. In this paper we assume that £(t), t € T, is a homogeneous Gaussian
random field with the expectation of zero and covariance function r(t) that satisfies

r®) =1—|tlg.o +0(thew) .
ast — 0, for some structure (E, ), E = (eq,...,ex), ¢ = (aq, ..., o).
Now, let us introduce paraboloid-type field
1 2
n(t) = Ai— 54‘ el

where A and ¢ are random variables independent of £(-) (|| - || denotes the Euclidean norm). We will assume that A > ¢ for
some ¢ > 0 and ¢ is positive almost surely. With the notation

0 (G) := esssup(G)

for any random element G, we further assume that o (1), o (¢), o (%) are finite.
We want to establish asymptotic exact result for

P (supé(t)n(t) > u) , asu — o0.
teT
Note that
1
W) =4 — ¢ te.p,

whereE' = (1,...,1)and 8 = (2, ...,2).
The random variance of & (t)n(t) conditioned on 7 is
Var(£(D)n(t) | n(t)) = n*(v),

so motivated by the geometry of 1 (t) and Hiisler et al. (2011a) we will call the product & (t)n(t) Gaussian field with a smooth
random variance.
Also note that the random covariance of £ - n conditioned on 7 is

cov(&(On(t), E(S)n(s) [ n) = n(s) n®) r(t —s),
the correlation is
CrE®n), E(S)n(s) | n) =r(t—s),

and

E(EM®n® —&@s)n(s)? | 1) = n* () — 2n®)n(s)r(t — s) + n*(s).
Write

¥(x) = ! ex {—Xz}
—mx p S [

and from now on H, denotes Pickands’ constant (see Piterbarg (1996)).
Our main result is the next theorem.

Theorem 1. Let & (t) and n(t), t € T, be above introduced fields and let

sup ||x|| < min | =, [—t<].
xeT @ ‘7(%)

Let the density function f; (x) of the random variable A be r times continuously differentiable in the neighbourhood of o := o (}),
withf?(6) =0,i=0,...,r —1,and " (o) # 0 for somer € Z.
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1. Suppose that the function my(x) = E ({’% | A = x) exists and is continuous at x = o, with m(c) > 0. If o; < 2,
i=1,...,k then,

k
20,
P L AL

P (qz;arxé(t)n(t) > u) =1+ o0())(=1) (Jz?) Hymi(o)o it

2e;

> GE-n—2r-2 u
x fO (o) u= 1/ (—) ,
o

asu — oo. .
2. Suppose that the function my(x) = E ((ZA%) ‘ | A= x) exists and is continuous at x = o, with my(c) > 0.If o; = 2,
i=1,...,k then,

P <max§(t)n(t) > u) = (14 0())(=1) >3 my(o) W (3) w220 (x),
teT o
asu — oo.
Directly from the proof of Theorem 1 follows the next corollary.

Corollary 1. Under the assumptions of Theorem 1 we have

.40\ qu
A,c>=<1+o<1))< . )“’<X)’

P (max&(t)n(t) >u
teT
asu — oo.
2. Proof of Theorem 1

Firstly we will consider the case ; < 2,i =1, ..., k, with A = 1 almost surely.
Comment. If A = 1 almost surely, then density does not exist so m{ (1) does not make any sense. So we have to establish
n/2
the condition E (£) ™2 (or E (1 + %) ,in the latter case o; = 2) exists, but we can deal with the condition that E (¢) ™"/
172
(E (1 + %) ) exists.
Using Theorem 8.2 in Piterbarg (1996) we get

1 k ED-1

P(maxs(t) (1 - 54||t||2> > u|;) =[1a J] v 'vwa+o). u— oo, (1)
teT =1 j=E(-1)
where
H; = H(Jt,‘ / exp (_|AC71t|(E’,ﬂ)‘Rei) dti,
REINCT®
— _ /¢ _

T®=R", A= 5-1, c=I,

and with I we denote the identity n x n matrix. So,
o
Hi=Ho (V27 £ 2) L =1k,

and
P (qleasz(t) (1= 3¢0t1?) > u |;>
lim ={72,

U—00 k 2¢;
(V2m)"u=" [T Hou @ ¥ (u)
i=1

N

(2)

We will use a similar idea to thatin paper Hiisler et al. (2011a) for the application of the dominating convergence theorem.
We denote § := u~!lnu, s := [—8, §]". Using Lemma 8.1 in Piterbarg (1996) we have

P (maxs(t) (1 - 1c||t||2) > u |;) _p ( max £(t) (1 - 1cutnz) > u |§) (14 o(1)),
teT 2 teTNrs 2

asu — oQ.
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_2 _2
Leta; € (@), 2),i=1,....nand A i= [T, [Gu %, G+ Du& | 6= (t1,... ) € 2"
Let us define ¢ C Z*" (Z* is a set of non-negative integers) with
tedH < A N(TNms) # 2.

Let g,, u > 0, be a linear transformation of R" defined by
_2 _2 _2
gut = (u LU @2t ...,U antn>.

Let £ € #.By using Lemma 7.1 in Piterbarg (1996) with given ¢ we get the upper bound.

1 u
P(E%‘g(t) (1 - 5g||t||2> > u|§> <P<£relil\);$(t) > m | ;“)

2ej

< (4 y ) 2 mesmﬁ ‘ K ‘ 1exp( (14 cle znz))
<(+vy —— ) L £07)).
N T\ g 1— £ gt 2

where y (u) | 0asu — oo, not depending on ¢ and ¢.

We get (by summing on £)
1 1
P 1—=¢|t)? <"y P 1——z|t)?
(tg;g;;s(t) ( Scliel ) > u |¢) ZZH (g;%é(t) ( Sclel ) > u |;>
2"H, &2 _2
< (14+y@) ez u @
2 11;[
2e;
. u K u - ¢ 2.2
— 5 llgulll®u
X _— o — e 2
;e H(1—§|Iguﬁllz> <l—§llguillz)
k 2 n _2.44 : 5
< G2Hew@u™ [ Jum - JTu @™ emalvad
i=1 i=1 le
k 2 400 . n
< G2"Hy W(u)u‘”]—[u?‘ : (/ e 2tx dx>
i=1 0
ke n
—Tl+z 071 2T\ 2
=GH, Y (wu =" <?> ,
for some positive constants C; and C,(> 1). Here, the last inequality follows by using the fact that for all sufficiently large u

2
, ~2Z4
expression [, u™ @

/ exp <_£(x% + .- +xﬁ)> dxq ... dxy.
R+" 2

Using dominating convergence theorem it follows that

AT 2.
Y e € 21"&tl” s not larger than

k 2e;
1 n —n Z DTI n
P(ngearxsa) (1 - 2z;||t||2) > u) = (Jzn) Hou | &1 wwe(¢7F) a+o), (3)

asu — oo.
Using that A € [e, o] almost surely, for sufficiently small ¢ > 0, and using P(A) = E(P(A|X)) we have, by conditioning
on A

P | max &(t) )\—1g||t||2 >u)=E(P(|max&(t) 1—15||t||2 >E|x
teT 2 a teT 2 A A
k 2e; _n
n U\ u 2\ ?
= (1+o0(1)) («/271) H, E <X) = w(f) E(<> A)
—n+_§:i?/0()~) %_i%

Y A
M= (3) my () f (%) dx. (4)
X

= (1+0(1) (V1) Hou



G. Popivoda, S. Stamatovic / Statistics and Probability Letters 110 (2016) 185-190 189

2e;
Applying Proposition 2 of Hiisler et al. (2011a) on (4) with g1(x) = x 7Tk 4my(x), g2 (x) = fi(x), we get

k
204303043

p (qug(t) <A — %§||t||2> > u> = (14 0(1)(=1)" (\/ﬂ)"m me)o &

k
> ii—n—Zr—Z u
x £ (o) = © w (7)

o
asu — oo.
Let us now consider the case o; = 2(=p;),i = 1, ..., k. In this case we will apply Theorem 8.2(ii) of Piterbarg (1996).
Here,
i J5i s s
m Hew.epn\ |73 3| )
and

\Fz s s7° ¢
H w).@ p); =33 = Eexp msev;]ei x(® — 5|t|(E/,B) ‘ ¢ |,

i

2°2
where
X(®) = V2(Usty + -+ + Unty) — [[t]]%,
with independent Gaussian # (0, 1) random variables Uy, ..., U,, which are independent of ¢. So,
E() ,
E() ¢ E(i) - (i;)“ Uj
Eexp maxe(ﬁ > U]-tj—<1+—) > t].2>|g — Eexp "‘; ’
te[—i i] i J=E(—1)+1 2) ik 2+¢
€
as S — oo, by Fatou’s Theorem. By using independence, last term is equal ( 2%5 , and finally
P t)(1—5C|t n
| (rpeaTXS()( 3¢l ||)>u|c) -
lim =(.]—=) . (5)
U—00 v (u) e

As in the previous case we will find the upper bound for the probability in (5) so we can apply dominating convergence
theorem. The probability

# (max 60 (1 Se?) = i)

is not greater than

1 ez 1
P(?QSS‘E“) (1 - ¢l ) > ulé) +[€Z%P<rgégz<s(t) (1 Scliel ) > u |;),

for some b > 0and Do := [—bu~", bu*]]", Dy :=u"'¢b+]0, buil]", J1 C Z" such that
lLeH < D,N(TNms) # <and ¢ # 0.
We will obtain the upper bound of the first term using Theorem 8.2(ii) in Piterbarg (1996) and the argument for obtaining

(5):
L 2+¢)\2
P (g;g;(é(t) (1 — ¢l ) >u |§) <2¥(u) <T)

Now we will find the upper bound of the terms in the sum.

1 1
g (‘t‘é%i‘s“) (1 - gflltllz) >u |c) <P (232‘5“) (1 - 5§||u—mb||2> >u |c>

< IP’( max &(t) >u (1 + £u72b2||€||2> |§> .
te[0,bu=1]" 2
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If we use Lemma 6.1 in Piterbarg (1996) we will find that the last probability is not greater than

(1+ y W)H, ([o, bu’l]")d/ (u + %u”bznznZ) < (14 yW)H, ([o, bu”]“) W (1) exp <—§b2||ﬁ||2> :

Here y (u) | 0asu — oo and does not depend of ¢, ¢ and b. Hence,

1 2 R VAT
> e (maxeo (1- 5eie?) > ule) < cwa (e %+ [ e TR g ).
teDy 2 x1>1,..,xp>1

LeH

for some C > 0. Finally, by using Dominating Convergence Theorem we can take the expectation in (5) to find

1 24¢ 3
P (rgleaTX‘E(t) (1 - Etlltllz) > U> =1+ o(1)¥()E (T) ; (6)

asu — ooand S — oo.
Repeating the argument in the previous case we thus have

P t) (A L t)? U(MIP’ (1 1;t2 Yo = d
(qgﬁ()( —Es“ll |I)>u) / (rpeaTXE()( _EX” ”>>X| —X>fA(X)X

() 24 8\?
(1+o(1))/ E -
e X

A=x|V¥ (%)f,\(x) dx

r_3r 20 + 2 —2-2r¢(r
(14 o(1)(—=1) o ¥ +3E (24) Ir=o 'Il(g>u22 0 (x),

asu — oo, O
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