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Summary. Given a positive integer 2k ≥ , two vertices in a graph are said to k -step 
dominate each other if they are at distance k apart. A set S of vertices in a graph G is a k -step 
dominating set of G if every vertex is k -step dominated by some vertex of S . The k -step 
domination number of G  is the minimum cardinality of a k -step dominating set of G . A 
subset S of vertices of G  is a k -hop dominating set if every vertex outside S  is k -step 
dominated by some vertex of S . The k -hop domination number of G  is the minimum 
cardinality of a k -hop dominating set of G . In this paper, we show that for any integer 

2k ≥ , the decision problems for the k -step dominating set and k -hop dominating set 
problems are NP -complete for planar bipartite graphs and planar chordal graphs. 
 
1 INTRODUCTION 

For notation and graph theory terminology not given here, we refer to [6]. Let ( ),G V E=  

be a graph with vertex set ( )V V G=  and edge set ( ).E E G=  The order of G  is 

( ) ( )  n G V G=  and the size of G is ( ) ( )m G E G= . A graph is non-empty if it contains at 

least one edge. The open neighborhood of a vertex v  is ( ) ( ) ( ){ } |GN v u V uv E GG = ∈ ∈  

and the closed neighborhood of v  is [ ] { } ( )  N vG Gv vN= ∪ . The degree of v , denoted by 

deg( v ), is ( )N vG . The open neighborhood of a subset S V⊆ , is ( ) )(N S N vG v S G= ∈∪ , 

and the closed neighborhood of S  is the set [ ] ( )  N S N S SG G= ∪ . A subset S  of vertices 

of a graph G is a dominating set ofG if every vertex in ( )   V G S  has a neighbor in S . The 
domination number ofG is the minimum cardinality of a dominating set of G . The distance 
between two vertices u  and v  in G , denoted ( ),d u v  is the minimum length of a ( ),u v -path 
in G . A chordal graph is a graph that does not contain an induced cycle of length greater 
than3 . A planar graph is a graph which can be drawn in the plane without any edges 
crossing. 

For an integer 1k ≥ , two vertices in a graph G  are said to k -step dominate each other if 
they are at distance exactly k  apart in G . A set S  of vertices inG is a k -step dominating set 
of G if every vertex in ( )V G is k -step dominated by some vertex of S . The k -step 
domination number, ( )kstep Gγ , of G, is the minimum cardinality of a k -step dominating set of 
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G . The concept of 2-step domination in graphs was introduced by Chartrand, Harary, 
Hossain, and Schultz [3] and further studied, for example in [4,8,11]. 
 

Recently, Ayyaswamy and Natarajan [1] introduced a parameter similar to the 2-step 
domination number, namely the hop domination number of a graph. A subset S  of vertices of 
G is a hop dominating set if every vertex outside S  is 2-step dominated by some vertex of S . 
The hop domination number, )(h Gγ , of G is the minimum cardinality of a hop dominating set 
of G . The concept of hop domination was further studied, for example, in [2,10]. 
 

Henning et al. [7] studied the complexity issue of the 2 -step domination as well as the hop 
domination in a graph, and showed that the decision problems for the 2 -step dominating set 
and hop dominating set problems are NP -complete for planar bipartite graphs and planar 
chordal graphs. In this paper, we generalize these results for any integer 2k ≥ . For an integer  

2k ≥ , a subset S  of vertices of G  is called a k -hop dominating set if every vertex outside S  
is k -step dominated by some vertex of S . The k -hop domination number, ( ) ,kh Gγ of G  is 
the minimum cardinality of a k -hop dominating set of G . We show that for any integer 

2k ≥ , the decision problems for the k -step dominating set and k -hop dominating set 
problems are NP -complete for planar bipartite graphs and planar chordal graphs. 
  

2 MAIN RESULTS 

We will state the corresponding decision problems in the standard Instance Question form 
[5] and indicate the polynomial-time reduction used to prove that it is NP -complete. Let 

2k ≥  be a positive integer. Consider the following decision problems: 
 
        k -Step Dominating Set Problem ( )kSDP . 
        Instance: A non-empty graph G , and a positive integer t . 
        Question: DoesG have a k -step dominating set of size at most t ? 

 
 
         k -Hop Dominating Set Problem ( )HDP . 
         Instance: A non-empty graph G , and a positive integer t . 
         Question: Does G  have a k -hop dominating set of size at most t ? 
 
We use a transformation of the Vertex Cover Problem which was one of Karp's 21 NP -

complete problems [9]. A vertex cover of a graph is a set of vertices such that each edge of the 
graph is incident with at least one vertex of the set. The Vertex Cover Problem is the 
following decision problem. 

 
             Vertex Cover Problem ( ).VCP  
              Instance: A non-empty graph G , and a positive integer k . 
              Question: Does G  have a vertex cover of size at most k ? 
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We first consider the k -step dominating set problem. 
 

Theorem 1 The kSDP  is NP -complete for planar bipartite graphs. 
 

Proof.  Clearly, the kSDP  is in NP , since it is easy to verify a "yes"  instance of the kSDP  in 
polynomial time. We show how to transform the vertex cover problem to the kSDP so that 
one of them has a solution if and only if the other has a solution. 
 

Let G  be a connected planar graph of order  Gn n=  and size  2.Gm m ≥=  Let H  be the 
graph obtained from G  as follows. For each edge ( ) ,e uv E G= ∈ we subdivide the edge e , 

2 1k − times and let 1 2 2 1, ,   ,  e e e
kx x x −…  be the vertices that resulted from subdividing the edge 

e , 2 1k − times, and add a path 1 2 2
e e e

kv v v… , and join 1
ev to both u  and v . The resulting graph 

 H  has order ( ) ( )  2 1  2   4 1H G G G G Gn n k m km n k m= + − + = + −  and size ( ) 4 1H Gm k m= + . 
Clearly the transformation can be performed in polynomial time. We note that H is 
connected and planar, since G  is connected and planar. Further, by the construction, 
 H doesn`t contain odd contour, so H is bipartite. Thus, H is a connected planar bipartite 
graph. We show that G has a vertex cover of size at most t  if and only if  H has a k -step 
dominating set of size at most Gt km+ . Assume that G has a vertex cover ,GS of size at most 
t . We now consider the set 

( ) { }1 2    ,  ,   ,  .e e e
H G e kE GS S v v v∈= …∪  

Since 2Gm ≥ , we find that  .GS ≠ ∅  For every edge ( )  e uv E G= ∈  and 1 1i k≤ ≤ − , the    

vertex e
iv , k -step dominates the vertices ,  e e

k i k iv x+ − an e
k ix + , and the vertex ,e

kv k -step    
dominates the vertices 2 ,  e

kv u  and v  in H . Further, since G  is connected and 2,Gm ≥  for 
every two adjacent edges   e  and f in G , for 1 1i k≤ ≤ − ,  the vertex e

iv  is k-step dominated 
by the vertex .f

k iv −  Since GS is a vertex cover in G , e
kv and e

kx are k -step dominated by the 
set GS  in  H . Therefore, the set  HS is a k -step dominating set of size at most    Gt km+ in H . 

 
Figure 1: The graphs G  and H  in the proof of Theorem 1. 

 

38



M. Farhadi Jalalv and N. Jafari Rad 

Suppose next that H  has a k -step dominating set HD  of size at most    Gt km+ . Let 

( )  .e uv E G= ∈  In order to k -step dominate e
iv  for 1 2k i k+ ≤ ≤  in  H , the vertices e

iv , 

1 i k≤ ≤ , belongs to the set HD . In order to k -step dominate the vertex e
kx in  H , we note 

that u  or v  or both u  and v  belong to HD . Thus, ( ) G HD D V G= ∩  is a vertex cover of G . 

Further, since for 1 i k≤ ≤ , e
iv , belong to HD  for every ( )  e uv E G= ∈ , we note that 

     G H GD D km t− =≤ . Thus, G  has a vertex cover of size at most t . 
 
Theorem 2 The kSDP  is NP -complete for planar chordal graphs. 
 
Proof . As noted in the proof of Theorem 1, the kSDP  is in NP . Now let us show how to 
transform the vertex cover problem to the kSDP so that one of them has a solution if and only 
if the other has a solution. 
 

Let G be a connected planar chordal graph of order Gn  and size 2Gm ≥ . Let  H be the 
graph obtained from G  as follows. For each edge ( )  e uv E G= ∈  we add a path 

2 1 2 2:   e e e
k kP v v v… , and join 1

ev  to both u  and v , and add a path 1 2:  e e e
k kP a a a… , and join 1

ea  
to both u  and v . The resulting graph H has order  3H G Gn n km= +  and size 

( ) 3 3H Gm k m= + . The transformation can clearly be performed in polynomial time. We note 
that since G  is a connected planar chordal graph, so too is H . We show that G  has a vertex 
cover of size at most t  if and only if H  has a k -step dominating set of size at most .Gt km+  
Assume that G has a vertex cover GS  of size at most t . We now consider the set 

( ) { }1 2    ,  ,   ,  .e e e
H G e kE GS S v v v∈= …∪  

Since 2Gm ≥ , we find that .GS ≠ ∅  For every edge ( )  e uv E G= ∈  and 1 1i k≤ ≤ − , the 

vertex e
iv , k -step dominates the vertices e

k iv + and e
k ia − , and also the vertex e

kv , k -step 

dominates the vertices 2
e

kv , u  and v  in H . 

 
Figure 2: The graphs G and H in the proof of Theorem 2 

39



M. Farhadi Jalalv and N. Jafari Rad 

Since G  is connected and 2Gm ≥ , for every two adjacent edges e  and f  in G , for 
1 1i k≤ ≤ − ,  the  vertex e

iv  is k -step dominated by the vertex f
k iv − . Since GS is a vertex 

cover in G ,  e
kv  and e

ka are k -step dominated by the set GS  in H . Therefore, the set HS is a 
k -step dominating set of size at most Gt km+  in H . Let ( )e uv E G= ∈ . In order to k -step 
dominate e

iv , 1 2k i k+ ≤ ≤  in  H , the vertices e
iv , 1 i k≤ ≤ , belongs to the set HD . In order to 

k -step dominate the vertex e
ka in  H , we note that u  or v or both u  and v  belong to HD . 

Thus, ( )  G HD D V G∩=  is a vertex cover of G . Further, since for 1 i k≤ ≤ , e
iv , belong to 

HD for every (  )e uv E G= ∈ , we note that     G H GD D km t− =≤ . Thus, G has a vertex 
cover of size at most t . 

 
We next consider the k -hop dominating set problem. 
 

Theorem 3 The kHDP  is NP -complete for planar bipartite graphs. 
 

Proof . Let G be a graph of order Gn  and size Gm , and let H be the connected planar bipartite 
graph constructed in the proof of Theorem 1. We show that G has a vertex cover of size at 
most t  if and only if H has a khop dominating set of size at most Gt km+ . If G has a vertex 
cover GS of size at most t , then this is immediate since the k -step dominating set HS  
constructed in the proof of Theorem 1 is also a khop dominating set in H of 
size   H GS t km+≤ . Suppose next that H has a khop dominating set HD  of size at most 

  Gt km+ . If { }1 2 2, ,  ... , 1e e e
H kD v v v k∩ ≤ −  for some edge ( ) ,e E G∈  then at least one vertex 

in { }1 2 2, ,   ,  e e e
k k kv v v+ + …  is not khop dominated by HD , a contradiction. Therefore, 

{ }1 2 2, ,  ... ,  e e e
H kD v v v k∩ ≥  for every edge ( ).e E G∈  Let  e uv=  be an arbitrary edge of 

G . If e
k Hx D∉ , then in order to khop dominate the vertex e

kx  in H , we note that u  or v  or 
both u  and v  belong to HD . We now consider the set GD obtained from ( )HD V G∩  as 

follows. For each vertex e
kx associated with an edge ( ) ,e E G∈  if e

k Hx D∈ , then we add u  or 

v  to the set GD . The resulting set GD is a vertex cover of G of size at most    H GD km t− ≤ . 
Thus G  has a vertex cover of size at most t . 

 
Theorem 4 The kHDP  is NP -complete for planar chordal graphs. 

 
Proof . Let G  be a graph of order Gn and size Gm , and let H be the connected planar chordal 
graph constructed in the proof of Theorem 2. We show that G  has a vertex cover of size at 
most t  if and only if  H has a khop dominating set of size at most Gt km+ . If G  has a vertex 
cover GS of size at most t , then this is immediate since the k -step dominating set HS  
constructed in the proof of Theorem 2 is also a khop dominating set in  H of size 
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 H GS t km+≤ . Suppose next that  H has a khop dominating set HD of size at most   Gt km+ . 

If  { }1 2 2, ,  ... ,  1e e e
H kD v v v k∩ ≤ −   for some edge ( ) ,e E G∈  then at least one vertex of 

{vk+1
e, vk+2

e, … , v2k
e} is not khop dominated by HD , a contradiction. Therefore,  

{ }1 2 2 , ,  ... ,  e e e
H kD v v v k∩ ≥  for every edge ( ).e E G∈  Let  e uv=  be an arbitrary edge of 

G . If Ha D∉ , then in order to khop dominate the vertex e
ka  in H , we note that u  or v  or 

both u  and v  belong to HD . We now consider the set GD obtained from ( )HD V G∩  as 
follows.  

For each vertex e
ka associated with an edge ( ) ,e E G∈  if e

k Ha D∈ , then we add u  or v  to 

the set GD . The resulting set GD  is a vertex cover of G  of size at most  H GD km t− ≤ . Thus, 
G  has a vertex cover of size at most t . 
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