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Literatura

Statistika (Dr Beba Mutavdžić, Mr Emilija Nikolić-Ðorić)

Osnovne statističke metode za nematematičare (Boris Petz)



Osnovni pojmovi

Jedinica posmatranja
Određeni subjekat ili objekat o kojem se prikupljaju podaci
(informacije).

Statistički skup/populacija
Skup jedinica (subjekata, objekata) na osnovu kojih se ispituje
jedno ili više obilježja.

Obilježje/promjenljiva
Promjenljiva (obilježje, varijabla) je karakteristika koja se izučava i
koja uzima različite vrijednosti među jedinicama posmatranja.

Opservacija/podatak
Vrijednost promenljive koja se odnosi na jednu jedinicu
posmatranja.



Parametar skupa i statistika uzorka
Statistički uzorak
Dio statističkog skupa na osnovu kojeg donosimo statističke
zaključke o populaciji.

Reprezentativni uzorak
Uzorak je reprezentativan ako svojim osobinama "dobro" opisuje
osobine populacije

Parametar skupa/populacije
Parametar skupa je neka sumarna numerička karakteristika tog
skupa.
(Npr. prosjek ili maksimum)

Statistika uzorka
Statistika uzorka je neka sumarna karakteristika reprezentativnog
uzorka.

Cilj:
Na osnovu statistike uzorka donijeti zaključke o parametru skupa.





Promjenljive i podaci

Obilježje/promjenljiva
Promjenljiva (obilježje, varijabla) je karakteristika koja se izučava i
koja uzima različite vrijednosti među jedinicama posmatranja.

I Kvalitativna/kategorička/atributivna promjenljiva
Promjenljiva čija moguće vrijednosti nisu brojevi: pol, marka
automobila, državljanstvo...

I Kvantitativna/numerička promjenljiva
Promjenljiva koja uzima brojne vrijednosti.
I Diskretna promjenljiva Promjenljiva koja uzima brojne

vrijednosti koje možemo staviti na spisak: broj zaposlenih u
firmi, broj djece u porodici...

I Neprekidna promjenljiva
Promjenljiva koja može uzeti bilo koju vrijednost sa brojne
prave i rezultat je merenja: nivo alkohola u krvi, visina djece u
školi,...



Promjenljive i podaci

Opservacija/podatak
Vrijednost promenljive koja se odnosi na jednu jedinicu
posmatranja.

Negrupisani podaci
Podaci zapisani redosljedom kojim se prikupljaju pre nego što se
urede po veličini ili grupišu.

Statističke serije
Uređivanjem statističkih podataka nastaju statistički nizovi,
odnosno statističke serije:
I Serije strukture: (eng. cross section data) pokazuju raspored

(strukturu) statističkog skupa ili uzorka prema vrijednostima
obilježja

I Vremenske serije: statističke serije koje su uređene po
hronologiji.



Promjenljive i podaci

I Kvalitativni/kategorički podaci
Podaci dobijeni od kvalitativne promjenljive.

I Kvantitativni/numerički podaci
Podaci dobijeni od kvantitativne promjenljive.

I Diskretna promjenljiva
Podaci dobijeni od diskretne promjenljive.

I Neprekidna promjenljiva
Podaci dobijeni od neprekidne promjenljive.



Promjenljive i podaci



Grupisanje podataka

Radi bolje preglednosti, pogotovo ako je broj prikupljenih podataka
veliki, podaci se grupišu u klase ili grupe i određuje se broj
podataka (frekvencija) u svakoj klasi odnosno grupi.

(Apsolutna) frekvencija
Frekvencija, ili apsolutna frekvencija neke vrijednosti je broj
pojavljivanja te vrijednosti unutar posmatrane statističke serije. Ako
imamo k različitih mogućih vrijednosti, frekvencija i-te vrijednosti
se označava sa fi , i = 1, ..., k .



Grupisanje podataka

Relativna frekvencija
Relativna frekvencija je količnik apsolutne frekvencije i ukupnog

broja jedinica posmatranja: pi =
fi
N
.

Relativne frekvencije se mogu izraziti i u procentima: pi · 100

Kumulativna frekvencija
Kumulativna frekvencija Fi određene vrednosti obilježja dobija se
sabiranjem apsolutnih frekvencija svih prethodnih vrijednosti i
apsolutne frekvencije te vrijednosti:

Fi = f1 + f2 + . . .+ fi =
i∑

j=1

fj



Grupisanje podataka

Distribucija frekvencija (Raspored frekvencija)
Tabela sa dva niza (dvije kolone) podataka:
1: Vrijednosti promjenljive (prikazane po pojedinačnim

vrijednostima ili grupnim intervalima)
2: Frekvencija odgovarajuće vrijednosti

Često distribucija frekvencija ima i dodatne kolone s relativnim
frekvencijama i kumulativnim frekvencijama.



Distribucija frekvencija, primjer
Grupisanje po jednoj promjenljivoj, neintervalna tabela frekvencija

Primjer
Broj televizora za 50 nasumično izabranih domaćinstava dat je u
tablici.

2.3 Organizing Quantitative Data 51

EXAMPLE 2.12 Single-Value Grouping

TVs per Household The Television Bureau of Advertising publishes information
on television ownership in Trends in Television. Table 2.4 gives the number of TV
sets per household for 50 randomly selected households. Use single-value grouping
to organize these data into frequency and relative-frequency distributions.

TABLE 2.4
Number of TV sets in each of

50 randomly selected households

1 1 1 2 6 3 3 4 2 4
3 2 1 5 2 1 3 6 2 2
3 1 1 4 3 2 2 2 2 3
0 3 1 2 1 2 3 1 1 3
3 2 1 2 1 1 3 1 5 1

Solution The (single-value) classes are the distinct values of the data in Table 2.4,
which are the numbers 0, 1, 2, 3, 4, 5, and 6. See the first column of Table 2.5.

Tallying the data in Table 2.4, we get the frequencies shown in the second
column of Table 2.5. Dividing each such frequency by the total number of observa-
tions, 50, we get the relative frequencies in the third column of Table 2.5.

TABLE 2.5
Frequency and relative-frequency
distributions, using single-value

grouping, for the number-of-TVs data
in Table 2.4

Number Relative
of TVs Frequency frequency

0 1 0.02
1 16 0.32
2 14 0.28
3 12 0.24
4 3 0.06
5 2 0.04
6 2 0.04

50 1.00

Thus, the first and second columns of Table 2.5 provide a frequency distribution
of the data in Table 2.4, and the first and third columns provide a relative-frequency
distribution.

Report 2.5

Exercise 2.53(a)–(b)
on page 65

Limit Grouping
A second way to group quantitative data is to use class limits. With this method, each
class consists of a range of values. The smallest value that could go in a class is called
the lower limit of the class, and the largest value that could go in the class is called
the upper limit of the class.

This method of grouping quantitative data is called limit grouping. It is partic-
ularly useful when the data are expressed as whole numbers and there are too many
distinct values to employ single-value grouping.

EXAMPLE 2.13 Limit Grouping

Days to Maturity for Short-Term Investments Table 2.6 displays the number
of days to maturity for 40 short-term investments. The data are from BARRON’S
magazine. Use limit grouping, with grouping by 10s, to organize these data into
frequency and relative-frequency distributions.

TABLE 2.6
Days to maturity for

40 short-term investments

70 64 99 55 64 89 87 65
62 38 67 70 60 69 78 39
75 56 71 51 99 68 95 86
57 53 47 50 55 81 80 98
51 36 63 66 85 79 83 70

Solution Because we are grouping by 10s and the shortest maturity period is
36 days, our first class is 30–39, that is, for maturity periods from 30 days up to,
and including, 39 days. The longest maturity period is 99 days, so grouping by 10s
results in the seven classes given in the first column of Table 2.7 on the next page.

Next we tally the data in Table 2.6 into the classes. For instance, the first invest-
ment in Table 2.6 has a 70-day maturity period, calling for a tally mark on the line
for the class 70–79 in Table 2.7. The results of the tallying procedure are shown in
the second column of Table 2.7.



Distribucija frekvencija, primjer
Grupisanje po jednoj promjenljivoj, neintervalna tabela frekvencija

Tabela distribucije frekvencija i relativnih frekvencija
Tabela distribucije frekvencija i relativnih frekvencija:

2.3 Organizing Quantitative Data 51

EXAMPLE 2.12 Single-Value Grouping

TVs per Household The Television Bureau of Advertising publishes information
on television ownership in Trends in Television. Table 2.4 gives the number of TV
sets per household for 50 randomly selected households. Use single-value grouping
to organize these data into frequency and relative-frequency distributions.

TABLE 2.4
Number of TV sets in each of

50 randomly selected households

1 1 1 2 6 3 3 4 2 4
3 2 1 5 2 1 3 6 2 2
3 1 1 4 3 2 2 2 2 3
0 3 1 2 1 2 3 1 1 3
3 2 1 2 1 1 3 1 5 1

Solution The (single-value) classes are the distinct values of the data in Table 2.4,
which are the numbers 0, 1, 2, 3, 4, 5, and 6. See the first column of Table 2.5.

Tallying the data in Table 2.4, we get the frequencies shown in the second
column of Table 2.5. Dividing each such frequency by the total number of observa-
tions, 50, we get the relative frequencies in the third column of Table 2.5.

TABLE 2.5
Frequency and relative-frequency
distributions, using single-value

grouping, for the number-of-TVs data
in Table 2.4

Number Relative
of TVs Frequency frequency

0 1 0.02
1 16 0.32
2 14 0.28
3 12 0.24
4 3 0.06
5 2 0.04
6 2 0.04

50 1.00

Thus, the first and second columns of Table 2.5 provide a frequency distribution
of the data in Table 2.4, and the first and third columns provide a relative-frequency
distribution.

Report 2.5

Exercise 2.53(a)–(b)
on page 65

Limit Grouping
A second way to group quantitative data is to use class limits. With this method, each
class consists of a range of values. The smallest value that could go in a class is called
the lower limit of the class, and the largest value that could go in the class is called
the upper limit of the class.

This method of grouping quantitative data is called limit grouping. It is partic-
ularly useful when the data are expressed as whole numbers and there are too many
distinct values to employ single-value grouping.

EXAMPLE 2.13 Limit Grouping

Days to Maturity for Short-Term Investments Table 2.6 displays the number
of days to maturity for 40 short-term investments. The data are from BARRON’S
magazine. Use limit grouping, with grouping by 10s, to organize these data into
frequency and relative-frequency distributions.

TABLE 2.6
Days to maturity for

40 short-term investments

70 64 99 55 64 89 87 65
62 38 67 70 60 69 78 39
75 56 71 51 99 68 95 86
57 53 47 50 55 81 80 98
51 36 63 66 85 79 83 70

Solution Because we are grouping by 10s and the shortest maturity period is
36 days, our first class is 30–39, that is, for maturity periods from 30 days up to,
and including, 39 days. The longest maturity period is 99 days, so grouping by 10s
results in the seven classes given in the first column of Table 2.7 on the next page.

Next we tally the data in Table 2.6 into the classes. For instance, the first invest-
ment in Table 2.6 has a 70-day maturity period, calling for a tally mark on the line
for the class 70–79 in Table 2.7. The results of the tallying procedure are shown in
the second column of Table 2.7.



Grupisanje podataka

I Kada promjenljiva ima veliki broj različitih vrednosti one se
grupišu u unaprijed određene intervale.

I Broj i veličina (širina) intervala zavise od broja podataka (N) i
od prirode samog obeležja.

I Kada se formiraju intervali, frekvencije prebrojavaju broj
pojavljivanja neke vrijednosti u okviru određenog intervala.



Distribucija frekvencija, primjer
Grupisanje po intervalima

Primjer
Dati su podaci o cijenama 37 luksuznih automobila s Frankfurtskog
sajma automobila (u hiljadama EUR):
129.2 185.3 218.1 182.5 142.8 155.2 170.0 151.3 187.5 145.6 167.3
161.0 178.7 165.0 172.5 191.1 150.7 187.0 173.7 178.2 161.7 170.1
165.8 214.6 136.7 278.8 175.6 188.7 132.1 158.5 146.4 209.1 175.4
182.0 173.6 149.9 158.6
Grupisati podatke u 8 grupa širine 20 000 EUR, tako da donja
granica prve grupe bude 120 000, a zatim napraviti tabelu
distribucije frekvencija i relativnih frekvencija po grupama.



Distribucija frekvencija, primjer
Grupisanje po intervalima

Rješenje:

݅   ௜ݔ ௜ݔ െ  ݔ̅ ሺݔ௜ െ  ሻଶݔ̅
1  72  ‐3  9 

2  73  ‐2  4 

3  76  1  1 

4  76  1  1 

5  78  3  9 

∑  375    24 

   

ݔ̅ ൌ
ଷ଻ହ

ହ
ൌ 75   

   

ଶݏ ൌ
24
4
ൌ 6 

 

ݏ ൌ √6
 

 

Grupa  Frekvencija  Relativna 
frekvencija 

5–9  10  0.5 

10–14  2  0.1 

15–19  4  0.2 

20–24  3  0.15 

25–29  1  0.05 
  

 

129.2 185.3 218.1 182.5 142.8 

155.2 170.0 151.3 187.5 145.6 

167.3 161.0 178.7 165.0 172.5 

191.1 150.7 187.0 173.7 178.2 

161.7 170.1 165.8 214.6 136.7 

278.8 175.6 188.7 132.1 158.5 

146.4 209.1 175.4 182.0 173.6 

149.9 158.6 

 

Cijena  

(u hiljadama EUR) 

Frekvencija Relativna  

frekvencija 

120 – do 140 3 0.081 

140 – do 160 9 0.243 

160 – do 180 14 0.378 

180 – do 200 7 0.189 

200 – do 220 3 0.081 

220 – do 240 0 0.000 

240 – do 260 0 0.000 

260 – do 280 1 0.027 

 

 



Grafičko predstavljanje numeričkih podataka

I Nakon grupisanja možemo da pravimo tabele distribucija.
I Histogram - ”slijepljeni štapićasti dijagram”.
I Tačkasti dijagram.
I Dijagram stablo-list (stem and leaf).



Grafičko predstavljanje numeričkih podataka
Histogram

Histogram - ”slijepljeni štapićasti dijagram”.

56 CHAPTER 2 Organizing Data

FIGURE 2.4
Single-value grouping.

Number of TVs per household:
(a) frequency histogram;

(b) relative-frequency histogram
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FIGURE 2.5 Limit grouping. Days to maturity: (a) frequency histogram; (b) relative-frequency histogram
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FIGURE 2.6 Cutpoint grouping. Weight of 18- to 24-year-old males: (a) frequency histogram; (b) relative-frequency histogram
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� We did not show percent histograms in Figs. 2.4, 2.5, and 2.6. However, each
percent histogram would look exactly like the corresponding relative-frequency
histogram, except that the relative frequencies would be changed to percents
(obtained by multiplying each relative frequency by 100) and “Percent,” instead
of “Relative frequency,” would be used to label the vertical axis.

I Ox-osa → grupe.
I Oy -osa → (relativne) frekvencije.



Grafičko predstavljanje numeričkih podataka
Histogram

Grupisanje po jednoj vrijednosti
I Svakom štapiću odgovara jedna vrijednost.
I Vrijednost koja odgovara štapiću se nalazi u središtu osnovice

štapića.

Grupisanje po intervalima
I Svakom štapiću odgovara jedan interval.
I Osnovica štapića je odgovarajući interval.



Grafičko predstavljanje numeričkih podataka
Histogram

Procedura: crtanje histograma
I Izabrati grupe i napraviti tablicu (relativnih) distribucija.
I Nacrtati koordinatni sistem, označiti ose.
I Označiti grupe na Ox osi, označiti vrijednosti na Oy osi.
I Iznad svake grupe povući vertikalnu duž širine grupe na visini

koja odgovara (relativnoj) frekvenciji. Narcrtati štapić.



Grafičko predstavljanje numeričkih podataka
Primjer - Grupisanje po jednoj vrijednosti

Data je tabela distribucija (tv primjer):

2.3 Organizing Quantitative Data 51

EXAMPLE 2.12 Single-Value Grouping

TVs per Household The Television Bureau of Advertising publishes information
on television ownership in Trends in Television. Table 2.4 gives the number of TV
sets per household for 50 randomly selected households. Use single-value grouping
to organize these data into frequency and relative-frequency distributions.

TABLE 2.4
Number of TV sets in each of

50 randomly selected households

1 1 1 2 6 3 3 4 2 4
3 2 1 5 2 1 3 6 2 2
3 1 1 4 3 2 2 2 2 3
0 3 1 2 1 2 3 1 1 3
3 2 1 2 1 1 3 1 5 1

Solution The (single-value) classes are the distinct values of the data in Table 2.4,
which are the numbers 0, 1, 2, 3, 4, 5, and 6. See the first column of Table 2.5.

Tallying the data in Table 2.4, we get the frequencies shown in the second
column of Table 2.5. Dividing each such frequency by the total number of observa-
tions, 50, we get the relative frequencies in the third column of Table 2.5.

TABLE 2.5
Frequency and relative-frequency
distributions, using single-value

grouping, for the number-of-TVs data
in Table 2.4

Number Relative
of TVs Frequency frequency

0 1 0.02
1 16 0.32
2 14 0.28
3 12 0.24
4 3 0.06
5 2 0.04
6 2 0.04

50 1.00

Thus, the first and second columns of Table 2.5 provide a frequency distribution
of the data in Table 2.4, and the first and third columns provide a relative-frequency
distribution.

Report 2.5

Exercise 2.53(a)–(b)
on page 65

Limit Grouping
A second way to group quantitative data is to use class limits. With this method, each
class consists of a range of values. The smallest value that could go in a class is called
the lower limit of the class, and the largest value that could go in the class is called
the upper limit of the class.

This method of grouping quantitative data is called limit grouping. It is partic-
ularly useful when the data are expressed as whole numbers and there are too many
distinct values to employ single-value grouping.

EXAMPLE 2.13 Limit Grouping

Days to Maturity for Short-Term Investments Table 2.6 displays the number
of days to maturity for 40 short-term investments. The data are from BARRON’S
magazine. Use limit grouping, with grouping by 10s, to organize these data into
frequency and relative-frequency distributions.

TABLE 2.6
Days to maturity for

40 short-term investments

70 64 99 55 64 89 87 65
62 38 67 70 60 69 78 39
75 56 71 51 99 68 95 86
57 53 47 50 55 81 80 98
51 36 63 66 85 79 83 70

Solution Because we are grouping by 10s and the shortest maturity period is
36 days, our first class is 30–39, that is, for maturity periods from 30 days up to,
and including, 39 days. The longest maturity period is 99 days, so grouping by 10s
results in the seven classes given in the first column of Table 2.7 on the next page.

Next we tally the data in Table 2.6 into the classes. For instance, the first invest-
ment in Table 2.6 has a 70-day maturity period, calling for a tally mark on the line
for the class 70–79 in Table 2.7. The results of the tallying procedure are shown in
the second column of Table 2.7.

Nacrtati histogram frekvencija i relativnih frekvencija.

56 CHAPTER 2 Organizing Data

FIGURE 2.4
Single-value grouping.

Number of TVs per household:
(a) frequency histogram;

(b) relative-frequency histogram
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FIGURE 2.5 Limit grouping. Days to maturity: (a) frequency histogram; (b) relative-frequency histogram

Fr
eq

u
en

cy

10

9

8

7

6

5

4

3

2

1

0

0.25

0.20

0.15

0.10

0.05

0.00

R
el

at
iv

e 
fr

eq
u

en
cy

Days to maturity

10

(a)

20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100

Days to maturity

(b)

0 0

Short-Term Investments

Short-Term Investments

FIGURE 2.6 Cutpoint grouping. Weight of 18- to 24-year-old males: (a) frequency histogram; (b) relative-frequency histogram
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� We did not show percent histograms in Figs. 2.4, 2.5, and 2.6. However, each
percent histogram would look exactly like the corresponding relative-frequency
histogram, except that the relative frequencies would be changed to percents
(obtained by multiplying each relative frequency by 100) and “Percent,” instead
of “Relative frequency,” would be used to label the vertical axis.



Grafičko predstavljanje numeričkih podataka
Histogram primjer - Grupisanje po intervalima.

Data je tabela distribucija (luks.auto):

݅   ௜ݔ ௜ݔ െ  ݔ̅ ሺݔ௜ െ  ሻଶݔ̅
1  72  ‐3  9 

2  73  ‐2  4 

3  76  1  1 

4  76  1  1 

5  78  3  9 

∑  375    24 

   

ݔ̅ ൌ
ଷ଻ହ

ହ
ൌ 75   

   

ଶݏ ൌ
24
4
ൌ 6 

 

ݏ ൌ √6
 

 

Grupa  Frekvencija  Relativna 
frekvencija 

5–9  10  0.5 

10–14  2  0.1 

15–19  4  0.2 

20–24  3  0.15 

25–29  1  0.05 
  

 

129.2 185.3 218.1 182.5 142.8 

155.2 170.0 151.3 187.5 145.6 

167.3 161.0 178.7 165.0 172.5 

191.1 150.7 187.0 173.7 178.2 

161.7 170.1 165.8 214.6 136.7 

278.8 175.6 188.7 132.1 158.5 

146.4 209.1 175.4 182.0 173.6 

149.9 158.6 

 

Cijena  

(u hiljadama EUR) 

Frekvencija Relativna  

frekvencija 

120 – do 140 3 0.081 

140 – do 160 9 0.243 

160 – do 180 14 0.378 

180 – do 200 7 0.189 

200 – do 220 3 0.081 

220 – do 240 0 0.000 

240 – do 260 0 0.000 

260 – do 280 1 0.027 

 

 
Nacrtati histogram frekvencija i relativnih frekvencija.

56 CHAPTER 2 Organizing Data

FIGURE 2.4
Single-value grouping.

Number of TVs per household:
(a) frequency histogram;

(b) relative-frequency histogram
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FIGURE 2.5 Limit grouping. Days to maturity: (a) frequency histogram; (b) relative-frequency histogram

Fr
eq

u
en

cy

10

9

8

7

6

5

4

3

2

1

0

0.25

0.20

0.15

0.10

0.05

0.00

R
el

at
iv

e 
fr

eq
u

en
cy

Days to maturity

10

(a)

20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100

Days to maturity

(b)

0 0

Short-Term Investments

Short-Term Investments

FIGURE 2.6 Cutpoint grouping. Weight of 18- to 24-year-old males: (a) frequency histogram; (b) relative-frequency histogram
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� We did not show percent histograms in Figs. 2.4, 2.5, and 2.6. However, each
percent histogram would look exactly like the corresponding relative-frequency
histogram, except that the relative frequencies would be changed to percents
(obtained by multiplying each relative frequency by 100) and “Percent,” instead
of “Relative frequency,” would be used to label the vertical axis.



Grafičko predstavljanje numeričkih podataka
Tačkasti dijagram

I Horizontalna ose sa tačkicama koje odgovaraju vrijednostima.
I Korisni za prikazivanje međusobnog odnosa podataka.
I Korisni za upoređivanje 2 skupa podataka.



Grafičko predstavljanje numeričkih podataka
Tačkasti dijagram

Procedura: crtanje tačkastog dijagrama

1. Horizontalna osa sa mogućim vrijednostima.
2. Svaka opservacija - tačka iznad ose.
3. Ako se vrijednosti ponavljaju "slagati tačkice".



Grafičko predstavljanje numeričkih podataka
Tačkasti dijagram - primjer

Primjer
Istraživanjem tržista DVD plejera iz 2011. godine došlo se do
uzorka od 16 uređaja čije su cijene (u američkim dolarima):
210 219 214 197 224 219 199 199
208 209 215 199 212 212 219 210
Nacrtati tačkasti dijagram cijena plejera iz datog uzorka:
Rješenje:58 CHAPTER 2 Organizing Data

FIGURE 2.7
Dotplot for DVD-player prices

in Table 2.11

190 200 210 220 230

Prices of DVD Players

Price ($)

Dotplots are similar to histograms. In fact, when data are grouped using single-
value grouping, a dotplot and a frequency histogram are essentially identical. However,
for single-value grouped data that involve decimals, dotplots are generally preferable
to histograms because they are easier to construct and use.

Stem-and-Leaf Diagrams
Statisticians continue to invent ways to display data. One method, developed in
the 1960s by the late Professor John Tukey of Princeton University, is called a
stem-and-leaf diagram, or stemplot. This ingenious diagram is often easier to con-
struct than either a frequency distribution or a histogram and generally displays more
information.

With a stem-and-leaf diagram, we think of each observation as a stem—consisting
of all but the rightmost digit—and a leaf, the rightmost digit. In general, stems may
use as many digits as required, but each leaf must contain only one digit.

Procedure 2.7 presents a step-by-step method for constructing a stem-and-leaf
diagram.

PROCEDURE 2.7 To Construct a Stem-and-Leaf Diagram

Step 1 Think of each observation as a stem—consisting of all but the right-
most digit—and a leaf, the rightmost digit.

Step 2 Write the stems from smallest to largest in a vertical column to the
left of a vertical rule.

Step 3 Write each leaf to the right of the vertical rule in the row that con-
tains the appropriate stem.

Step 4 Arrange the leaves in each row in ascending order.

EXAMPLE 2.17 Stem-and-Leaf Diagrams

Days to Maturity for Short-Term Investments Table 2.12 repeats the data on the
number of days to maturity for 40 short-term investments. Previously, we grouped
these data with a frequency distribution (Table 2.7 on page 52) and graphed them
with a frequency histogram (Fig. 2.5(a) on page 56). Now let’s construct a stem-
and-leaf diagram, which simultaneously groups the data and provides a graphical
display similar to a histogram.

TABLE 2.12
Days to maturity for

40 short-term investments

70 64 99 55 64 89 87 65
62 38 67 70 60 69 78 39
75 56 71 51 99 68 95 86
57 53 47 50 55 81 80 98
51 36 63 66 85 79 83 70

Solution We apply Procedure 2.7.

Step 1 Think of each observation as a stem—consisting of all but the
rightmost digit—and a leaf, the rightmost digit.

Referring to Table 2.12, we note that these observations are two-digit numbers.
Thus, in this case, we use the first digit of each observation as the stem and the
second digit as the leaf.



Grafičko predstavljanje numeričkih podataka
Stem and leaf

I Dijagram stablo-list
I Koristi se za diskretne cjelobrojne podatke.
I Svaka opservaciju interpretiramo kao stablo i list.
I Stablo - sve cifre osim posljednje.
I List - posljednja cifra.
I Dijagram: Kolona sa ’stablima’ u rastućem poretku i kolona sa

”lišćem" u rastućem poretku pored svakog stabla.
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Step 2 Write the stems from smallest to largest in a vertical column to the
left of a vertical rule.

Referring again to Table 2.12, we see that the stems consist of the numbers 3, 4,
. . . , 9. See the numbers to the left of the vertical rule in Fig. 2.8(a).

Step 3 Write each leaf to the right of the vertical rule in the row that contains
the appropriate stem.

The first number in Table 2.12 is 70, which calls for a 0 to the right of the stem 7.
Reading down the first column of Table 2.12, we find that the second number is 62,
which calls for a 2 to the right of the stem 6. We continue in this manner until we
account for all of the observations in Table 2.12. The result is the diagram displayed
in Fig. 2.8(a).

Step 4 Arrange the leaves in each row in ascending order.

The first row of leaves in Fig. 2.8(a) is 8, 6, and 9. Arranging these numbers in
ascending order, we get the numbers 6, 8, and 9, which we write in the first row
to the right of the vertical rule in Fig. 2.8(b). We continue in this manner until the
leaves in each row are in ascending order, as shown in Fig. 2.8(b), which is the
stem-and-leaf diagram for the days-to-maturity data.

FIGURE 2.8
Constructing a stem-and-leaf diagram

for the days-to-maturity data
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The stem-and-leaf diagram for the days-to-maturity data is similar to a fre-
quency histogram for those data because the length of the row of leaves for
a class equals the frequency of the class. [Turn the stem-and-leaf diagram in
Fig. 2.8(b) 90◦ counterclockwise, and compare it to the frequency histogram shown
in Fig. 2.5(a) on page 56.]

Report 2.8

Exercise 2.69
on page 67

In our next example, we describe the use of the stem-and-leaf diagram for three-
digit numbers and also introduce the technique of using more than one line per stem.

EXAMPLE 2.18 Stem-and-Leaf Diagrams

Cholesterol Levels According to the National Health and Nutrition Examination
Survey, published by the Centers for Disease Control, the average cholesterol level
for children between 4 and 19 years of age is 165 mg/dL. A pediatrician tested the
cholesterol levels of several young patients and was alarmed to find that many had
levels higher than 200 mg/dL. Table 2.13 presents the readings of 20 patients with
high levels. Construct a stem-and-leaf diagram for these data by using

TABLE 2.13
Cholesterol levels

for 20 high-level patients

210 209 212 208
217 207 210 203
208 210 210 199
215 221 213 218
202 218 200 214

a. one line per stem. b. two lines per stem.

Solution Because these observations are three-digit numbers, we use the first two
digits of each number as the stem and the third digit as the leaf.



Grafičko predstavljanje numeričkih podataka
Stem and leaf

Procedura: crtanje dijagrama stablo-list

1. Poređati podatke u rastući niz.
2. Svaku opservaciju podijeliti na stablo i list.
3. Napraviti kolonu stabala, od najvećeg ka najmanjem.
4. Za svako tablo, dopisati listove (u rastućem poretku).

Komentar: Nekad se svi ”redovi listova” podijele na dva reda po
”stablu”. Tada svakom stablu odgovaraju dva reda: gornji, sa
ciframa čije su vrijednosti 0, 1, 2, 3, 4, i donji, sa ciframa, 5, 6, 7,
8, 9. (Vidi primjer.)



Grafičko predstavljanje numeričkih podataka
Stem and leaf - primjer

Primjer
Istraživanjem uzoraka krvi za 20 djece (uzrasta od 4 do 19 godina)
sa povišenim nivoom holesterola dobijene su sljedeće vrijednosti
holesterola:
210 209 212 208 217 207 210 203 208 210
210 199 215 221 213 218 202 218 200 214.
Predstaviti date podatke koristeći dijagram stablo-grana na dva
načina: (a) Sa jednim redom po stablu. (b) Sa dva reda po stablu.
Rješenje:
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a. Using one line per stem and applying Procedure 2.7, we obtain the stem-and-
leaf diagram displayed in Fig. 2.9(a).

FIGURE 2.9
Stem-and-leaf diagram

for cholesterol levels:
(a) one line per stem;

(b) two lines per stem.
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b. The stem-and-leaf diagram in Fig. 2.9(a) is only moderately helpful because
there are so few stems. Figure 2.9(b) is a better stem-and-leaf diagram for these
data. It uses two lines for each stem, with the first line for the leaf digits 0–4
and the second line for the leaf digits 5–9.

Exercise 2.71
on page 67

In Example 2.18, we saw that using two lines per stem provides a more useful
stem-and-leaf diagram for the cholesterol data than using one line per stem. When
there are only a few stems, we might even want to use five lines per stem, where the
first line is for leaf digits 0 and 1, the second line is for leaf digits 2 and 3, . . . , and the
fifth line is for leaf digits 8 and 9.

For instance, suppose you have data on the heights, in inches, of the students in
your class. Most, if not all, of the observations would be in the 60- to 80-inch range,
which would give only a few stems. This is a case where five lines per stem would
probably be best.

Although stem-and-leaf diagrams have several advantages over the more classical
techniques for grouping and graphing, they do have some drawbacks. For instance,
they are generally not useful with large data sets and can be awkward with data con-
taining many digits; histograms are usually preferable to stem-and-leaf diagrams in
such cases.

THE TECHNOLOGY CENTER
Grouping data by hand can be tedious. You can avoid the tedium by using technol-
ogy. In this Technology Center, we first present output and step-by-step instructions to
group quantitative data using single-value grouping. Refer to the technology manuals
for other grouping methods.

Note to TI-83/84 Plus users: At the time of this writing, the TI-83/84 Plus does not
have a built-in program for grouping quantitative data.

EXAMPLE 2.19 Using Technology to Obtain Frequency
and Relative-Frequency Distributions
of Quantitative Data Using Single-Value Grouping

TVs per Household Table 2.4 on page 51 shows data on the number of TV
sets per household for 50 randomly selected households. Use Minitab or Excel to



Distribucija

Distribucija skupa podataka
I Tabela, grafik, formula.
I Opisuje vrijednosti opservacija i njihove frekvencije.

Distribucija ↔ uzorak
I Skup podataka o populaciji → distribucija populacije.
I Skup podataka o uzorku → distribucija uzorka.
I Distribucija uzorka zavisi od izbora uzorka.
I Distribucija populacije 6= distribucija uzorka.
I Distribucija populacije ≈ distribucija uzorka.



Deskriptivne mjere

Broj koji izračunamo iz podataka je deskriptivna mjera.

Primjeri:
I Prosjek; mjere centralne tendencije.
I Max/Min, raspon.
I Standardna devijacija; mjere raspršenja.

Uzorak ↔ Populacija
I Deskriptivna mjera populacije 6= deskriptivna mjera uzorka.
I Kada je:

Deskrpitivna mjera uzorka ≈ Deskriptivna mjera populacije?



Mjere centralne tendencije

Mjere centralne tendencije daju informaciju o onome što intuitivno
nazivamo ”prosjek”.

Tri vrste mjera centralne tendencije
I Aritmetička sredina, x : (”pravi”) prosjek.
I Medijan, Q2: srednja vrijednost.
I Mod: najčesća vrijednost.



Mjere centralne tendencije
Aritmetička sredina

Aritmetička sredina je prosjek opservacija: zbir svih opservacija
podjeljen sa brojem opservacija.
I Definisana samo za numeričke podatke.
I Prosjek, mean.
I Oznaka: x .
I Ako imamo n opservacija, x1, x2, ... xn, onda:

x =
x1 + x2 + . . .+ xn

n
.

Prelaki primjer
Ako imamo 4 opservacije x1 = 0.4, x2 = 2.8, x3 = −1.2 i x4 = 0.2
onda je:

x =
x1 + x2 + x3 + x4

4
=

0.4+ 2.8− 1.2+ 0.2
4

=
2.2
4

= 0.55.



Mjere centralne tendencije
Medijan

Ako su podaci poređani po veličini, medijan je opservacija koji se
nalazi tačno ”po sredini” podataka.
I Broj koji ”razdvaja gornju i donju polovinu podataka”.
I Definisano samo za numeričke podatke.
I Oznaka: Q2.

Procedura: računanje medijana od n podataka, x1, x2, ... xn
1. Posložiti podatke u spisak po veličini: x(1) < x(2) < . . . < x(n).
2. Neparno n: medijan je vrijednost koja je tačno na sredini

spiska.
I n = 3,Q2 = x(2); n = 19,Q2 = x(10); n = 21,Q2 = x(11).

3. Parno n: medijan je aritmetička vrijednost dva podatka koja su
tačno na sredini spiska.

I n = 4,Q2 =
x(2) + x(3)

2
; n = 20,Q2 =

x(10) + x(11)

2
.



Mjere centralne tendencije
Medijan

Prelaki primjer 1
Ako imamo 4 opservacije x1 = 0.4, x2 = 2.8, x3 = −1.2 i x4 = 0.2

onda je ”spisak”: −1.2, 0.2, 0.4, 2.8, pa je Q2 =
0.2+ 0.4

2
= 0.3

Prelaki primjer 2
Ako imamo 7 opservacija:
x1 = 4, x2 = 2, x3 = 2,x4 = 0, x5 = 3, x6 = 1,x7 = 0
onda je ”spisak”: 0, 0, 1, 2, 2, 3, 4, pa je Q2 = 2.



Mjere centralne tendencije
Mod

Mod je najčešća vrijednost koja se pojavljuje u skupu podataka:
vrijednost s najvećom frekvencijom.
I Definisano i za numeričke i nenumeričke podatke.
I Ako se ni jedna vrijednost ne pojavljuje više od jednom onda

mod ne postoji.
I Ako više vrijednosti imaju jednaku, najveću frekvenciju onda je

mod bilo koja od tih vrijednosti.
I Najlakše se određuje kada je na raspolaganju distribucija

frekvencija.

Prelaki primjer (bez tabele)
Ako imamo 7 opservacija:
x1 = 4, x2 = 2, x3 = 2,x4 = 0, x5 = 3, x6 = 1,x7 = 0
onda je ”spisak”: 0, 0, 1, 2, 2, 3, 4, pa je mod = 2.
Komentar1: Trebalo je napraviti distribuciju (tabelu) frekvencija.
Komentar2: Tačko bi bilo i mod = 0.



Mjere centralne tendencije
Primjer

Primjer
U prvoj polovini godine, revizorska kuća je angažovala 13 eksternih
konsultanata čiji su honorari bili (u EUR):
300 300 300 940 300 300 400 300 400 450 800 450 1050.
Ista revizorska kuća je u drugoj polovini godine angažovala 10
konsultanata, i njihovi honorari su bili:
300 300 940 450 400 400 300 300 1050 300.
1. Napraviti tačkaste dijagrame za oba skupa podataka.
2. Izračunati aritmetičku sredinu oba skupa podataka.
3. Odrediti medijan oba skupa podataka.
4. Odrediti mod oba skupa podataka.

Rješenje: Na tabli!
Računska pomoć:
6290=300+300+300+940+300+300+400+300+400+450+800+450+1050
4740=300+300+940+450+400+400+300+300+1050+300



Mjere centralne tendencije
Izbor mjere centralne tendencije

Kad koristiti koju mjeru centralne tendencije?
I Generalno: x 6= Q2 6= mod .
I Medijan je otporan na ekstremume:

1. 0, 1, 2, 4, 7 : Q2 = 2, x = 0+1+2+4+7
5 = 2.8

2. 0, 1, 2, 4, 107 : Q2 = 2, x = 0+1+2+4+107
5 = 22.8

I Kod nenumeričkih podataka možemo koristiti samo mod .



Mjere varijabilnosti
Uvod

I Mjere centralne tendencije nisu dovoljne. Primjer?
I Mjere raspršenja.
I Mjere varijabilnosti daju (djelimičan) odgovor na dva pitanja:

I Koliko su opservacije blizu jedna drugoj?
I Koliko su opservacije blizu prosjeku?

Isto pitanje?

102 CHAPTER 3 Descriptive Measures

the five starting players on each of two men’s college basketball teams, as shown in
Fig. 3.2.

FIGURE 3.2
Five starting players on two

basketball teams

Team II

Feet and
inches

Inches

6' 6'1" 6'4" 6'4" 6'6" 6'5'7" 6'4" 6'4" 7'

72 73 76 76 78 67 72 76 76 84

Team I

The two teams have the same mean height, 75 inches (6′ 3′′); the same median
height, 76 inches (6′ 4′′); and the same mode, 76 inches (6′ 4′′). Nonetheless, the two
data sets clearly differ. In particular, the heights of the players on Team II vary much
more than those on Team I. To describe that difference quantitatively, we use a de-
scriptive measure that indicates the amount of variation, or spread, in a data set. Such
descriptive measures are referred to as measures of variation or measures of spread.

Just as there are several different measures of center, there are also several different
measures of variation. In this section, we examine two of the most frequently used
measures of variation: the range and sample standard deviation.

The Range
The contrast between the height difference of the two teams is clear if we place the
shortest player on each team next to the tallest, as in Fig. 3.3.

FIGURE 3.3
Shortest and tallest starting players

on the teams

Feet and
inches

Inches

6' 6'6" 5'7" 7'

72 78 67 84

Team I Team II

The range of a data set is the difference between the maximum (largest) and min-
imum (smallest) observations. From Fig. 3.3,

Team I: Range = 78 − 72 = 6 inches,
Team II: Range = 84 − 67 = 17 inches.

Report 3.4

Exercise 3.63(a)
on page 110

Interpretation The difference between the heights of the tallest and shortest
players on Team I is 6 inches, whereas that difference for Team II is 17 inches.



Mjere varijabilnosti
Raspon

Raspon je razlika između najveće i najmanje opservacije.
I Najmanja opservacija: min, x(1)
I Najveća opservacija : max, x(n).
I Raspon: x(n) − x(1)
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imum (smallest) observations. From Fig. 3.3,

Team I: Range = 78 − 72 = 6 inches,
Team II: Range = 84 − 67 = 17 inches.

Report 3.4

Exercise 3.63(a)
on page 110

Interpretation The difference between the heights of the tallest and shortest
players on Team I is 6 inches, whereas that difference for Team II is 17 inches.

Team I: 78-72=6’
Team II: 84-67=17’



Sigma notacija
Tehnička priprema za standardnu devijaciju

I Matematička oznaka: ”kutija za zbir”.

I Definicija:
n∑

i=1

xi = x1 + x2 + . . .+ xn

I Primjer:
7∑

k=3

ak = a3 + a4 + a5 + a6 + a7

I Primjer:
n∑

j=1

x2
j = x2

1 + x2
2 + . . .+ x2

n

I Primjer:
5∑

i=2

(2i − 1) = 3+ 5+ 7+ 9

I Primjer:
2n∑
i=1

3 = 3+ 3+ . . .+ 3 = 2n · 3 (2n sabiraka!)



Mjere varijabilnosti
Standardna devijacija - uvod

I Devijacija = odstupanje.
I Ideja: Izmjeriti ”prosječno odstupanje od prosjeka”.
I Tražimo deskriptivnu mjeru koja raste s raspršenjem.



Mjere varijabilnosti
Standardna devijacija - uvod, nastavak

Team I (Uzorak): 72, 73, 76, 76, 78, x = 72+73+76+76+78
5 = 75.

I Devijacija od prosjeka: xi − x . [Team I:-3,-2,1,1,3]
I Prosjek devijacija? [Team I: −3−2+1+1+3

5 = 0!]
Ne valja: veće raspršenje 6⇒ veći prosjek devijacija.

I Kvadratna devijacija: (xi − x)2. [Team I: 9,4,1,1,9]
I Disperzija - ”prosjek” kvadratnih devijacija:

s2 =
∑n

1=1(xi−x)2

n−1 . [Team I: s2 = 9+4+1+1+9
4 = 24

4 = 6]
I Zašto n − 1, a ne n? Komplikovani tehnički razlozi.

I Standardna devijacija - korijen disperzije:

s =
√∑n

1=1(xi−x)2

n−1 . [Team I: s =
√
6]

I Veće raspršenje ⇒ veća disperzija, veća standardna devijacija.



Mjere varijabilnosti
Standardna devijacija

Definicija: Disperzija

s2 =

∑n
1=1(xi − x)2

n − 1

Definicija: Standardna devijacija

s =

√∑n
1=1(xi − x)2

n − 1

Standardna devijacija: alternativna formula

s =

√∑n
1=1(xi )

2 − n(x)2

n − 1



Mjere varijabilnosti
Standardna devijacija

Primjer
Izračunati standardnu devijaciju visine u prvom timu.
Rješenje: Tabela. Popunjavamo po kolonama.

݅   ௜ݔ ௜ݔ െ  ݔ̅ ሺݔ௜ െ  ሻതതതଶݔ
1  72  ‐3  9 

2  73  ‐2  4 

3  76  1  1 

4  76  1  1 

5  78  3  9 

∑  375    24 

   

ݔ̅ ൌ
ଷ଻ହ

ହ
ൌ 75   

   

ଶݏ ൌ
24
4
ൌ 6 

 

ݏ ൌ √6
 



Mjere varijabilnosti
Kvartili

Ideja: Podijeliti podatke na četiri dijela (kao što medijan dijeli
podatke na ”gornju i donju polovinu”)
I ”Donja polovina podataka”:

Opservacije do medijana (uključujući i medijan - neparni slučaj)
I ”Gornja polovina podataka”:

Opservacije od medijana (uključujući i medijan - neparni slučaj)
I Prvi kvartil: medijan donje polovine podataka. Oznaka: Q1.
I Drugi kvartil: medijan svih podatka. Oznaka: Q2.
I Treći kvartil: medijan gornje polovine podataka. Oznaka: Q3

I Interkvartilni raspon: IQR = Q3 − Q1.



Mjere varijabilnosti
Kvartili - primjeri

Primjer 1
Podaci: 3, 5, 5, 6, 9, 9, 11, 15, 16
Rješenje: Q1 = 5, Q2 = 9, Q3 = 11, IQR = Q3 −Q1 = 11− 5 = 6.

Primjer 2
Podaci: 2, 5, 7, 9, 11, 12

Rješenje: Q1 = 5, Q2 = 7+9
2 = 8, Q3 = 11,

IQR = Q3 − Q1 = 11− 5 = 6.

Primjer 3
Podaci: 0, 0, 0, 0, 4, 5, 6, 7, 7, 8, 9, 9, 10, 10, 13, 14

Rješenje: Q1 = 0+4
2 = 2, Q2 = 7+7

2 = 7, Q3 = 9+10
2 = 9.5,

IQR = Q3 − Q1 = 9.5− 2 = 7.5.



Mjere varijabilnosti
Box plot

I Kutijasti dijagram.
I Pet podataka: min, Q1, Q2, Q3, max.

.

Procedura
1. Poređati podatke po veličini.
2. Izračunati pet podataka.
3. Nacrtati korizontalnu osu, označiti pet podataka dužima iznad

ose.
4. Nacrtati ”kutiju” oko Q1, Q2 i Q3.
5. Spojiti min i max sa kutijom.

Postoje varijacije dijagrama sa drugim izborima pet vrijednosti.



Mjere varijabilnosti
Box plot

Primjer
Nacrtati kutijasti dijagram (box plot) za sljedeći skup podataka:
4.3, 5.1, 3.9, 4.5, 4.4, 4.9, 5.0, 4.7, 4.1, 4.6, 4.4, 4.3, 4.8, 4.4, 4.2.
Rješenje:
Podaci poređani po veličini:
3.9, 4.1, 4.2, 4.3, 4.3, 4.4, 4.4, 4.4, 4.5, 4.6, 4.7, 4.8, 4.9, 5.0, 5.1
I 15 opservacija - medijan je 8. opservacija: Q2 = 4.4.
I Donja polovina podataka:

3.9, 4.1, 4.2, 4.3, 4.3, 4.4, 4.4, 4.4
I Q1 = (4.3+ 4.3)/2 = 4.3
I Gornja polovina podataka:

4.4, 4.5, 4.6, 4.7, 4.8, 4.9, 5.0, 5.1
I Q3 = (4.7+ 4.8)/2 = 4.75
I min = 3.9, max = 5.1.



Mjere varijabilnosti
Box plot

min = 3.9, Q1 = 4.3, Q2 = 4.4, Q3 = 4.75, max = 5.1.


