Chapter 5

Convolution

In the previous chapter we introduced the Fourier transform with two purposes in mind: (1)
Finding the inverse for the Radon transform. (2) Applying it to signal and image processing
problems. Indeed (1) is a special case of (2). In this chapter we introduce a fundamental
operation, called the convolution product. The idea for convolution comes from considering
moving averages.

Suppose we would like to analyze a smooth function of one variable, s but the available
data is contaminated by noise. For the purposes of the present discussion, this means that
the measured signal is of the form f = s+ en. Here € is a (small) number and n is function
which models the noise. An example is shown in figure 5.1.
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Figure 5.1: A smooth function gets corrupted by noise.

Noise is typically represented by a rapidly varying function which is locally of “mean
zero.” This means that, for any x, and a large enough ¢, the average
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is small compared to the size of n. The more “random” the noise, the smaller § can be
taken. On the other hand, since s is a smooth function, the analogous average of s should
be close to s(x). The moving average of f is defined to be

z+0

Ms(9)@) =5 [ )y (5.1

If the noise is very random, so that 0 can be taken small, then M;(f) should be close to
s. The results of applying this averaging process to the function shown in figure 5.1(c) are
shown in figure 5.2.
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Figure 5.2: The moving average Mg(f) for various values of 4.

There is a somewhat neater and more flexible way to express the operation defined
in (5.1). Define the weight function

1 _
() = 49 for x € [—0,0],
0 otherwise.

The moving average then becomes
Ms(5) = [ Fwyms(e = )y (52)

In this formulation we see that the value of M(f)(x) is obtained by translating the weight
function along the axis, multiplying it by f and integrating. To be a little more precise the
weight function is first reflected around the vertical axis, i.e. mg(y) is replaced by ms(—y)
and then translated to give ms(—(y — x)) = ms(x — y). At this stage it is a little difficult
to motivate the reflection step, but in the end it leads to a much simpler theory.

The weight function in (5.2) is just one possible choice. Depending upon the properties
of the noise (or the signal) it might be advantageous to use a different weight function. For
w an integrable function, define the w-weighted moving average by

Mo(f) = / Fwyw — y)dy. (5.3)
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For this to be an “average” in the usual sense, w should be non-negative with total integral
equal to one. The operation f +— M, (f) is defined under much weaker conditions on w.
The main features of this operation are: 1. It is linear in f. 2. The weight assigned to f(y)
in the ouput M,,(f)(z) depends only on the difference = — y. Many operations of this type
appear in mathematics and image processing.
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Figure 5.3: Examples of the convolution product.

It turns out that the simplest theory results from thinking of this as a bi-linear operation
in the two functions f and w. The result, denoted by f*w, is called the convolution product.
Several examples are shown in figures 5.3 and 5.4. As we show below, this operation has
many of the properties of ordinary pointwise multiplication, with one important addition:
Convolution is intimately connected to the Fourier transform. Because there are very
efficient algorithms for approximating the Fourier transform and its inverse, convolution lies
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Figure 5.4: More examples of the convolution product.

at the heart of many practical filters. After defining the convolution product for functions
on R" and establishing its basic properties we briefly turn our attention to filtering theory.

5.1 Convolution

For applications to medical imaging we use convolution in 1-, 2- and 3-dimensions. As
the definition and formal properties of this operation do not depend on the dimension, we
define it and consider its properties for functions defined on R"™.

Definition 5.1.1. If f is an integrable function defined on R™ and ¢ is a bounded, locally
integrable function then the convolution product of f and g is the function on R™ defined
by the integral

frg(x)= /f(x —¥)9(y)dy. (5.4)
n

Remark 5.1.1. There are many different conditions under which this operation is defined.
If the product f(y)g(x —y) is an integrable function of y then f * g(x) is defined by an
absolutely convergent integral. For example, if g is bounded with bounded support then it is
only necessary that f be locally integrable in order for f*g to be defined. In this chapter we
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use functional analytic methods to extend the definition of convolution to situations where
these integals are not absolutely convergent. This closely follows the pattern established to
extend the Fourier transform to L?(R").

We consider a couple of additional examples:

Ezample 5.1.1. Let g(x) = c,v~"xp, (||x||); here B, is the ball of radius r in R” and c,,*
the volume of Bj. For any locally integrable function f the value of f x g(x) is given by

f#glx /fx—
/fx y)d

This is the ordinary average of the values of f over points in B,(x).

(5.5)

Convolution also appears in the partial inverse of the Fourier transform. In this case
the weighting function assumes both positive and negative values.

Ezample 5.1.2. Let f belong to either L'(R) or L%(R). In section 4.4.1 we defined the
partial inverse of the Fourier transform

) R
Sk( = — €)e e de. 5.6
o [ Feeac (56)
—R
This can be represented as a convolution,
SR(f) = f * DR7
where
Rsinc(Rx)

DR(J}) = .

For functions in either L' or L? this convolution is given by an absolutely convergent
integral.
5.1.1 Basic properties of the convolution product

The convolution product satisfies many estimates, the simplest is a consequence of the
triangle inequality for integrals:

1 * glloo < [ Fllztllglloo- (5.7)

We now establish another estimate which, via Theorem 4.2.3, extends the domain of the
convolution product.

Proposition 5.1.1. Suppose that f and g are integrable and g is bounded then f % g is
absolutely integrable and

1 * gl < [l fllzllglizr (5.8)
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Proof. It follows from the triangle inequality that

/If*g |dx<//|fx y)9(y)|dydx

R R™
//Ifx y)g(y)|dxdy.

Going from the first to the second lines we interchanged the order of the integrations. This is allowed
by Fubini’s theorem, since f(y)g(x —y) is absolutely integable over R™ x R™. Changing variables
in the x-integral by setting t = x — y, we get

(5.9)

1 * gl < // [ ®)llg(y)ldtdy = [IfllL+ gl -
RTL Rﬂ,

O

For a fixed f in L'(R") the map from bounded, integrable functions to L'(R") defined
by C¢(g) = f * g is linear and satisfies (5.8). As bounded functions are dense in L!(R"),
Theorem 4.2.3 applies to show that C; extends to define a map from LY(R™) to itself.
Because f is an arbitrary integrable function, convolution extends as a map from L!(R™) x
L'(R™) to L'(R™). The following proposition summarizes these observations.

Proposition 5.1.2. The convolution product extends to define a continuous map from

LY(R™) x LY(R™) to L'(R™) which satisfies (5.8).

Remark 5.1.2. If f and g are both in L!(R") then the integral defining f * g(x) may not
converge for every x. The fact that f(y)g(x —y) is integrable over R™ x R™ implies that

/f(y)g(x -
i

might diverge, but only for x belonging to a set of measure zero. An inequality analogous
to (5.8) holds for any 1 < p < co. That is, if f € LP(R") and g € L'(R") then f * g is
defined as an element of LP(R™), satisfying the estimate

1f* glle < fllzrllgllzr- (5.10)

The proof of this statement is left to the exercises.
Ezample 5.1.3. Some decay conditions are required for f % g to be defined. If f(z) =

[v/1+|z]]7! then

oo

1 1
f*f(fﬂ):/ dy = oo for all x.
J VAW VI

If, on the other hand, we let g = [\/1 + |z[]"(0+9), for any positive € then f * g is defined.

The basic properties of integration lead to certain algebraic properties for the convolu-
tion product.
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Proposition 5.1.3. The convolution product is commutative, distributive and associative,
that is if f1, f2, f3 belong to LY(R™) then the following identities hold:

Ji* fo= fax fu,
fix(fa+ f3)=fixfot+ f1xfs, (5.11)
frx(fax f3) = (f1 % f2) = fs.
Remark 5.1.3. If convolution were deﬁned Without ‘reflecting” the argument of the second

function through the origin, i.e. if fxg(x) = [ f(y)g(y —x)dy then the convolution product
would not be commutative. Instead we Would have the identity f * g(x) = g * f(—x).

Proof. We prove the first assertion; it suffices to assume that f; is bounded, the general case then
follows from (5.8). The definition states that

fix fa(x) = /fl(Y)fz(X—Y)dY-

R

Letting t = x — y this integral becomes
[ hix - On)dt = 2+ fix).
R’!‘L

The proofs of the remaining parts are left to the exercises. O

Convolution defines a multiplication on L!(R™) which is commutative, distributive and
associative. The only thing missing is a multiplicative unit, that is a function i € L*(R")
so that f i = f for every f in L'(R™). It is not hard to see that such a function cannot

exist. For if
/ f(x— y)ily)dy,

for every point x and every function f € L!'(R") then i must vanish for x # 0. But in this
case f*i =0 for any function f € L'(R"). In section 5.3 we return to this point.

A reason that the convolution product is so important in applications is that the Fourier
transform converts convolution into ordinary pointwise multiplication.

Theorem 5.1.1. Suppose that f and g are L'-functions then
F(f+g) = F(f)F(9)- (5.12)

Proof. The convolution, f * g is an L!-function and therefore has a Fourier transform. Because
f(x —y)g(y) is an L'-function of (x,y), the following manipulations are easily justified,

F(f *9)(€) = / (f + ) (x)e~ €%

Rn

= [ [ 1= yigty)e e ayi
R" R™ (5.13)

//f Y+t)>dtdy

R™ R™

= [(€)3(6).
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Remark 5.1.4. The conclusion of Theorem 5.1.1 remains true if f € L?(R") and g € L*(R").

s

In this case f * g also belongs to L?(R"). Note that § is a bounded function, so that fg
belongs to L?(R") as well.

Ezample 5.1.4. Let f = x[_1,1- Formula (5.12) simplifies the computation of the Fourier
transform for f % f or even the j-fold convolution of f with itself

frgfEfuexf

j—times

In this case

F(f x5 F)(E) = [2sinc(§)].

Ezample 5.1.5. A partial inverse for the Fourier transform in n-dimensions is defined by

R R
SB(f) = ﬁ / / (&)= d.
“R

—R

The Fourier transform of the function
R]™ {~
DTL — [ = 1 .
(%) [77] jli[lsmc(Rajj)

is X[=r,r|(€1) " X[-Rr,R)(€n) and therefore Theorem 5.1.1 implies that

Sr(f) = Dg * [.

Exercises
Exercise 5.1.1. For f € L'(R) define

_ ) fl@) i [f(z)| < B,
Jpl@) = {0 it |f(z)| > B.

Show that limp_. || f — fB||L1 = 0. Use this fact and the inequality, (5.8) to show that the
sequence < fp * g > has a limit in L*(R).

Exercise 5.1.2. Prove the remaining parts of Proposition 5.1.3. Explain why it suffices to
prove these identities for bounded integrable functions.

Exercise 5.1.3. Compute x[_11) *; Xx[-1,1] for j = 2,3,4 and plot these functions on a
single graph.

Exercise 5.1.4. Prove that ||f % g||z2 < ||fllz2llgl/z:- Hint: Use the Cauchy-Schwarz in-
equality.

Exercise 5.1.5. * For 1 < p < oo use Holder’s inequality to show that ||f * g|lzr <
1fllzellgllze-

Exercise 5.1.6. Show that F(D%)(€) = x[—r,r)(&1) - X[=r,R) (§n)-
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Exercise 5.1.7. Prove that the conclusion of Theorem 5.1.1 remains true if f € L*(R")
and g € LY(R™). Hint: Use the estimate ||f * g2 < ||f|lz2]lgll: to reduce to a simpler
case.

Exercise 5.1.8. Suppose that the convolution product were defined by fxg(x) = [ f(y)g(y—
x)dx show that (5.12) would not hold. What would replace it?

Exercise 5.1.9. Show that there does not exist an integrable function ¢ so that ¢x f = f for
every integrable function f. Hint: Use Theorem 5.1.1 and the Riemann-Lebesgue Lemma.

Exercise 5.1.10. A different partial inverse for the n-dimensional Fourier transform is

defined by

Sh(f) = = / (&)= de.

- [2n
leii<r

This can also be expressed as the convolution of f with a function F';. Find an explicit
formula for Fg.

Exercise 5.1.11. Use the Fourier inversion formula to prove that
— 1 .
Fa€) = 5-F (). (5.14)
7
What assumptions are needed for f * § to make sense?

5.1.2 Shift invariant filters*

In engineering essentially any operation which maps inputs to outputs is called a filter.
Since most inputs and outputs are represented by functions, a filter is usually a map from
one space of functions to another. The filter is a linear filter if this map of function spaces is
linear. In practice many filtering operations are given by convolution with a fixed function.
If ¢ € L*(R™) then
Cylg) =1 *g,

defines such a filter. A filter which takes bounded inputs to bounded outputs is called a
stable filter. The estimate (5.7) shows that any filter defined by convolution with an L-
function is stable. Indeed the estimates in (5.10) show that such filters act continuously
on many function spaces.

Filters defined by convolution have an important physical property: they are shift in-
variant.

Definition 5.1.2. For 7 € R” the shift of f by T is the function fr, defined by
fr(x) = fx—1).
A filter, A mapping functions defined on R™ to functions defined on R™ is shift invariant if
Alfr) = (Af)r

If n =1 and the input is a function of time, then a filter is shift invariant if the action
of the filter does not depend on when the input arrives. If the input is a function of spatial
variables, then a filter is shift invariant if its action does not depend on where the input is
located.
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Example 5.1.6. Suppose the T is a point in R”; the shift operation f +— f; defines a shift
invariant filter.

Proposition 5.1.4. A filter defined by convolution is shift invariant.

Proof. The proof is a simple change of variables.

R’V‘L
= /w(x—'r—w)f(w)dw (5.15)
R’V‘L
— Cu(f)x 7).
In going from the first to the second line we used the change of variable w =y — 7. O

In a certain sense the converse is also true: “Any” shift invariant, linear filter can be
represented by convolution. What makes this a little complicated is that the function
may need to be replaced by a generalized function.

Beyond the evident simplicity of shift invariance, this class of filters is important for
another reason: Theorem 5.1.1 shows that the output of such a filter can be computed
using the Fourier transform and its inverse, explicitly

Cy(f) = F @) (5.16)
This is significant because, as noted above, the Fourier transform has a very efficient,

approximate numerical implementation.

Example 5.1.7. Let ¢ = %X[,l,l], the convolution % * f is the moving average of f over
intervals of length 2. It can be computed using the Fourier transform by,

o0

v i) = o [ sinc() et

—00

Exercises

Exercise 5.1.12. For each of the following filters, decide if is shift invariant or non-shift
invariant.

(1).  Translation: Ar(f)(x) 4 f(x—1).

(2).  Scaling: A(f)(x) < Lf(%).

(3).  Multiplication by a function: Ay/(f) 4 W

d rz

(4).  Indefinite integral from 0: Zo(f)(z) = [, f(y)dy.

(5).  Indefinite integral from —oo : Z_o(f)(z) 4 [ Fy)dy.



5.1. CONVOLUTION 145

(6).  Time reversal: 7,.(f)(x) 4 f(=xz).
(7). An integral filter: f— [% xyf(y)dy.
(8).  Differentiation: D(f)(z) = f'(x).

Exercise 5.1.13. Suppose that A and B are shift invariant. Show that their composition
Ao B(f) < A(B(f)) is also shift invariant.

5.1.3 Convolution equations

Convolution provides a model for many measurement and filtering processes. If f is the
state of a system then, for a fixed function v, the output ¢ is modeled by the convolution
g = ¢ * f. In order to recover the state of the system from the output one must therefore
solve this equation for f as a function of g. Formally this equation is easy to solve, (5.13)
implies that

There are several problems with this approach. The most obvious problem is that zﬁ
may vanish for some values of €. If the model were perfect then, of course, §(§) would
also have to vanish at the same points. In real applications this leads to serious problems
with stability. A second problem is that, if ¢ is absolutely integrable, then the Riemann-
Lebesgue lemma implies that ¢(§) tends to 0 as ||€]| goes to infinity Unless the measurement
g is smooth and noise free it is not possible to exactly determine f by applying the inverse
Fourier transform to this ratio. In Chapter 9 we discuss how these issues are handled in
practice.

FEzrample 5.1.8. The rectangle function defines a simple weight, ¥, = (26)*1X[_575]. Its
Fourier transform is given by X

(&) = sinc(ef).
This function has zeros at ¢ = +(e~!mm), where m is any positive integer. These zeros are
isolated so it seems reasonable that an integrable function f should be uniquely specified
by the averages 1. *x f, for any € > 0. In fact it is, but f cannot be stably reconstructed
from these averages.

Exercises

Exercise 5.1.14. If a and b are positive numbers then define

_l X[fa,a]<x) X[fb,b](x)
e e T

Graph wg () for several different choices of (a,b). Show that for appropriate choices of a
and b the Fourier transform w, ;(£) does not vanish for any value of &.

Exercise 5.1.15. Define a function
f(@) = x1q (@) (1= |z))>.

Compute the Fourier transform of this function and show that it does not vanish anywhere.
Let f; = f*; f (the j-fold convolution of f with itself). Show that the Fourier transforms,

fj are also non-vanishing.
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5.2 Convolution and regularity

Generally speaking the averages of a function are smoother than the function itself. If f
is a locally integrable function and ¢ is continuous, with bounded support then f x ¢ is
continuous. Let T be a vector in R™ then

Jim [ pox-+7) = £ 2 p0)] = Dy [ F9)olx 7 = ) plx = y)ldy.
2

Because ¢ has bounded support it follows that the limit on the right can be taken inside
the integral, showing that

lim f+ p(x+7) = f*p(x).

T—

This argument can be repeated with difference quotients to prove the following result.
Proposition 5.2.1. Suppose that f is locally integrable, ¢ has bounded support and k

continuous derivatives, then f x ¢ also has k continuous derivatives. For any multi-index
a with |a| < k we have

R(f ) = [ (85¢). (5.17)

Remark 5.2.1. This result is also reasonable from the point of view of the Fourier transform.
Suppose that ¢ has k integrable derivatives, then Proposition 4.5.3 shows that

I
(1+lIED*

If f is either integrable or square-integrable then the Fourier transform of f % ¢ satisfies an
estimate of the form .
Clf @)l

(1+ [IgIh*

This shows that the Fourier transform of f *x ¢ has a definite improvement in its rate of
decay over that of f and therefore f x ¢ is commensurately smoother.

2] <

[F(f+ )@ <

5.2.1 Approximation by smooth functions

Convolution provides a general method for approximating integrable (or locally integrable)
functions by smooth functions. Beyond that it gives a technique to define regularized
derivatives for functions which are not differentiable. We begin with a definition:

Definition 5.2.1. For a function ¢, defined on R”, and ¢, a positive real number, define
the scaled function ¢, by
- ). (5.18)

Pe(x) =€ "op(

X
€
While this notation is quite similar to that used, in definition 5.1.2, for the translation of
a function, the meaning should be clear from the context. A one-dimensional example is
shown in figure 5.5.

Let ¢ be an infinitely differentiable function with total integral one:

[otoix=1.

R"
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Figure 5.5: Graphs of ¢, with ¢ =.5,2,8.

If ¢ is supported in the ball of radius 1 then ¢, is supported in the ball of radius ¢ and also
has total integral one: Using the change of variables ey = x gives

[edix= [ Zoiax= [ elvay = 1. (5.19)

R" R™ R

This allows the difference between f and ¢, * f to be expressed in a convenient form:

e x f(x) — f(x) = / @) — F)lpelx — y)dy. (5.20)

Be(x)

The integral is over the ball of radius €, centered at x. It is therefore reasonable to expect
that, as € goes to zero, ¢, * f converges, in some sense, to f. The fact that ¢ has total
integral one implies that ¢(0) = 1. This gives another heuristic for understanding what
happens to . * f as € tends to 0. It follows from Theorem 5.1.1 that

F(pe* (&) = 4e(€) (&)
P(c€) f(€).

Thus, for each fixed €, the limit of F (@, * f)(€) is f(£).

Convolution with ¢, tends to average out the noise, while, at the same time, blurring
the fine detail in the image. The size of € determines the degree of blurring. Because both
noise and fine detail are carried by the high frequency components, this can be understood

in the Fourier representation. Since ¢ has integral 1 it follows that $(0) = 1; as ¢ is a
smooth function

(5.21)

@(e€) = 1 for ||€] << L.

Hence, for “low frequencies,” that is ||€]| << €1, the Fourier transform F(p * f)(£) closely
approximates f(£). On the other hand, ¢(€) tends to zero rapidly as ||€|| — oo and therefore

the high frequency content of f is suppressed in ¢, * f. Using convolution to suppress noise
inevitably destroys fine detail.

Ezample 5.2.1. Consider the function of two variables f shown (as a density plot) in fig-
ure 5.6(a). The convolution of f with a smooth function is shown in figures 5.6(b-c). Near
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points where f is slowly varying ¢, * f is quite similar to f. Near points where f is rapidly
varying this is not the case.

OO0

(a) A reconstruction of (b) The function in (a) (¢) The function in (a)
the Shepp-Logan phan- convolved with ¢, with convolved with ¢. with
tom, see figure 3.7 . a small e. a large e.

Figure 5.6: Convolving f reduces the noise but blurs the detail.

Remark 5.2.2. In practice, infinitely differentiable functions can be difficult to work with.
To simplify computations a finitely differentiable version may be preferred. For example,
given k € N define the function

{ck(l — 22k if x| <1, (5.22)

0 if |z| > 1.

The constant, ci is selected so that 1 has total integral one. The function v has k — 1
continuous derivatives. If

Yre(@) = € ()

and f is locally integrable, then < 1. * f > is a family of (k — 1)-times differentiable
functions, which converge, in an appropriate sense to f.

Exercises

Exercise 5.2.1. Let f be an integrable function with support in the interval [a,b] and g
an integrable function with support in [—e¢, €]. Show that the support of f * g is contained
in[a—eb+e.

Exercise 5.2.2. For the functions vy, defined in (5.22), find the constants ¢ so that
/wk(x)dx =1.

5.2.2 Some convergence results*

We now prove some precise results describing different ways in which . * f converges to f.
For most of these results it is only necessary to assume that ¢ is an L'-function with total
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integral one. The sense in which ¢, * f converges to f depends on its regularity and decay.
The square-integrable case is the simplest.

Proposition 5.2.2. Suppose that ¢ is an L'-function with
/gp(x)dx =1.
R’ﬂ

If f € L2(R™) then @, * f converges to f in L2(R™).

Proof. The Plancherel formula implies that

1 — N
loe* f— flle2 = W||S0e*f—f”m~

The Fourier transform of ¢, at &, computed using (4.37), is
F(pe)(§) = (). (5.23)

From Theorem 5.1.1 we obtain

lpe # F = Flloe = 1 f(@e = 1)l 2

The Lebesgue dominated convergence theorem, (5.23) and the fact that ¢(0) = 1 imply that

Jim (/@ —1)]z2 = 0.

A similar result holds in the L'-case.
Proposition 5.2.3. Suppose that ¢ is an L'-function with
/go(x)dx =1
Rn
If f belongs to L'(R™) then @ * f converges to f in the L'-norm.

Proof. The proof of this result is quite different from the L2?-case it relies on the follwing lemma:

Lemma 5.2.1. If f belongs to L*(R™) then
i 1 = Fll2 = 0.

In other words the translation operator, (7, f) — fr is a continuous map of R” x L!(R") to L*(R"™).
The proof of this statement is left to the exercises. The triangle inequality shows that

loe s f — fllo = / / o — et) — F()lp(t)dt] dx

Rm | Rm
< [ le(t)] |f(x — et) — f(x)|dx| dt (5.24)
el ]

- / )| fee — Il d.
Rﬂ,

The last integrand is bounded by 2||f]|r1]¢(t)| and therefore the limit, as € goes to zero, can be
brought inside the integral. The conclusion of the proposition follows from Lemma. O
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Finally it is useful to examine ¢, * f(x) at points where f is smooth. Here we use a
slightly different assumption on (.

Proposition 5.2.4. Let f be a locally integrable function and ¢ an integrable function with
bounded support and total integral one. If f is continuous at x then

lgfgwe * f(x) = f(x).

Proof. As f is continuous at x, given 1 > 0 there is a 6 > 0 so that

[x =yl <d=[f(x) = f¥)<n (5.25)

This implies that | f(y)| is bounded for y in Bs(x). If € is sufficiently small, say less than €g, then the
support of ¢, is contained in the ball of radius § and therefore ¢, * f(x) is defined by an absolutely
convergent integral. Since the total integral of ¢ is 1 we have, for an € < €g, that

e F(x) — ()] = / cey)(f(x —y) — F(x))dy

< [lellrte=y) - Fxldy (5.26)
Bs '

< /Isoe(.Y)\ndy
Bs

< lleellzrn-

In the third line we use the estimate (5.25). Since ) > 0 is arbitrary this completes the proof of the
proposition. U

Remark 5.2.3. There are many variants of these results. The main point of the proofs is
that ¢ is absolutely integrable. Many similar looking results appear in analysis, though
with much more complicated proofs. In most of these cases ¢ is not absolutely integrable.
For example, the Fourier inversion formula in one-dimension amounts to the statement that
@ * f converges to f where p(x) = 7 !sinc(z). As we have noted several times before,
sinc(z) is not absolutely integrable.

We close this section by applying the approximation results above to complete the proof

of the Fourier inversion formula. Thus far Theorems 4.2.1 and 4.5.1 were proved with the
additional assumption that f is continuous.

Proof of the Fourier inversion formula, completed. Suppose that f and f are absolutely integrable
and @, is as above. Note that f is a continuous function. For each € > 0 the function ¢, * f is

absolutely integrable and continuous. Its Fourier transform, ¢(e€) f(€), is absolutely integrable. As

€ goes to zero it converges locally uniformly to f (€). Since these functions are continuous we can
use the Fourier inversion formula to conclude that

1

g f0) = 5 [ () f(e) e

R™

This is a locally uniformly convergent family of continuous functions and therefore has a continuous
limit. The right hand side converges pointwise to

F(x) = / f(e) =€ dg.
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Proposition 5.2.3 implies that ||, * f — f||L: also goes to zero as e tends to 0 and therefore F(z) =
f(z). (To be precise we should say that after modification on a set of measure 0, F'(z) = f(x).) This
completes the proof of the Fourier inversion formula. O

Exercises
Exercise 5.2.3. Use Corollary A.7.1 to prove Lemma 5.2.1.

Exercise 5.2.4. Give the details of the argument, using Lemma 5.2.1, to show that if f is
an L'-function, then

tig [ o(6)f — Flrde =0,
Rn

Exercise 5.2.5. Use the method used to prove Proposition 5.2.4 to show that if f € LP(R)
for a1 < p < oo then ¢, * f converges to f in the LP-norm. Give an example to show that
if f is a bounded, though discontinuous function, then ||¢¢ * f — f|locc may fail to tend to
Z€ero.

Exercise 5.2.6. Let ¢(x) = [26]*1X[_67€] (x). Show by direct computation that if f € L?(R)
then 1, * f converges to f in L?(R).

5.2.3 Approximating derivatives and regularized derivatives

If either f or ¢ is a differentiable function then px f is as well. In this section we assume that
© is a bounded function with support in By and total integral one. If f has k continuous
derivatives in Bg(x) then, for € < ¢ the convolution ¢, * f is k-times differentiable. For
each a with |a| < k, Proposition 5.2.1 implies that

0% (e [)(x) = @e x O f ().

Proposition 5.2.4 can be applied to conclude that
lim 98 (i £)(x) = 02 ().
On the other hand, if f is not a differentiable function but ¢ is, then

8)(]' (‘Pe * f) = (8Xj()0€> * f

can be used to define regularized approximations to the partial derivatives of f. This can be
useful if f is the result of a noisy measurement of a smooth function which, for one reason or
another, must be differentiated. Precisely this situation arises in the reconstruction process
used in x-ray CT-imaging. We illustrate this idea with an example:
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(a) A noisy function smoothed (b) The regularized derivative
by convolution with a triangle of the noisy function, € = .1.
function, € = .1.

Figure 5.7: Using convolution to find a regularized approximate derivative.

Ezample 5.2.2. Let f be the noise corrupted version of cos(x) depicted in figure 5.1(c). To
smooth f we use the “triangle function”

e < e
w):{ez =

0 if |x| > e.

The derivative of fxt. is computed using the weak derivative of t.. The result of computing
f = t; is shown in figure 5.7(a) while f % t'; is shown in figure 5.7(b). The approximation
to —sin(z) provided by f ¢/, is impressive given that ¢ has only a weak derivative.

Exercise

Exercise 5.2.7. * For k a positive integer suppose that f and £ f(€) belong to L2(R). By
approximating f by smooth functions of the form ¢, * f show that f has k L2-derivatives.

5.2.4 The support of f *g.

Suppose that f and g have bounded support. For applications to medical imaging it is
important to understand how the support of f * g is related to the supports of f and g. To
that end we define the algebraic sum of two subsets of R™.

Definition 5.2.2. Suppose A and B are subsets of R™. The algebraic sum of A and B is
defined as the set
A+B={a+beR" : ac A, and b € B}.

Using this concept we can give a quantitative result describing the way in which con-
volution “smears” out the support of a function.
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Proposition 5.2.5. The support of f x g is contained in supp f + suppg.

Proof. Suppose that x is not in supp f + suppg. This means that no matter which y is selected
either f(y) or g(x —y) is zero. Otherwise x =y + (x — y) would belong to supp f + supp g. This
implies that f(y)g(x —y) is zero for all y € R™ and therefore

[ gx) = / F(9)9(x — y)dy =0
Rﬂ.

as well. Because supp f + supp g is a closed set there is an 1 > 0 such that B, (x) is disjoint from
supp f +supp g. The argument showing that f * g(x) equals 0 applies to any point x’ in B,(x) and
therefore proves the proposition. O

If ¢ is a function supported in the ball of radius one then ¢, is supported in the ball of
radius €. According to Proposition 5.2.5 the support of ¢, * f is contained in the set

{x+y :x€suppfandy € B}

These are precisely the points that are within distance € of the support of f, giving another
sense in which e reflects the resolution available in ¢, * f. Figure 5.8 shows a one dimensional
example.

(a) supp f (b) suppg (c) supp f + supp g
Figure 5.8: The support of f * g is contained in supp f + suppg.

Example 5.2.3. Suppose that v is a non-negative function which vanishes outside the in-
terval [—e, €] and has total integral 1,

7 Y(x)dx = 1.

If f is a locally integrable function then f ¢ (x) is the weighted average of the values of f
over the interval [x — €,z + €. Note that ) ¢ also has total integral 1

7 Y x(z)dr = 70 7 V(Y)Y (z — y)dydx
- 7 /Oow(yw(t)dtdy 20

=1-1=1.
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In the second to last line we reversed the order of the integrations and set t = = — y.

Thus f * (1 % 1)) is again an average of f. Note that 1 * 1(x) is generally non-zero for
x € [—2¢,2¢], so convolving with 1 % 1) produces more blurring than convolution with
alone. Indeed we know from the associativity of the convolution product that

fr(xip) = (fx9) x ¢,

so we are averaging the averages, f % 1. This can be repeated as many times as one likes,
the j-fold convolution v x; ¢ has total integral 1 and vanishes outside the interval [—je, jel.
Of course the Fourier transform of v *; v is [1&(5)]3 which therefore decays j times as fast
as ¥(§).

We could also use the scaled j-fold convolution §~1¢ *; (6§~ 1z) to average our data.
This function vanishes outside the interval [—jde, jde] and has Fourier transform [¢(5¢)]7.
If we choose § = j~! then convolving with this function will not blur details any more than
convolving with 1 itself but better suppresses high frequency noise. By choosing j and §
we can control, to some extent, the trade off between blurring and noise suppression.

5.3 The d-function*

The convolution product defines a multiplication on L!(R") with all the usual properties
of a product except that there is no unit. If ¢ were a unit then i % f = f for every function
in L!'(R™). Taking the Fourier transform, this would imply that, for every &,

A~ A~

&) f(€) = f(€)-

This shows that 7(£) = 1 and therefore i cannot be an L!-function. Having a multiplicative
unit is so useful that engineers, physicists and mathematicians have all found it necessary
to simply define one. It is called the J-function and is defined by the property that for any
continuous function f

10) = [ 3(s)1(3)ay. (5.29)
Rn
Proceeding formally we see that

5% f(x) = / 5(y)f(x — y)dy
Rn (5.29)

— flx—0) = f(x).

So at least for continuous functions § * f = f.

It is important to remember the §-function is not a function. In the mathematics
literature the d-function is an example of a distribution or generalized function. The basic
properties of generalized functions are introduced in Appendix A.5.6. In the engineering
and physics literature it is sometimes called a unit impulse. In section 4.4.4 the Fourier
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transform is extended to generalized functions (at least in the one-dimensional case). The
Fourier transform of § is as expected, identically equal to 1:

While (5.28) only makes sense for functions continuous at 0, the convolution of ¢ with an
arbitrary locally integrable function is well defined and satisfies § * f = f. This is not too
different from the observation that if f and g are L!-functions then f * g(x) may not be
defined at every point, nonetheless, f * g is a well defined element of L!(R™).

In both mathematics and engineering it is useful to have approximations for the J-
function. There are two complementary approaches to this problem, one is to use functions
like ¢, defined in (5.18) to approximate ¢ in x-space. The other is to approximate ¢ in
&-space. To close this chapter we consider some practical aspects of approximating the
é-function in one-dimension and formalize the concept of resolution.

5.3.1 Approximating the )-function in 1-dimension

Suppose that ¢ is an even function with bounded support and total integral one. The
Fourier transform of ¢, is ¢(e€). Because ¢, vanishes outside a finite interval its Fourier
transform is a smooth function and ¢(0) = 1. As ¢ is a non-negative, even function its
Fourier transform is real valued and assumes its maximum at zero. In applications it is
important that the difference 1 — @(e£) remain small over a specified interval [—B, B]. It
is also important that ¢(e€) tend to zero rapidly outside a somewhat larger interval. As
¢ is non-negative, 9¢(0) = 0; thism means that the behavior of ¢(§) for  near to zero is
largely governed by the “second moment”

[e.o]

82@(0) =— / 2 p(z)dx.

—00

One would like this number to be small. This is accomplished by putting more of the mass
of ¢ near to z = 0. On the other hand the rate at which ¢ decays as |{| — oo is determined
by the smoothness of ¢. If ¢ = % X[-1,1] then ¢ decays like |€]7L. Better decay is obtained
by using a smoother function. In applications having ¢ absolutely integrable is usually
adequate. In one-dimension this is the case if ¢ is continuous and piecewise differentiable.

The other approach to constructing approximations to the d-function is to approximate
its Fourier transform. One uses a sequence of functions which are approximately 1 in an
interval [—B, B] and vanish outside a larger interval. Again a simple choice is x[_p 5] (§)-
The inverse Fourier transform of this function is ¢¥g(x) = 7! Bsinc(Bz). In this context
it is called a sinc pulse. Note that ¢p assumes both positive and negative values. A
sinc-pulse is not absolutely integrable; the fact that the improper integral of ¥ p over the
whole real line equals 1 relies on subtle cancellations between the positive and negative
parts of the integral. Because tp is not absolutely integrable, it is often a poor choice
for approximating the d-function. Approximating 8 by (QB)_lx[_B’B] * X[-B,B](§) gives a
sinc-pulse, (2B)~1¢%(x), as an approximation to §. This function has better properties: it
does not assume negative values, is more sharply peaked at 0 and is absolutely integrable.
These functions are graphed in figure 5.9.
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(b) A sinc-pulse.
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Figure 5.9: Approximate é-functions

Neither the sinc nor sinc? has bounded support, both functions have oscillatory “tails”
extending to infinity. In the engineering literature these are called side lobes. Side lobes
result from the fact that the Fourier transform vanishes outside a bounded interval, see
section 4.4.3. The convolutions of these functions with x[_; ;; are shown in figure 5.10. In
figure 5.10(a) notice that the side lobes produce large oscillations near the jump. This is an
example of the “Gibbs phenomenon.” It results from using a discontinuous cutoff function

in the Fourier domain. This effect is analyzed in detail, for the case of Fourier series in
section 7.5.
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(a) sinc*x[—1,1]- (b) sinc” *x[—1,1].

Figure 5.10: Approximate d-functions convolved with x[_1 ).

Exercises

Exercise 5.3.1. Suppose that f is a continuous L'-function and ¢ is absolutely integrable
with fR o = 1. Show that < ¢, * f > converges pointwise to f.
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Exercise 5.3.2. Suppose that ¢ is an integrable function on the real line with total integral
1 and f is an integrable function such that, for a & > 1,

I
(1+Igh*

Use the Fourier inversion formula to estimate the error ||, * f(x) — f(z)|.

1f(€)] <

5.3.2 Resolution and the full width half maximum

We now give a standard definition for the resolution present in a measurement of the form
1 * f. Resolution is a subtle and, in some senses, subjective concept. It is mostly useful
for purposes of comparision. The definition presented here is just one of many possible
definitions.

Suppose that 1 is a non-negative function with a single hump similar to those shown
in figure 5.5. The important features of this function are

1. It is non-negative,

2. It has a single maximum value, which it attains at 0, (5.30)

3. It is monotone increasing to the left of the maximum

and monotone decreasing to the right.

Definition 5.3.1. Let 1 satisfy the conditions in (5.30) and let M be the maximum value
it attains. Let x1 < 0 < x2 be respectively the smallest and largest numbers so that

(1) = dlaz) = L.

2
The difference xo — x7 is called the full width half maximum of the function . It is denoted
FWHM(%)).

If f is an input then the resolution available in the output, ¥ * f is defined to be the
FWHM(¢). In principle if FWHM()1) < FWHM(v2) then f — 1 * f should have better
resolution than f +— 19 * f. Here is a heuristic explanation for this definition. Suppose that
the signal f is pair of unit impulses separated by a distance d,

f() = () + 8(x - d).
Convolving v with f produces two copies of 1,

b f(x) = (@) +¢(x —d).

If d > FWHM(%) then ¢ * f has two distinct maxima separated by a valley. If d <
FWHM(¢) then the distinct maxima disappear. If the distance between the impulses is
greater than the FWHM(v)) then we can “resolve” them in the filtered output. More gen-
erally the FWHM(v)) is considered to be the smallest distance between distinct “features”
in f which can be seen in 9 * f. In figure 5.11 we use a triangle function for ¢. The FWHM
of this function is 1, the graphs show 1 and the results of convolving 1 with a pair of unit
impulses separated, respectively by 1.2 > 1 and .8 < 1.
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Figure 5.11: Hlustration of the FWHM definition of resolution

This FWHM-definition of resolution is often applied to filters defined by functions which
do not satisfy all the conditions in (5.30) but are qualitatively similar. For example the
characteristic function of an interval x(_p p] () has a unique maximum value and is mono-
tone to the right and left of the maximum. The FWHM(x|_p p)) is therefore 2B. Another
important example is the sinc-function. It has a unique maximum and looks correct near
to it. This function also has large side-lobes which considerably complicate the behavior of
the map f +— f*sinc. The FWHM(sinc) is taken to be the full width half maximum of its
central peak, it is approximately given by

FWHM (sinc) ~ 3.790988534.

We return to the problem of quantifying resolution in Chapter 9.

Exercises

Exercise 5.3.3. Numerically compute the FWHM(sinc?(z)). How does it compare to
FWHM(sinc(z)).

Exercise 5.3.4. Suppose that

Using the Taylor expansion for sine function show that, as j gets large,

log 2
FWHM(h)) =~ 2, 2182
J

Exercise 5.3.5. Using the Taylor expansion for the sine, show that as B gets large

FWHM(sinc(Bz)) ~ Qng

2

e aZ. Compute FWHM(g,) and FWHM (gq * g).

Exercise 5.3.6. For a > 0 let g,(x)



